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Contents & GoalsContents & Goals

Aims
• Simulation of the gas-particle in arc spraying 

equipment 
• High-resolution (semi-) implicit FEM-TVD

schemes
• Stationary solutions

Contents
• FEM discretization
• Semi-implicit pseudo time stepping and 

Newton-like schemes
• Boundary conditions
• Preconditioner
• Numerical results

Experimental setup

Brake disk coating
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The 2 The 2 –– Fluid ModelFluid Model

• Two-way coupling via volume fractions and interfacial forces

Gas phase:

Particulate phase:

Saturation condition: 1=+ pg αα
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High High –– Resolution SchemesResolution Schemes

KU
dt
dUMC =

High – order scheme:

• Oscillatory
• Second order

LUDUKU
dt
dUM L =+=

Low – order scheme:

• Non – oscillatory 
• First order

UKUFDUKU
dt
dUM L

** =++=

High – resolution scheme:

• Non - oscillatory
• Less diffusive
• Variable order
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Treatment of Source TermsTreatment of Source Terms

Mass lumping: SMC SM L

• Time step independent 
steady–state solutions

• Restrictive time step 
constraints

• Slow convergence
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Douglas – Rachford splitting
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Strongly coupled strategy

• Time step independent 
steady–state solutions

• No time step constraints
• Fast convergence
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Weak Neumann Weak Neumann –– Type Boundary ConditionsType Boundary Conditions

Integration by parts: ids
dt

dU
m

j
hijji

j

j
ij ∀⋅−⋅= ∑ ∫∑

Ω∂

,FnFc ϕ

• Implicit treatment possible
• Unconditionally stable
• Boundary conditions locally satisfied

n

∫
Ω∂

⋅ dshi Fnϕ ∫
Ω∂

⋅ dshi Fn ~ϕ
Evaluation of the boundary 
flux by solution of a boundary 
Riemann problem
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Boundary Flux & Boundary IntegralBoundary Flux & Boundary Integral

• Ghost nodes
• Edgewise integration

Evaluation of the boundary integral:

Roe flux:   ( )ii
i

i UUAFFF −−
+

= ∞∞
∞

∞ 2
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2

• Consistent with interior discretization
• defined by the Riemann invariants 
• Boundary conditions for incoming Riemann invariants
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Wall Boundary ConditionsWall Boundary Conditions

• Mirror condition:

Euler equations:
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2 – Fluid Model: 

• Penalty term: dsuupenalty
wall

nn∫
Γ

−= n2ρϕσ

• Addition of penalty terms to the momentum equations of both phases
• Optional elimination of normal fluxes in the boundary integral

τnu τuun +=
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VerificationVerification

• Subsonic inlet and outlet
• Outlet pressure:
• Convergence 

Nozzle with „pressure - outlet“: Pressure (red: P=1, blue: P=0.13)

Mach number (red: M=2.03, blue: M=0.27)

3/2=outP

Computed outlet pressure



ESCO 2010 Marcel Gurris Slide 10

Convergence Analysis: Convergence Analysis: „„Pressure Pressure –– OutletOutlet““

Outlet pressure:
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Implicit Solver & Implicit Solver & NewtonNewton´́ss MethodMethod

Taylor series: ( ) ( ) ( ) ( ) ⎟
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Backward Euler scheme: ( ) 1
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Semi – implicit   scheme: ( ) ( ) ( )nnn
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Newton´s method:  ( ) ( ) nnnn
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• Omitting the lumped mass matrix yields Newton´s method 
• Second order convergence if F sufficiently smooth
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Approximate Approximate JacobianJacobian

Fluxes:
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• Low – order approximation
• Parameter – free 
• Increased robustness due to improved 

matrix properties
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jjii UUDBF −+−⋅∑= Fc
low

Source terms:
• Linearization
• Non – smooth terms are assumed 

constant
• Jacobian known analytically

∫
Ω∂

⋅= dsB hii Fnϕ
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Iterations

R
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22--Fluid ModelFluid Model

Nozzle flow:
• Subsonic inlet, supersonic outlet
• Wide range of Mach numbers
• Convergence to steady – state

High – resolution scheme

Low – order scheme

Mach number (blue, M=0.1, red: M=2.22)

Iterations
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Conclusions & OutlookConclusions & Outlook

Conclusions
• High - resolution FEM – TVD scheme
• Stationary solutions
• Wide range of Mach numbers
• Newton – like iterative solver
• Unconditional stability
• Improved boundary conditions
• Gain of efficiency due to strongly coupled 

strategy

Outlook
• Adaptivity
• Nonlinear multigrid
• 3D extension


