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This paper presents mixed variational formulation and its discretization with finite
elements of higher-order for Signorini’s problem with Tresca’s friction. To guarantee
the unique existence of the discrete saddle point of the mixed method, a discrete inf-
sup condition is proven. Moreover, a solution scheme based on the dual formulation
of the mixed method is proposed. Numerical results confirm the theoretical findings.

1 Introduction

This paper deals with finite element methods of higher-order for Signorini’s problem
with Tresca’s friction, which plays an important role in mechanical engineering [14,
15,24]. The discretization approach is based on a mixed variational formulation. For
lower-order finite elements, this approach was introduced by Haslinger et al. in [16,
18,21]. In this paper, we extend it to higher-order finite elements. The approach re-
lies on a saddle point formulation where the geometrical contact condition and the
frictional condition are captured by Lagrange multipliers. The constraints for the La-
grange multipliers are sign conditions and box constraints and are, therefore, simpler
than the original contact conditions. However, the Lagrange multipliers are additional
variables which also have to be discretized. In mixed variational formulations, unique
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existence of the discrete saddle point usually follows from an inf-sup condition asso-
ciated to the discretization spaces. Its verification is often a crucial point. For lower-
order finite elements, the inf-sup condition is proven in the above mentioned refer-
ences. In this work, we prove the inf-sup condition for higher-order finite elements
for Signorini’s problem with Tresca’s friction. We use approximation results for the
p-method of finite elements, and some inverse estimates for higher-order polynomi-
als, [1,11]. The key is to use a discretization of the Lagrange multipliers on boundary
meshes with a larger mesh size than that of the primal variable and, moreover, differ-
ent polynomial degrees for the primal variable and Lagrange multipliers.

In general, higher-order discretization schemes for contact problems are rarely stud-
ied in literature, especially for mixed variational formulation. For discretization tech-
niques based on a primal, non-mixed formulation, we refer to [26,27].

This paper is organized as follows: To motivate the subject, to show the analytical
background behind and, in particular, to introduce the discrete inf-sup condition,
we briefly summarize the main arguments of convex analysis for the derivation of
a mixed variational formulation in Section 2. If necessary, some of the proofs are
given in the appendix. In Section 3, we apply the abstract framework to obtain a
mixed variational formulation for Signorini’s problem with Tresca’s friction and to
introduce a higher-order finite element discretization. In Section 4, we consider some
simplifications of Signorini’s problem and also assert them to the abstract framework
of Section 2. The main part of this work, the derivation of the inf-sup condition for
higher-order finite elements, is proposed in Section 5.

The second focus of this work is to present a solution scheme to solve the discrete
mixed variational formulation. The scheme is based on a dual variational formulation
leading to a minimization problem in terms of the Lagrange multipliers. It follows
the same line as in the approach presented in [17,19,20]. In Section 6, we extend it
to the higher-order approach. Furthermore, we discuss an extension of the solution
scheme to time-dependent problems in Section 7. Numerical results confirming the
theoretical findings are presented in Section 8.

2 General remarks on mixed variational formulations

Frictional contact problems can be captured by the minimization problem
(H + j)(u) = min(H + j)(v). (D

Here, K is a subset of a reflexive Banach space V and H,j:V — R. The special
choice for V, H and j in the context of contact problems with friction will become
clear in Section 3, below. The following results are well-known, their proofs can be
found, for instance, in [5,10,24].

Theorem 1 Let K be convex.

(i) If K is closed and H + j is weakly lower semicontinuous and coercive, then there
exists a minimizer u € K of (1).
(ii) If H + j is strictly convex, (1) admits at most one minimizer.



(iii) Let H be Fréchet-differentiable in u € K with the Fréchet-derivative H' : V — V',
If u is a minimizer of (1) and j is convex, then

(H'(u),v—u)+ j(v) = j(u) > 0 )
forallv € K. If H is convex and (2) holds, then u is a minimizer of (1).

To derive a mixed variational formulation, we resolve the condition v € K and the
functional j by using Lagrange multipliers. To this end, let &;: V x A; = R,i=0,1,
fulfill

0, vek
sup @0 Vv, lp) = ’ (3)
HoEAY ( ) {007 v g K
and
j(v) = sup @y(v,u1) “4)

H1EA
for all v € V with A; C U] and reflexive Banach spaces U/. Obviously, it holds

(H+j)(u)=inf sup  Z(v,Uo, 1)
VEV LyeAg .l €Ay

with the Lagrange functional 2 (v, to, 1) := H(v) + Po(v, tlo) + D1 (v, tt1). There-
fore, u is a minimizer of (1), whenever the triple (u, A9, A1) € V X Ag X A is a saddle
point,

L(u, o, A1) =inf  sup  Z(v,Uo, 11). (5)

VEV lyeA i €A
Defining @; ;,(v) := ®i(v, 4;) and D;,(y;) := Pi(v, 4;) and applying Theorem 1, we
immediately obtain

Theorem 2 Let K, Ag and Ay be convex. Moreover, let H, dﬁo,%, dﬁml be Fréchet-
differentiable inu € V and P, P14 in Ao € Ag and Ay € Ay.

(i) If (u, Ao, A1) is a saddle point, then
(' + @), + @ ) (1) =0,
<(p(/),u()‘0)7.u0 _AO> + <(p{,u()‘1)7.u1 —}1,1> <0

Sorall ([, 1) € Ag X Aj.
(ii) If H, ®g 5, P12, —Pou and — Py, are convex and (6) holds, then (u, Ao, A1) is
a saddle point.

(6)

The existence of a saddle point is stated in the following theorem,

Theorem 3 Let Ay and Ay be closed and convex. Furthermore, let the following
conditions hold:

(i) =Dy, and — Py ,, are convex and weakly lower semicontinuous for allv €'V,
(ii) H, Py, and Py, are convex and weakly lower semicontinuous for all (Mo, 1) €
A() X A],
(iii) There exists a (flo, i) € Ao X Ay, so that H+ Py 5 + Py , is coercive.
(iv) Ag x Ay is bounded or (Ug, 1) — sup,.cy —Z (v, Ho, t1 ) is coercive.



Then, there exists a saddle point (u,Aly,A1) € V X Ag X A; of ().

See Remark IV.2.1 and Prop IV.2.3 in [10] for a proof. A simple criterion for condi-
tion (3) is given by the following assertion.

Lemma 1 Let Ay be a cone with vertex at the origin and let @y : V X Ag — R fulfill

Vo> 0,Y(v,up) €V X Ag: Po(v,aly) = ado(v, o), @)
veEKSYUuyeAy: d)o(v,uo)g(). ®)

Then, @y also fulfill (3).

In the following, let a be a symmetric, continuous and V -elliptic bilinear form and
¢ € V', Furthermore, let U; be reflexive Banach spaces, A} C U { be closed, convex and
bounded, f; € L(V,U;), G C Uy be a closed and convex cone with vertex at the origin
and g € Uy. We consider the class of minimimization problems which is defined by

HO) = 5a() = (6], J0):= sup (s, (), ©

K:={veV|g—PBo(v) € G}.

Note that j is well-defined due to Theorem 1. Moreover, H is convex, continuous and,
therefore, weakly semicontinuous. Due to its ellipticity, H is strictly convex. The set
K is closed and convex, and the functional j is convex and lower semicontinuous. As
a consequence of the closedness and convexity of the epigraph epi(j) (Prop 1.2,3 in
[10]) and the separation theorem of Hahn-Banach, there exista ¢ € V' andac € R
such that j(v) > (¢,v) +c. Therefore, (H + j)(v) > ¥|[v||> = (||£]| + ||®||) ||v]| +c which
implies that H + j is coercive. Due to its convexity and lower semicontinuity, H + j
is weakly lower semicontinuous. Applying Theorem 1 yields

Theorem 4 There exists a unique minimizer.

Let G’ denote the dual cone of G which is defined by G’ := {up € Uy | Vv € G :
(Uo,v) > 0}. Moreover, let Ag :=G'.

Theorem 5 The triple (u,Ao, A1) € V x Uy X Uy is a saddle point if and only if,
a(u,v) = (€,v) = (A0, fo(v)) — (A1, B1(v)),
(o — A0, Bo(u) = g) + (1 — A1, i (u)) <0

forallv eV and (g, 1) € Ao X Aj.

(10)

Theorem 6 There exists a saddle point (u, Ay, A1) € V X Ag X Ay, if there exists an
a € R such that

ol tollyy < Sup l<uo,ﬁo(v)>- (11)
vev, ||v||=

for all uy € Uy,

Remark 1 Tt is easy to see, that the Lagrange multipliers Ao and A; are unique if
Bi(ker By) is dense in Uj.



Remark 2 Condition (11) is fulfilled, if the mapping fy is surjective. This is a direkt
consequence of the closed range theorem, cf. [34].

Remark 3 1If G = Uy, then G’ = {0}, and we can omit all terms in (10) concerning
Ao. If Ay = {0} or B; :=0, all terms in (10) concerning A; can be omitted.

Let V, CV, Uy y C Uy and Uy, | C Uj be finite dimensional subspaces and A; iz C
Uy, i=0,1, where Ao is a closed and convex cone with vertex at the origin and
Ay g is closed, convex and bounded. The discrete saddle problem consists in finding

a triple (up, Ao.rr, Ai) € Vi X Ao X Ay such that

L(up, Ao, M) = inf sup L (Vi Mol M1,H)- (12)

V€V Uo.HEAYH-M1,HEALH

It is easy to see that the first component is the unique minimizer of the minimization
problem (H + juu)(up) = miny, e, (H + jum) (vi) with Kpg = {v, € Vi, | Vo g €
Aot (Mo, Bo(va) —g) < 0} and jpy = supy, , cq, , (H1m, i (va)). Furthermore,
(un, Ao, M 1) € Vi X Ao g X A1 g is a discrete saddle point if and only if

a(up,vp) = (L,vn) — (Ao, Bo(vi)) — (A, Bi(va)),

(Mo,z — Ao,u, Bo(un) — g) + (M1.a — A, Bi(up)) <0 (13

for all v, € V, and (Hou, 11 1) € Ao X Ay g. The first component uy, is uniquely
determined.

Theorem 7 There exists a discrete saddle point, if g € Bo(V,).

Since uniqueness of the Lagrange multipliers is not guaranteed, Theorem 7 is some-
what unsatisfactory. Furthermore, the existence depends on the assumption g € o (V},)
which is not fulfilled in general. The proof of the theorem is based on the closedness
of Bo(Vy) as a finite dimensional subspace of U; which enforces us to consider a sad-
dle point problem in quotient spaces (see the proof in the appendix). Of course, it is
more natural to consider a saddle point problem in the discretization space directly.

Theorem 8 Let U] be a Banach space and U| be a dense subspace of U|. Assume
that there exists an oo € R~ such that

o[ (ko1 i) lg oy < sup (ot Bo(vi)) =+ (fa sz Bi (va)) (14)

i€V vl =1
Jor all (fo.u, p1,1) € Uy iy X Uj . then there exists a unique discrete saddle point.
To proof the inf-sup condition (14), we will make use of the following general result:

Lemma 2 Let 4 be a continuous and V -elliptic bilinear form on'V xV and let B €
L(V,U) be a surjective mapping onto the Banach space U. For [t € U', there exists a
unique ut €'V such that

a(ut,v) = (u,B(v)) (15)
for all v € V. Additionally, there holds Cy||u||v < ||u*||v for some constant C; > 0.



3 Signorini’s problem with Tresca’s friction and its higher-order finite element
discretizations

Let Q C R, k € N, be a domain with sufficiently smooth boundary I' := 9 Q. More-
over, let Ih C I' be closed with positive measure and let I¢ C I'\Ip with T'c -
I\Ip. L*(R), H*(Q) with k > 1, and H'/?(I¢) denote the usual Sobolev spaces
and H)(Q) := {v € H'(Q) | y(v) = 0 on I} with the trace operator y. The space
H~'/2(I¢) denotes the topological dual space of H'/?(I¢) with the norms || - ||_; /2.0
and || - [|1 /,r;., respectively. Let (-,-)o.0, (+,*)o,r” be the usual L2-scalar products on
o C QandI'" C I, respectively. We define the gradient operator V in the weak sense.
Note that the linear and bounded mapping Y = ¥r;. : H5(R) — H'/?(I¢) is surjec-
tive due to the assumptions on I¢, cf. [24]. For functions in L?(2) or L*(I¢), the

inequality symbols > and < are defined as “almost everywhere”. We set Hjlt/ 2 (It) =
{ve H'2(It) | £v > 0} and L}(I7) := {p € (L*(I))" | |u| < 1 on supps, v =
0 on I\ supps} with the euclidian norm |- | and s € L*>(I¢), s > 0. Furthermore,
we define the dual cones H;l/z (It) := (Hjlt/2 (Ie)).

We propose a higher-order finite element discretization based on quadrangles or
hexahedrons as follows: Let .7 be a finite element mesh of Q with mesh size h
and let J¢ be a finite element mesh of I with mesh size H. We assume that a
submesh of .7 is a mesh of supps. Furthermore, let ¥ : [-1,1]F — T € .7 and
Yer:[—-1, 1]"_1 — T € J¢ be bijective and sufficiently smooth transformations and
let pr € N be a degree distribution on .7 and gr € N be ones on . Using the
polynomial tensor product space S}, of order r on the reference element [—1, 1]%, we
define

ISP ={w €HH(Q)| VT € T : vyo¥ €S},
My ={pe*(Ie) | VT € To: pro¥er €S{T,}.

For a finite subset M C [—1, 1]¥, we define
My =€ MEINT € Tp:VxeM: £u(¥er(x)) >0},
My = {p € (M) |NT € Fe, T Csupps:VxeM: [u(Fer(x))| <1,
1 =0onI¢\supps}.

Contact problems in mechanical engineering with small deformations are often mod-
elled by Signorini’s problem with Tresca’s friction where a linear elastic material law
is used to describe the deformation of elastic bodies through linearized stress and
strain tensors. We consider a body which is described by Q C R¥, k € {2,3}. The
body is clamped at the boundary part Ip, volume and surface forces given by func-
tions f € (L?(2))* and b € (L*(Iy))*~! with Iy € I'\ (I, UT ¢) act on the body lead-
ing to a deformation. For the displacement field v we define the strain tensor £(v) :=
7(Vv+(Vv)T) and the stress tensor 6/(v);; := G;ju€(v)y where %y € L™ () with
Cijkt = Citk = Caij and G jpaTij T > K‘Tizj fort e LZ(Q)’gyXIﬁ and a k¥ > 0. We assume
that I and the section of the obstacle’s surface which possibly gets in contact are
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parameterized by sufficiently smooth functions y, ¢ : R¥~! — R. Provided that the
body is located under the obstacle, we obtain

() +v3(x 0(x) <Yl +vily @), X1 (o) (16)

with x := (x1,...,x_1) € R¥"!. In general, the geometrical contact condition (16)
is non-linear. An appropriate linearization is introduced in [24] by g —v,, > 0 with
g, w(x)) == (w(x) — @(x))(1+ (Vo (x)) Ve (x))~ /2 with the outer normal n.
Frictional contact conditions can be introduced assuming that sliding does not occur
if the magnitude of the tangential forces is below a critical value described by a
frictional function s € L?(I¢) with s > 0. If the tangential forces reach this critical
value, sliding is obtained in the direction of the tangential forces. Such Tresca friction
can be extended to Coulomb’s friction setting s to the magnitude of the normal forces
times a friction coefficient and integrating the problem into a fixed point scheme, see
Section 6. Taking the linearized geometrical as well as frictional contact conditions
into account, Signorini’s problem with Tresca’s friction is to find a displacement field
ueWw:={ve (H(Q))*|o(v) € H(div,Q), u=0on Iy} such that

—div(o(u))=fin Q, o,(u)=>bon Iy,

u, —g <0, Gnn(u) <0, Gnn(u)(un 7g) =0on I,

. On(u)| <s=u=0

o (u)| < s with | O i on I¢.

[0 ()] < {|Gm(u)|:s:>EICER20: u = o u) | O I
Here, 1 denotes the matrix containing the tangential vectors and oy, ; := O;;n;, O, 1=
OjjniNj, Ons k ‘= OjjNiljk, Uy 1= UiN; and U j = ujtj;.

The function u € W is a solution if and only if the variational inequality
(o(u),e(v—u))o+ (s, [r W)= [n@)or = (f,v—wo+ (bW —u)or, (17)

is fulfilled for all v € K := {v € H'(Q,Ip)* | g — %(v) > 0}, cf. [8]. Here, we de-
fine %, (v) := Y (vi)ni, % (v); := Yc(vi)tij and Yy := ¥, - Using the notation of Section
2, we set V := (H5(2))X, Bo := ¥ Uo := H'/2(I), G := Hl/z(l"c) and (¢,v) :=
(f,v)o + (b, w(v))or- Furthermore, we define the bilinear form a as a(v,w) :=
(o(v),&(w))o which is symmetric, continuous, and, due to Korn’s inequality, ellip-
tic. It is easy to see, that j(v) := (s,|%(v)|)or is continuous, convex and can be
expressed through j(v) = sup, 4, (11,5%(v))orz With Ay := L? | (It) (see Section
4). Setting By := s, Uy := (L*(I7))*~! and applying the results of Section 2, we
obtain u as the unique minimizer of (1). Again, from Lemma 6 and Remark 2, we
obtain a unique saddle point (u, 2o, A1) € (H},(Q))* x HY/*(I¢) x L? | (It) which is
equivalently characterized by the mixed variational formulation

(o(u),e(v))o = (f;v)o+ (b, w(V))ory — (A0, (V) = (A1, % (V))orz.,

(Mo = 20, Y (v) — &) + (11 — A1, s (u) o <0
for all v € (H)(2))* and (o, 1) € HJIF/Z(FC) x L2 | (It). The discretization is to
find (up, Ao, M) €Sy % //4’133r X //43&71 such that

(o (un),€(vn))o = (f;vi)o+ (b, w(vi))ory — (Ao Ya(vi) oz — (A as ¥ (Vi) )o.rz s
(Mo.r — Aot Yo (un) — 8oz + (1,5 — Mm% (un) o <0
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forallv e () and (o i, 11 1) € M . % A, . Note that both the geometrical
obstacle function g and frictional function s are included in this formulation in a weak
sense.

If the contact area and normal force known a priori, Signorini’s problem can be sim-
plified to Signorini’s problem with prescribed normal force which is to find a dis-
placement field u € W such that

—div(o(w)) = fin @, 6,()=gonly, Ou(u)=sonlt,

. |0-m(u)| <S:>Mt:O,
| ()] 5””“‘{ |G ()| = s = 3¢ € Rog sty = —Lo(u) | OPIC

The function u € W is a solution, if and only if the variational inequality (17) is
fulfilled with K := (H}(£))*. We use the same notation as for Signorini’s problem
with Tresca’s friction, but here, we set G := H 1/ 2(I"C) Due to the results of Sec-
tion 2, we obtain u as the unique minimizer of (1). A unique saddle point (u,1;) €
(HL(R))* x L2_|(I7) is equivalently characterized by the mixed variational formu-
lation

(o(u),e())o = (f,v)o+ (B, wO))ory + (s, %(V))orz — (A1, %(V))o1zs
(11 — A1, 8% (u))ore <0

for all v € (H)(2))* and py € L7 | (It). The discretization is to find (uy,A1 ) €
(S x g, | such that

(o (un),€(vi))o = (fsva)o+ (g, Wvi))ory + (5, Y (vi))o.r- — (e, % (Vi) Jorg
(M1, — A, 8% (up) o <0

forallve (#7)* and uy y € =//f1f11,k—1'

4 Simplications of Signorini’s problem

Both the geometrical part and the frictional part of Signorini’s problem with Tresca’s
friction can be studied separately considering model problems. A simplified version
of Signorini’s problem, which only captures the geometrical condition, is to find a
function u € H},(2) N H?*() such that

—Au=finQ, d,u=0o0nIy,

18
MZga anu207 anu(ufg):()onl—(‘fa ( )

where f € L?(Q). The function g € H'/?(I¢) represents an obstacle on the boundary
I¢. Multiplying with a test function and integrating by parts yield that u € H}(2) N
H?(Q) is a solution if and only if u € K := {v € H}(Q) | %(v) > g} and

(VM,V(V— M))() > (f’ (V_ u))() (19)
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for all v € K. Using the notation of Section 2, we set V := H)(Q), Uy := H'/*(I¢),
Bo =%, G:= Hl/z(l"c), Jj:=0,a(v,w):= (Vv,Vw)g and (¢,v) := (f,v)o. The bi-
linear form a is symmetric, continuous, and V-elliptic, due to Poincare’s inequal-
ity. Therefore, u is the unique minimizer of (1). Due to Theorem 6 and Remark 2,

we obtain a unique saddle point (1, Ag) € H)(Q) x HY 2(l"c) which is equivalently
characterized by the mixed variational formulation

(VM,VV)O = (f7 V)O - <A()7’YC(V)>7
(Ho— 2o, Yc(u) —g) <0

forall v € H)(Q) and o € H'? (It). A discretization is given by setting Vj, := .
and U(;,H = //g‘f. Due to Theorem 7, we obtain a saddle point (u;, Ao i) € 7 x
//l,?,ﬁ_ which is equivalently characterized by

(Vup,Vvr)o = (f-va)o — (Ao.a, Yo (vi))o1e»
(Mo — Ao.1s Yo (un) — 8o <0

forall v, € . and oy € ///1377.

An idealized frictional problem is to find a function u € H},(2) NH? (L) such that

—Au=finQ, d,u=0onlIy,

[Ohut] <s=u=0,
|G| stith{ Ot =s5=u>0, }onFC
—du=5s=>u<0
with f € L?(Q) and s € L>(I¢), s > 0. Again, multiplying by a test function and
integrating by parts, we obtain that u € H' (Q,Ip) ﬂHZ(Q) is a solution if and only
if
(Vi V(o= )0 + (5, [¥07) | — Y ) Doz > (£, — ) 0)

for all v € H'(Q,Ip). Here, we set V := H)\(Q), Uy := H'*(I), Bo := e, G ==
H'2(I), and j(v) := (s,|y(v)|)o,rz.. Futhermore, we define a and ¢ as above and
conclude that u is the unique minimizer of (1). For a mixed variational formulation,
we have to ensure that j can be expressed as in (9). To this end, we define f; :=
sye, Uy == L*(It), Ay := L3(I7). For wy € L3(I¢) and v € H'(Q,I}), there holds
(u1,57c(v)o,re < (Ju1],8]¥c(v)|)o,r- < j(v). Furthermore, we have

J0) = [ e 1e(dr < sup (ur,ste(v)or:
Ic UEA

with It := I\ {x € I | y(v(x)) = 0}. Altogether, we obtain (4). Due to Lemma 6
and Remark 2, we obtain a unique saddle point (u,1,) € H}(2) x L}(I¢) which is
equivalently characterized by the mixed variational formulation

(Vu, Vv)o = (f,v)o — (A1,5%c(V))o.Iz-»

(11— A1, s7c(u)or <0
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for all v € H}(Q) and p; € L3(I¢). The discrete mixed variational formulation is to
find (up, M w) € S % My | such that

(Vup, Vvi)o = (f,vi)o — (A, sYc(Va))o I
(11,5 — M1, 8Yc (un) o < 0

forall v, € th and W g € ,//lg_l.

5 The inf-sup condition for Signorini’s problem with Tresca’s friction

In this section, we prove the unique existence of a discrete saddle point for Signorini’s
problem with Tresca’s friction. According to Theorem 8, we have to show the discrete
inf-sup condition (14). Signorini’s problem with prescribed normal force is likewise
included. Similar results for the simplified version of Signorini’s problem and the
idealized frictional problem can be found in [31].

In particular, we show that the constant & in (14) can be chosen independently from
h, H, p and q. For the proof, we make use of an higher order approximation result
(Lemma 3) and of an inverse inequality for negative norms (Lemma 4). We follow the
proof of Lemma 3.1 in [18] where this condition is derived for discretization schemes
of lower-order and combine it with the proof given for the idealized frictional problem
as shown in [31].

The interpolation spaces H'*?(Q) and H~'/?*9(I-) are defined as H'*(Q) :=
[H'(Q),H?(Q)]g2 and H~'/2+0(I) == [H™'/2(I¢), H'?(I7))] 6.2, 0 < 8 < 1, with
norms || - [|11¢ and || - [[_ /216,17, respectively, see [28,32]. We assume that 7 and
I are quasi-uniform and p and ¢ are constant degree distributions. With d(v,w) :=
(e(v),eW))o + (v,w)o, v,w € (H(2))X, and B := (%, %) with V := H),(Q) and
U :=H'2(I¢) x (H'/2(I))?, we call the variational problem (15) regular, if u!' €
HL(Q)NH'™9(Q),i=1,...,k, and

k
1146 < Ca Y N0l =1 24017 (21)
=y

L

for all u € (H~'/>*9(I¢))* and a constant C4 > 0. For k = 2 and parallelogram
meshes, there holds

Lemma 3 Let p € (L*(I¢))f and ul' € HY(Q)NH™O(Q), i=1,...,k be the solu-

tion of (15), then there exists a function uﬁl € (th )k and a constant C, > 0, indepen-
dent of u*, h and p, such that

h@ k

e — {1 < % Y luf'[li+e-

i=1

Proof See [1, Thm. 4.6]. O

For k > 2, we refer to [2].
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Lemma 4 There exists a constant C3 > 0 which is independent of H and q, such that

max{1,q}%°
a1 240, < C3TH“HH71/2,FC

forall uy € A3,

Proof See [11, Thm. 3.5., Thm. 3.9]. O

Lemma 5 Let [*(I7) := {u € (L*(It))*!' | u = 0onI¢\supps} and C,C’' > 0.
There exists a K > 0, such that for h, H, p and q satisfying

I(h,H,p,q) = (hH_lmax{l,q}zp_l)e <K

there holds

k-1 1
Y (Cliswaill =100z —CT(hH, p, @)l mill -1 /20) =K Y Nt aill 12,1
i=1 i=1

forall wy y € (Ap) ' NLA(IT).

Proof Assume that for all k¥ > 0 there exist iy, Hy, px and g, such that
I := I (hy,Hx, px; qx) < K

and there exists a function i € (% )*"' NL*(I¢), such that

k=1 k—1
Y (Cllstinill—1 /2. — C' el pcill -1 /2.1:) < & Y il —1 /2.1 (22)
i=1 =1

Obviously, i # 0. Defining fi, := ||/.1,<||:{/271_Cu,( € L(I¢), we obtain |l =1 /2,17 =
1. Due to the reflexivity of L?(I¢) and the convexity as well as the closedness of
L*(I7), there exists some fi € L?(I¢) such that fi,, — fi for a sequence &, — 0. This
also implies flg, — [ in the norm || -||_; 5 ;. using a well known compactnes result.
Therefore, ||ft| /2,5 = 1 and I # 0 on supps. From (22), we have

k-1
C Y lIshix,.ill—1 /0 < (k—=1)(1+C),
=1

14

which implies Zf.‘;ll l[sil| -1 /2,r. = 0 and therefore, sii = 0, which is a contradiction
to fi # 0 on supps. O

Using Lemma 2, Lemma 3 and Lemma 4 as well as the regularity assumption (21)
on u* and Lemma 5, we are able to prove the main theorem.

Theorem 9 Let the variational problem (15) be regular for 0 < 1/2 and s € L*(I¢).
Furthermore, let I1(h,H, p,q) be sufficiently small. Then, the inf-sup condition (14)
with U] := (H™Y2(I¢))¥! is fulfilled with o independent from h, H, p und q.



12

Proof Let y == (Mo, i) € M7 x (A7) " and uj, € (] )F be the solution of
(15) with V := ()" and p := py py = (,ll()J-],S‘Ll.llJ_l, e ,s,uf‘;ll). Using the Galerkin
orthogonality, Lemma 3, the regularity assumption and Lemma 4, we obtain

h & ,
||ulis.H _ MZS,H ||1 < ||ul~ls:,H _ M?‘Y‘H ||l < C276 Z‘i ||ulis.H<,z H1+9
i

he k
< C2C4PT; Y e aill-1j2vor
i=1

h9 k
< C2C4p7; max {1, [|slle.re} Y l1rzill 120,12
i=1

h® max 1,q9 26 k
< a0 (g ™I Y max (1.} Y |

—1/2,I¢
i=1
k
= O CCII(h,H, p,q) max{1, [[s]lerz} ¥ il -1 2.1z
i=1
From Lemma 2 and the norm equivalence
k
Collul] - - <Y il < Co - - -
HAR (@) (12 ()t = 2 IMill=1/2.0e = Co TR L1726 x (12 (1)
i=0

with a constant Cy > 0, we obtain

(Lo, Ya(vi))orz + (L, 8% (Vi) Jo.rz

sup
wnesP( T\ {0} [vall
. s,
| o 1 o + (ot W Vore _
- ||ulis,H ||1 - h 1
h
> [luctst ||y — bt — ||y
k k

> CoC1 Y |ts il -1 2.1 — C2C3CaII (h, H , p,q) max{1, |Is]|eo.rc } Y Nttrrill -1 2,1
i=1 i=1
> (COCl _C2C3C4H(h7H7p761) max{l, ||s||°°-,rc})||l'l‘0,1‘1||71/2,1"c
k-1
+ Y (Cilltmill-1 /2.5 — C2C3CaII (b, H , p,q) max{1, |[s||eo.rz HI 1 1.0l -1 /2.17.)
i=
k-1
> (CoC1 — CoC3CaIl(h,H, p,q) max{ 1, |[s]lwrz DIIMos =120z + 5 ) I mill -1 /2.1
i=1
k-1
> (CoC1 — CrC3Caemax{ 1, [[s]ler P Mol -1 i +€ Y 1t41,12,0
=

—-1/2,I¢

> min{CyCy — C,C3Cse max{l, ||s|

k
oo It} €} Z e ill <1 /2,1
i=0

> Comin{CoC1 — C2C3C48max{1, ||S||oo7FC}7 E}H[JH HH*I/Z(FC)X(H*I/Z(FC))"*]



with IT(h,H, p,q) < € < min{CyC; (C2C3Csmax{1,||s|l-}) ", x}. O
Hence, from Theorem 8 and Theorem 9 we obtain

Corollary 1 Under the assumptions of Theorem 9, there exists a unique discrete sad-
dle point of Signorini’s problem with Tresca’s friction.

Remark 4 The assumptions of Theorem 9 seem hard to be verified in practice as it
is not clear when IT(h,H, p,q) is sufficiently small. Furthermore, it is often unclear
whether the regularity assumption (21) holds. For convex domains, this assumption
is fulfilled. Nevertheless, Theorem 9 justifies the modification of the discretization
scheme by coarsening the mesh J¢ or by decreasing the polynomial degree ¢ to
obtain a stable scheme. In Section 8, numerical results confirm this theoretical obser-
vation.

Remark 5 The choice U] = ((H'/?(Iz))*~!) is important. To use Theorem 8 we
might choose U] = (L*(I¢))*~!. However, in this case, the mapping 8 would not be
surjective and Lemma 2 could not be applied in the proof of Theorem 9.

6 Solution scheme based on the dual formulation

In this section, we propose a solution scheme which is based on the dual formulation
of the discrete mixed variational formulation and is, in particular, convenient to han-
dle discretizations of higher-order. We first introduce the scheme within the abstract
framework of Section 2. Thereafter, we discuss the application of the scheme to the
higher-order discretization of Section 3.

Introducing a basis {@;}o<j<n of V; and bases {;j}o<j<m; of Ul y with n:=dimV;
and m; := dimUiiH and setting A; := {z € R™ | z;y;; € A; u }, the discretization (13)
is to find (x,y9,y1) € R" x Ag x A; such that

dx=L — By yo— By,

(23)
(yo—20) (Box—94)+ (1 —z1) Bix <0

for all (z9,21) € Ag X A;. Here, o7 € RV, £ € R", %; € R">*" and ¥ € R™ are
defined as &y := a(@x, 9;), £ := (€, 9;), Bi ji == (Wi,j» Bi(Pr)) and G := (Y0, 8).
The solution is given by (ux, Ao, A1,i) = (Xi9is Y0, %0,j,¥1,;¥1,5). With

o= (). =)

and A := Ag x Ay, the system (23) is equivalent to find (x,y) € R" x A such that

dx=%—RB'y,

5 24
(-2 (Bx-F) <0 @9



14

for all z € A. A simple iterative scheme with projection is often refered to solve the
system (24), cf. [15]. With a suitable projection P : R™0 x R"™ — A and .7~ € R"*",
this scheme reads

P an—plyil(Axn—‘r%Ty" —f)’

yn+1 _ P(yn +p2(%xn+l _gﬁ))
Usually, .7~ ! is chosen as <7 ~! or as an appropriate approximation of .27 ~!. Since
it is not obvious to define the projection P for higher-order discretizations with pos-
sibly non-nodal basis functions, we consider an alternative scheme based on the dual

formulation of (24). The basic idea is to reformulate (24) into a minimzation problem
in terms of the Lagrange multipliers using a Schur complement ansatz.

Theorem 10 The pair (x,y) fulfills (24) if and only if

F(y)=minF(z), F(z):= %ZT%’&/’lﬂTz—zT (B ' —9) (25

ZEA

andx = o/~ (L~ BTy).

Proof Resolving the equation in (24) leads to x = &/~ (% — #y). Replacing x in
the inequality, we obtain

NT
(1% y— (B 2 ~D)) 2—¥) 20
for all z € A. Applying the general Theorem 1 completes the proof. O

To solve Problem (25), within an optimization scheme of quadratic programming,
we usually have to specify an evaluation routine for the objective function F which
is given as follows

(i) b=2RB"7
(i) Solve AX=b
(i) 7= ABx

(iv) F=05z"—7z"w

with some auxiliary vectors b, X € R" and z,w € R™, m := mg + m,. The vector w can
be evaluated in a preprocessing step by

(i) Solve Ax=2%

(i) Z=Px

(i) w=z—-%
Using a direct solver, only a single factorization of the matrix <7 is necessary. Instead
of a direct solver, which may be more suited to higher-order discretizations, iterative
or multigrid schemes can be used, too.
Note that the dimension m of the opimization variable given by the Lagrange mul-
tipliers is, in general, much smaller than the dimension of the discrete displacement
variable n. Therefore, the total amount to solve the system mainly depends on m and
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on an efficient matrix-vector computation to evaluate the objective function F. In the
end, this fact makes this approach applicable. It may be, therefore, also an alternative
to other very efficient approaches for solving contact problems. We refer to some re-
cent works [6,22,23,25,33].

For lower-order finite elements, the introduced approach is widely studied and en-
hanced for many applications in frictional contact problems. We refer to [7,17,19]
for more details. In particular, the block structure of the matrix B /1P can be
further exploited using splitting type algorithms [20] as well as domain decomposi-
tion techniques can be applied [7]. Also the application of this approach to multibody
contact problems is possible. Especially, the discrete mixed variational formulation
allows for the use of non-matching grids which can be directly included in the solu-
tion scheme. We refer to [4] for more details.

In our case, we prefer this general approach since it seems to be very convenient for
higher-order finite element discretizations and, in particular, for the discrete mixed
variational formulation proposed in this work. An advantage of the approach is that
the additional implementational effort is small, if one uses a standard optimization
tool based on QP- or SQP-techniques. In particular, for varying polynomial degrees,
for instance in Ap-adaptive schemes, cf. [30], the constraints can be profoundly com-
plicated so that the derivation of more sophisticated algorithms which capture the
specific properties of the higher-order discretization is not obvious.

The application of the solution scheme to higher-order discretizations is given as
follows. Using the discretization as introduced in Section 3, we have Ay = .4} ,

and Ay g = ///f”. To determine A;, i = 0,1, suppose that {Kj}o<j<mr is a basis of
i, withm” :=dimS}_,. With {(7;) := ¥/_y m?%, a basis of .} is simply given by

e(ny+j = Kj o ¥y
onT; € Jo={Ty,Th,...,Tn—1} and 0 on Ic\T;. Assuming M = {xo,...,x4_1}, We
define a matrix C € R¥™™M0_ .= dim .}, by
Clarv.g(m)+j = Kj(xv),
j=0,....m7, v=0,...,d, and O otherwise. Thus, we have
Ag={z€R™ | £Cz<0}, A ={zeR™|f(z)<1}
with m := (mg)*~! and

k=2

flzio,. o zik—2)j = Z((CZM);)Z,
i=0
j=0,...,dm— 1. Hence, (25) reads
F(y) = min F(z). (26)

2=(z0.21 )ER™O xR™1 |
+Czp<0, f(z1)<I1

Note that the set M should be chosen so that the additional numerical error is mini-
mized. We use Chebycheff points to ensure the additional error to be small. We refer
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to [9] for a further justification of this choice.

In view of (26), we have linear constraints for the variable zy. For the variable z;, we
also have linear constraints in the case k = 2 and non-linear constraints in the case
k = 3. In our implementation, we use the sqopt-method of the SQP-package Snopt
by Gill et. al [12,13] to include the linear constraints and the snopt-method of this
package for the general non-linear constraints.

It should be mentioned that the solution scheme is also convenient to implement
Coulomb friction law, where the frictional function s is defined as s := .% |0y, (u)|
with some frictional coefficient % > 0. Under certain regularity assumptions, the La-
grange multiplier Ay coincides with the normal contact stress — o, (u). However, set-
ting s := .% | A9| would lead to a formulation which is not captured by the introduced
framework of Section 2. Instead, we can embed Coulomb’s friction into our frame-
work using a simple fix point scheme: For an arbitrary frictional function s € L*(I¢)
with s > 0, we define (u(s),Ao(s),A;(s)) as the unique saddle point of Signorini’s
problem with Tresca’s friction, and furthermore, the operator J(s) := .Z#|Ay(s)|.
Assuming that 7 has a fix point, i.e., J7(5) = §, the saddlepoint (u(5), A0(5),41(5))
fulfills Coulomb friction law. Transfering this concept to the discrete mixed vari-
ational formulation, we obtain (x(s),yo(s),y1(s)) as the solution of (23) and de-
fine 7 (s) := F|yo(s)Wo ;|- Again, a fix point § of Z (or a suitable approxi-
mation) leads to solution vectors (x(§),yo(5),y1(8)) yielding a discrete saddlepoint
(un(8), Ao, (5), A1, (5)) which approximatively fulfills Coulomb friction law. We re-
fer to [20, 17] and reference therein for more details on this well-known proceeding.

7 An extension to time-dependent problems

The use of the solution scheme as proposed in Section 6 is not restricted to the static
case, which is, in a sense, uninteresting in many applications of engineering. It is
also applicable to dynamic contact problems. To demonstrate this, we extend the
simplified version of Signorini’s problem of Section 4 to a time-dependent model
problem which is to find a time-dependent function u € H*(I; H},(2) N H*(Q)) on
Q x1,1:=10,T], with u(0) = ug € H)(Q), (0) = vo € H)(L) such that

i—Au=finIxQ, du=0onIyxI,
u>g, du>0, anu(u_g):ooanXI

with a time-dependent load function f and a time-dependent obstacle function g on
Q x[and I¢ X1, respectively. Again, multiplying by a test function and integrating by
parts yield, that u is a solution if and only if u ¢ K := {v €V | yc(v(t)) > g, t €[0,T]}
and

(i(2), v(2) —u())o + (Vu(r), V{v(t) —u(r)))o = (f(1),v(1) = u(t))o

for almost all € [0, ] and all v € K, cf. [29]. Here, we set V := W= ([0, T]; L*(2))N
L=([0,T); H)(£2)). To discretize this variational problem in time, we may use Rothe’s
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method on the basis of a Newmark scheme. Setting u® = up, 1% := vy, we succes-
sively seek a function u" := u(t,) € K" := {v € H)(Q) | yc(v) > g" := g(t,)} such
that

a(u",v—u") > (F",v—u")y 27

for all v € K" in each time step f,, := nk, k := T /N, N € N. Here, the bilinear form a
is defined as a(u,v) := 2k~ 2(u,v)o + (Vu, Vv)o. Furthermore, we set

i =2k (W — Y =2k N, = 2 ke i),
F'" = f(t,) 4+ 2k 2" 42k L L

Note that the bilinear form a is symmetric, continuous and V-elliptic. Therefore, us-
ing the same notations as introduced in Section 4 for the static problem and the gen-
eral results of Section 2, we obtain existence and uniqueness of the solution u" of
(27). In particular, we obtain an appropriate mixed variational formulation with a
unique saddle point (", A)

a(u",v)o = (F",v)o — (A5, %c(v)),
(to— A9, Ye(u) —g") <0

for all v € H}(Q) and po € H:I/Z(FC).

To discretize in space, we set u2 1= ipuUg, u}j := iy with some interpolation operator
ip and successively determine the discrete saddle point (uj, Aj ;) € ST x ///g_f of
the discrete mixed variational formulation

a(up,vi)o = (Fy',ve)o — (Ag > Ye(vi) oz »

(Mo, — A Ye (up) — 8oz <0

for all v, € .7 and po y € /11377. Here, we set F/" == f(t,) + 2k~ 2u ' + 2k~ ~!.
Again, sufficiently small quotients #/H and max{1,q}?p~! guarantees the discrete
inf-sup condition (14) to be valid and therewith the unique existence of the discrete
saddle point, cf. Section 5 and [31].

In the end, having the discrete mixed variational formulation at hand, we are able
to use the solution scheme based on the dual formulation of Section 6. In [3], we
apply the general solution scheme to time-dependent problems, which we briefly
outline in this Section, on a broad range where we study dynamic problems including
frictional, thermo-mechanical and rolling contact problems. Similar to the dynamic
model problem as discussed in this section, the key to derive a solution scheme for
more complex dynamic contact problems is to discretize in time and, then, to use a
discretization in space based on a discrete mixed variational formulation.

8 Numerical Results

In our numerical experiments, we study Signorini’s problem with Tresca’s friction by
means of an example in production engineering which is given by a robot-based belt
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grinding process, see Figure 1(a). The domain, which corresponds to a quarter of the
contact wheel of the belt grinding machine, is given by

r(x,2) € (1.295,1.625),
¢(x,2) € [0,m/4)U(Tm/4,0],
y € (—0.575,0.575)

Q= (x,52) eR?

where (r, @) are the polar coordinates with the origin in (—1.625,0). We set I}, :=
{(x,3,2) € Q| r(x,z) = 1.295} and It := {(x,y,z) € Q | r(x,z) = 1.625}. Further-
more, we set f := 0 and b := 0. The obstacle function describing the surface of a
workpiece (here a water tap) is defined as

d+1—+/1—(z+0.5y)2, |z+05y|<r
Wm@:{ ( |

d+1, |z4+0.5y| > r

where the parameter d € R denotes the infeed of the obstacle along x-axis, cf. Figure
1(b,c). We use Hooke’s law with Young’s modulus E := 2mN /afm2 and Poisson’s
number v := 0.42.

(b) (©

Fig. 1 (a) A robot is pressing a workpiece (water tap) against the contact wheel of the belt grinding
machine, (b),(c) quarter of the contact wheel, surface of the workpiece.

() (b) (©

Fig. 2 (a),(b) Deformable body and obstacle’s surface in contact with infeed d := —0.05dm, (b) normal
contact force o, (1) on I¢.



19

In Figure 2(a,b) the deformation of the body is depicted for frictionless contact where
s := 0. The deformation reflects the geometrical contact condition u#, —g < 0 on I¢.
The complementary condition G,,,(u)(u, — g) = 0 and the condition o, (u) < 0 are
shown in Figure 2(c). The normal contact forces o,,(u) describes pressure in the
contact zone and is zero outside.
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Fig. 3 Tangential displacements on I for (a) Signorini’s problem with prescribed normal force and (b)
Signorini’s problem with Coulomb friction law.

In Figure 3(a) the tangential displacements on I¢ for Signorini’s problem with pre-
scribed normal forces are depicted. Here, the prescribed normal force

—0.2, |z+0.5y|<r

=0, 05y >

are applied. Hence, the contact zone is given by |z+0.5y| < r. We define s := % |q,|
with the coefficient of friction .# := 0.5. To obtain considerable tangential forces and
displacements on I, we insert additional tangential forces b; by exchanging oy, (u)
with b, — 0y, (). This leads to the additional integral (b;,% (v))o,r- within the mixed
variational formulations. In our numerical experiments, we set b; := (0,—0.05) ". The
numerical results are based on descritizations with uniform 4, H, p and ¢ for which
the validation of the discrete inf-sup condition is numerically verified, see below. Fur-
thermore, the solution scheme using the dual formulation as described in Section 6 is
applied.

Figure 3(a) shows that outside of the contact zone the tangential displacements cor-
respond to the tangential forces b;. In the contact zone, we observe areas with gliding
indicated by the logarithmically scaled displacement vectors. The displacements are
zero in areas with sticking which are located in the center of the contact zone. Dis-
placement vectors are not depicted there. In Figure 3(b) the tangential displacements
on I¢ for Signorini’s problem with Coulomb friction law are shown, where areas with
gliding and sticking are depicted.
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©

() ()

Fig. 4 —Ay g with p=1, ¢=0and (a,c) h/H = 1 and (b,d) h/H = 0.5, furthermore —A, gy with p =2,
g=1and (e) h/H =1 and (f) h/H = 0.5 on an adaptive mesh.

As stated in Section 2, the discretization with mixed finite elements admits a unique
solution if the discrete inf-sup condition (14) is fulfilled. In Theorem 9 it is proven,
that (14) holds if IT(h,H, p,q) is sufficiently small. This theoretical statement can
also be observed in numerical experiments. Figures 4(a,c) show —Agy with p =1
and ¢ = 0. In the case #/H = 1, we observe checkerboard patterns which typically
indicate that the discrete inf-sup condition is not fulfilled. In the case h/H = 0.5,
these patterns do not occur which shows that IT(h,H, p,q) is small enough so that
the discrete inf-sup condition holds, see Figure 4(b,d). In Figure 4 (c,d), an adap-
tive mesh is applied in order to resolve the contact zone more accurately. Also in the
case p=2und ¢ = 1 and h/H = 1, the checkerboard patterns occur. Again, using
h/H = 0.5, these patterns vanish, see Figure 4 (e,f). For p > 2, we observe similar
results. Consequently, the combination ¢ = p — 1 and H = 2k seems to be convenient
to obtain a stable scheme.

However, the use of different mesh sizes 4 and H leads to a certain implementational
effort. Obviously, it is much simpler to use the mesh ¢ :={F |F € &, F C I¢}
where & is the set of all faces (or edges) of 7. In this case, we have h = H. Thus,
we can only vary the polynomial degree p and ¢ to ensure that IT(h,H, p,q) is suf-
ficiently small. In Figure 5, we choose p = 2 and ¢ = 0 and obtain stable numerical
results for the discrete Lagrange multipliers Ao i and A, 5. Here, Coulomb friction
law is used which is incorparated via the fix point method as described in Section 6.
In this numerical experiment, the infeed d is set to —0.25 which results in a slightly
larger contact zone.
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Pisibed

— 2
Eiies

(b) (©

(C) (e)

Fig.5 (a) Ao u, (b) l,l‘ 5 and (¢) /lﬁ p With p=2, ¢ =0, (d,e,f) smoothed values of the discrete Lagrange
multipliers. ' '

9 Conclusions

In this work, we study contact problems based on Signorini’s problem with Tresca’s
friction and introduce a mixed variational formulation and its discretization with
higher-order finite elements. In particular, the frictional function of Tresca’s fric-
tion is included in a weak variational sense. For the existence and uniqueness of
the discrete saddle point, a discrete inf-sup condition is considered which is moti-
vated within an abstract framework of convex analysis. To prove the discrete inf-sup
condition we use an higher-order approximation result and an inverse inequality for
negative norms. The main result is that stability can be ensured if one reduces the
quotient of the mesh sizes for the displacement variable and the Lagrange multipliers
or the quotient of their polynomial degrees.

The discrete mixed variational formulation can be solved using its dual formulation
which is given by a reformulation as a minimization problem. The approach is justi-
fied by the small number of variables capturing the Lagrange multipliers. Our main
interest is to extend this approach to discretizations of higher-order where we use
a standard tool of quadratic programming to capture the complicated higher-order
constraints. We point out that the proposed solution scheme can also be used for
time-dependent problems. Finally, numerical results are presented which show the
applicability of the discrete mixed discretization by means of an example in produc-
tion engineering. In particular, we demonstrate the influence of varying the quotient
of mesh sizes and, therewith, the prediction of the theoretical findings.

Appendix

Proof (Lemma 1) Since 0 is contained in Ao, there holds @y(v,0) = 0 for all v €
V due to (7). The condition (8) yields sup,, c, Dy(v,tp) =0 forve K. If v € K,
then there exist a flg € Ag, so that @(v, fig) > 0. Therefore, sup, ca, Po(v; to) >

SUPg.o Po (v, aflo) = Sup . 0Py (v, flg) = oo. 0
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Proof (Theorem 5) H is Fréchet-differentiable in V with the Fréchet-derivative H'(v) =
A(v) — £ where the functional A € L(V,V') is defined as (A(v),w) := a(v,w) for
v,w € V. For @y(v, o) := (o, Po(v) — &), the condition (7) obviously holds. Letv € V
with @ (v, tty) < 0 for all ty € Ag. Assuming, that g — Bo(v) € G. Due to the closed-
ness and convexity of G and the separation theorem of Hahn-Banach there exists a
flo € Uj with

<ﬂo,g—ﬁ0(v)> < v&rél%(,%,w) (28)
Since 0 € G, there holds
(fio,g — Bo(v)) <O. (29)

For t > 0 and w € G, we obtain tw € G. Assuming, that inf,,eg (o, w) < 0, then
we have inf,,cg{flo,tw) = tinf,,cc(flo,w) — —oo for t — oo in contradiction to (28).
Therefore, there holds fig € G’ which is a contradiction to (29). Thus, condition (8) is
also fulfilled. From Lemma 1, we obtain that &y fulfills (3). By defining &; (v, 1) :=
(U1, B1(v)), we finally obtain the assertion from Theorem 2. O

Proof (Theorem 6) The proof is standard, e.g., [24, Lem. 3.2]. For completeness, we
present a proof including the boundedness of Aj. Evidently, the conditions (i)-(iii) of
Theorem 3 hold with @) and @, as defined in the proof of Theorem 5. If G’ = {0},
then Ag X A; is bounded and we immediately obtain the assertion from Theorem 3.
If G’ # {0}, then G’ is unbounded and we need to varify that the mapping

(ko 1) Sup—(%a(v, v) = (€,v) + (po, Bo(v) = &) + (1, Br(v))) (30

veV

is coercive. For this purpose, let vy, v; be the constants of continuity and ellipticity,
and p := (o, 1) € Ag x Ay. From Theorem 1, we obtain a v, with £ (vy, o, 1) =

inf,cy £ (v, to, 1) and a(vy,v) = (¢,v) — (4o, Po(v)) — (t1, B1(v)) for all v € V. Due
to the boundedness of Aj, there exists a ¢ € Ry with ||p]] v; < c. Therefore, we

obtain o|[tollyy < supyey, v =1 (6:v) —a(vu,v) = (1, i1 (v)) < €]l + Vollvully +
cl|Billzv,u,)- Thus, we have [[vyly — oo for ||.“||U(;xU1’ — oo, The assertion follows
from —% (v, ) = 3a(vu,vu) — (Ko 8) = 5 Vi vully — e llglluy (Il €llvr +Volvullv +
C||[31||L(V,U1))- O

Proof (Theorem 7) Since PBy(V;) is closed in Uy, we obtain from the closed range
theorem, [34], that there exists an a € R+

a”[l"O]”U(’)/kerBéWh < sup <I~L0:ﬁ0(vh)> (€29)]

Vevhvllvthl
for all [uy] € U(’)/kerﬁ(’)wl where [U] := Lo —|—kerﬁé‘vh and ﬁé\Vh : Uy — V, denotes
the transpose of fyy, . With Ao = {[Uon] € U(’)/kerﬁélvh | Ho.sr € Ao} we define

g(vhv [.HO,H]v,ul,H) = f(Vh,IJO,HaIJI,H)

which is well-defined in V), x /1071.1 X Ay g due to the assumption g € fBy(V;,). By the
same arguments as in the proof of Lemma 6, we obtain that

Ao x Avm 2 (pon], i m) v~ sup —L vy, [to.n), i m)

VREV),
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is coercive. By Theorem 3 there exists (uy, [Xo 1], A1) € Viy X Ao X Ay g with

2 (up, [Aop], M) = inf sup L (vn, [Hou), 1 1)

"€ Vi (Mo, €A 1 A HEALH
Thus, (uy, Ao g, A g) fulfills (12). O
Proof (Theorem 8) In the same way as in the proof of Theorem 6, we conclude that

Ao X At D (Mow, Ui a) — sup —L (vi, Mo,y Mi,H)

vREV),

is coercive and, thus, a saddle point exists. The uniqueness is a direct consequence of
(14) and the density of U in U]. O

Proof (Lemma 2) The unique existence of ut €V is guaranteed by the Lax-Milgram
Lemma. The mapping B : V/ker — U with B([v]) := B(v) and [v] := v+ker 8 €
V /ker B is bijective and continuous. Since V and U are Banach spaces, the inverse

B~ is continuous, too. Let V:= {v € V | vy < 1B~ lew.v xerp) IIﬁ( )llv}. In

order to show that ¥ is a non-empty set, let w € U and v € V with ! (w) = [v]. If
Z € ker 8 such that ||v—Z||y = inf cyerp [|[v —z[lv and v* := v —Z, we obtain

B(v*)zﬁ(v—@:ﬁ(v>=B<M):w. (32)

Therefore, we have
|| s _IR-1 R—1
vllv _zell?e{/s v=zllv =1B" W)llv/kerp < I1B N,y /kerp) Wllu

= ||B71||L(U,V/kerﬁ) 1B,

which implies that v* € V. Moreover, there is a v* € V for each w € U such that (32)
is valid, i.e., B(V) = U. Using these preparations, we conclude from the definition of
the dual norm and continuity of & with constant C, that

W ,B(v A(ut,
T — (mw) sup mBv) _ sup a@,v)

werrioy Wllo — venvgoy 1BMIlu— veinjoy 1BO)Ilw
Cllut[lv [Iv[lv

= < B g 1
vervjor  IBOlu L(UV /kerB)

Setting C; :=C||f ! lL(u,v/kerp)> We obtain the assertion. O
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