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Summary

For the model-based active control of three-dimensional flows at high Reynolds
numbers in real time, low-dimensional models of the flow dynamics and efficient
actuator and sensor concepts are required. Numerous successful approaches to de-
rive such models have been proposed in the literature.

We propose a software environment for a comfortable and performant testing
of control, actuator and sensor concepts which may be based on such models. It is
realized by providing an easily manageable MATLAB control interface for the k-ε-
model from the FEATFLOW CFD package. Potentials and limitations of this tool
are discussed by considering exemplarily the control of the recirculation bubble
behind a backward facing step.

1 Introduction

Active control of fluid flow is one of the major challenges in many key technologies,
e.g. in chemical process engineering or aeronautics. In this paper we will discuss a
model problem for such applications, the active control of the length of a recircu-
lation bubble behind a backward facing step which is very difficult to solve with
current mathematical methods.

Active control methods require the interaction of the controller with either the
physical system (via measurements) or with a numerical simulation (via an ob-
server). Here we only discuss the latter interaction. A major problem in designing
real time controllers is that the observations have to be provided fast enough and
that the computational method needed in the controller design is efficient enough.
These two requirements call for fast numerical simulation methods and small state
dimensions in the dynamical system that describes the flow. On the other hand the
observed data have to be good enough to allow the computation of a good con-
trol, which typically means that the simulation method has to produce sufficiently
accurate approximations of the observed data.



In order to design such controllers, it is therefore very important to use the most
suitable model assumptions for this interactive task and to coordinate the interaction
of controller design and numerical simulation by creating an efficient interface be-
tween simulation and controller design. Such an efficient coupling of current com-
mercial CFD packages and modern control software requires detailed knowledge
about the CFD code and how it can be coupled with the control software.

For this reason we discuss the coupling of the CFD code FEATFLOW[3] with
classical control techniques as they are available from MATLAB [1] or SLICOT [2]
toolboxes.

In Section 2 we present as new feature a MATLAB-control interface, which has
been developped for FEATFLOW’s RANS solver with k-ε turbulence model and
which is planned for FEATFLOW’s DNS and LES solvers (see Fig. 1). We present in
this paper as example just the interface for the RANS solver, though the discussion
in Section 4 will show that DNS or LES may be a better choice for certain control
configurations.

The active control of the length of the recirculation bubble by insufflation and
suction at the edge of the backward facing step is described in Section 3. We will
demonstrate how control strategies can be easily developed and implemented, only
requiring minimal insight in the operation of the CFD code FEATFLOW.

Finally, in Section 4 we discuss the potentials and limitations of this tool.
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Figure 1 MATLAB control interface for FEATFLOW CFD codes, based on Direct Numeri-
cal Simulation (DNS), Reynolds-averaged Navier-Stokes equations (RANS) and Large Eddy
Simulation (LES).

2 New features of FEATFLOW

2.1 A realization of the k − ε turbulence model

As a finite element 3D solver for the incompressible Navier-Stokes equations we use
the CFD code FEATFLOW. The underlying numerical algorithm is based on (non-
conforming) FEM discretizations, adaptive implicit time-stepping and (geometric)



multigrid solvers on general domains. FEATFLOW is an open-source software pack-
age built on the FEAT2D and FEAT3D libraries written in FORTRAN77 [3].

Dealing with three-dimensional flows at high Reynolds numbers, the numeri-
cal costs of DNS (Direct Numerical Simulation) are extremely high. For instance,
a 3D simulation of the backward facing step with Reynolds number Re = 30 000

requires about Re
9

4 ≥ 1010 nodes to resolve the smallest eddies [4]. Therefore, a
k-ε turbulence model was added to FEATFLOW, in order to make the calculation
of such flows on meshes of moderate size possible. The corresponding CFD code
PP3D-KE was developed by D. Kuzmin building on the laminar FEATFLOW ver-
sion (http://www.featflow.de). The mathematical foundations of the program can be
described as follows.

We consider the following system of Reynolds-averaged Navier-Stokes (RANS)
equations:

∂v

∂t
+ v · ∇v = −∇p + ∇ · ((ν0 + νT)D(v)) ,

(1)

∇ · v = 0.

Here v = v(t;x) with v = (vx,vy,vz)
T ∈ R

3 is a time-averaged velocity and
p = p(t;x) ∈ R is a time-averaged pressure, both defined on a time-space domain
(0, T )×Ω with T > 0 and Ω ⊂ R

3. D(v) = ∇v + (∇v)T is the Newtonian strain
tensor and νT = Cµ

k2

ε is the effective viscosity. The turbulent kinetic energy
k = k(t;x) and its dissipation rate ε = ε(t;x) are modeled by the following scalar
transport equations:

∂k

∂t
+ ∇ ·

(

kv − νT

σk
∇k

)

= Pk − ε,

(2)
∂ε

∂t
+ ∇ ·

(

εv − νT

σε
∇ε

)

=
ε

k
(C1Pk − C2ε),

where Pk = νT

2 |∇v+∇vT |2. The default values of the involved empirical constants
are Cµ = 0.09, C1 = 1.44, C2 = 1.92 , σk = 1.0, σε = 1.3.

Additionally, appropriate boundary conditions for v, k and ε have to be pre-
scribed on ∂Ω = Γin ∪ Γout ∪ Γwall ∪ Γsym.

As usual, Dirichlet boundary conditions for v, k and ε are prescribed on the
inflow boundary Γin,

v = g, k = cab|v|2, ε = Cµ
k3/2

l0
, (3)

where cab is an empirical constant [5], l0 is a mixing length and g is a given inflow
velocity profile.



Let (t,n) be the local orthogonal basis for a wall node, where t and n are the
tangential and normal directions, respectively. At the outlet Γout the following ’do-
nothing’ boundary conditions are prescribed:

∂v

∂n

= 0,
∂k

∂n

= 0
∂ε

∂n

= 0, n · [pI − νTD(v)] = 0. (4)

In the k − ε model the behavior of a fluid near an impervious solid wall is
modeled by wall functions. The computational wall boundary Γwall is located at a
distance δ from the real geometrical wall boundary. In our case we assume that the
computational domain is already reduced by a layer of width δ, which is a user-
defined parameter. We set the following boundary conditions on Γwall:

n · v = 0, (D(v)n · t)t = −u2
τ

νT

v

|v| , k =
u3

τ
√

Cµ

, ε =
uτ

f

κδ
, (5)

where κ = 0.41 is the von Kármán constant and uτ is the friction velocity. Here uτ

is the solution of the logarithmic wall law equation:

|v| = uτ (
1

κ
log y+ + 5.5), (6)

where y+ = uτ δ
ν is the local Reynolds number.

In our numerical simulations of the backward facing step we try to avoid the
influences of the side walls and the upper wall on the recirculation zone, therefore
we impose symmetry boundary conditions on Γsym [6]:

n · v = 0, D(v) · n = 0. (7)

The discretization in space is performed by an unstructured grid finite element
method [7]. A detailed description of the numerical algorithm for the k − ε model
can be found in [5], [8].

2.2 A FEATFLOW-MATLAB control interface

Dealing with flow control problems, we assume that we are able to influence the flow
in Ω by manipulating the Dirichlet boundary conditions in a subset Γctrl ⊂ Γwall,
i.e.

v(t;x(c)) = u(t;x(c)) for (t;x(c)) ∈ (0, T ) × Γctrl,

with a control or input function u(t;x). We assume further that we can observe or
measure the velocity field and/or pressure field of the fluid in subsets Ωmeas ⊂ Ω
and/or Γmeas ⊂ Γ , i.e. that we know the observation or output function

y = y(t,x(m)), y = (v, p), where (t,x(m)) ∈ (0, T ) × (Ωmeas ∪ Γmeas).

A (feedback) controller u(t,x(c)) = f(t,y(s ≤ t,x(m))) can then be used for the
calculation of appropriate controls u, possibly on the basis of current and former



observations y, in order to achieve some control objective. Aiming to implement
such controllers comfortably in MATLAB, but carrying out the flow calculations in
a perfomant manner with FEATFLOW, a FEATFLOW-MATLAB control interface has
been developed.

The interaction between the PP3D-KE program and MATLAB was realized with
the help of the MATLAB Engine (function engOpen), which operates by running
in the background as an independent process. This offers several advantages: under
UNIX, the MATLAB engine can run on the user’s machine, or on any other UNIX
machine on the user’s network, including those of a different architecture. Thus, the
user can implement a user interface on his/her workstation and perform the compu-
tations on a faster machine located elsewhere on a network (see MATLAB Help).

The MATLAB-controller part is realized as an m-file MatlabController.m. Dur-
ing the simulation, the PP3D-KE code calls this MATLAB function at every time
step. The transaction phase consists of three stages: receiving the required data (ge-
ometry, velocity, pressure) from the output domain Γmeas, execution of MatlabCon-
troller.m and calculation of a control u = (ux,uy,uz), setting v = u as a Dirichlet
boundary condition for velocity in the input domain Γctrl. So MatlabController.m
has, in principle, the following interface:

ṽ(x
(c)
i ) = MatlabController(tn,x

(m,v)
j ,x

(m,p)
k , ṽ(x

(m,v)
j ), p̃(x

(m,p)
k )).

Here, tn is the current time, x
(m,v)
j , x

(m,p)
k are the coordinates of the velocity and

pressure nodes lying in Γmeas ∪ Ωmeas, and ṽ(x
(m,v)
j ) and p̃(x

(m,p)
k ) are the cor-

responding discrete velocity field and pressure field, respectively, all communicated
by FEATFLOW to MATLAB. After the control is executed on the basis of this infor-
mation (and possibly of similar data computed at previous time steps), the discrete
velocity field ṽ(x

(c)
i ) with respect to x

(c)
i ∈ R

3, the coordinates of the velocity
nodes lying in Γctrl, is communicated by MATLAB to FEATFLOW.

3 Controlling the flow over a backward facing step

3.1 A benchmark configuration

We illustrate the facilities and limitations of the new FEATFLOW-MATLAB control
interface by considering as example the flow over a backward facing step. One of
the main features of such flows is a recirculation region just downstream of the step,
and we aim to control its length by means of insufflation and suction at the edge of
the step, see Fig. 2.

The uncontrolled flow over the step is a classical benchmark for the validation
of CFD codes, since it is well-understood analytically and extensive experimental
results are available (see e.g. [10–14]). FEATFLOW’s PP3D-KE has also been vali-
dated for it [8].

The control of the recirculation length is the subject of numerous experimental,
numerical and analytical studies, and has, e.g., been intensively investigated in the
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Figure 2 Flow over a backward facing step (see [9])

DFG-Collaborative Research Center ”Control of complex turbulent shear flows”
(see e.g. [9, 15–20]). We mention some model-based active control concepts for the
step flow from the literature, a more extensive survey can be found in [21].

Applying the theory of optimal control to the NSE, open loop controls for the
step flow are investigated and numerically calculated in [22–24]. In order to reduce
the numerical costs and to obtain a more robust feedback-like control, suboptimal
control strategies like instantaneous control are applied in [24–27]. Based on the full
NSE, these approaches will mostly be limited in the near future to low Reynolds
number flows in two-dimensional domains.

For the real-time control of three-dimensional flows at high Reynolds numbers
low-dimensional models are required. In [28–31], low dimensional Galerkin models
are derived from the full NSE by means of the method of proper orthogonal decom-
position (POD) on the basis of snapshots from a DNS. In [18, 19] low-dimensional
Galerkin models are derived by combining classical POD modes and physically mo-
tivated transition modes in order to better capture the flow dynamics. In [20] the flow
dynamics are described by low-dimensional vortex models without that the NSE
have to come into play. Finally, in [9] black-box models are identified on the basis
of experimental and numerical data and used for the design of robust controllers
which then worked in real-time experiments and in LES simulations, respectively.

Whereas the approaches in [22–31] use general mathematical reduction methods
and control concepts, the approaches in [18–20, 9] use flow-specific physical insight
for the modeling and for the control concept. For instance, they make use of the so-
called Kelvin-Helmholz instability of the shear layer above the recirculation zone
with a characteristic frequency fshear. A systematic excitation of these instabilities
can lead to a shortening of the recirculation zone, and provides the basis for efficient
and well-realizable controls via periodic suction and insufflation.

It is not the purpose of this paper to propose another control strategy for the
backward facing step. We will show to what extent FEATFLOW in connection with
the k-ε-model and the MATLAB control interface can provide a comfortable and per-
formant software environment for testing such control concepts for three-dimensional
and high Reynolds number flows. And we will see that it may even be used to design
simple but efficient controls.



3.2 Implementation in FEATFLOW and MATLAB

As a specific test case, we consider the flow over a step of dimensionless height
h = 1. The inlet section has the length 5h and the wake section the length 20h. The
height as well as the width of the domain are 3h. We choose x, y and z as coordinates
for the downstream, the vertical and the spanwise direction, respectively, see Fig. 3.
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Figure 3 The computational domain

We assume that we can blow out and suck in fluid at an angle of 45 degree in
positive x-y-direction at a slot at the edge of the step of width 0.05h in the x and y
direction, i.e.

v(t; x, y, z) =
1√
2
(u(t), u(t), 0)T on (0, T ) × Γctrl,

where u(t) is a scalar control function that can be freely varied in time and Γctrl =
{(x, y, z) ∈ Γ : 4.95 ≤ x ≤ 5, 0.95 ≤ y ≤ 1, 0 < z < 3}. Note that the
implementation of distributed vector-valued controls v(t; x, y, z) = u(t; x, y, z) is
also possible.

The length of the recirculation zone is defined via the reattachment position xr

of the shear layer detaching at the edge of step. For each z, xr(t, z) is defined by a
zero wall shear stress τw(t; x, z) = 0, with

τw(t; x, z) = η

(

∂vx

∂y

)

|(t;x,y=0,z), (8)

where η denotes the viscosity [9]. We will determine τw(t; x, z) by measuring vx(t; x, y, z)
in the domain Ωmeas = {(x, y, z) : 5 < x < 20, 0 < y < 0.125, 0 < z < 3}
and define a scalar reattachment length xr(t) by averaging τw(t; x, z) in spanwise
direction.

The flow is governed by the dimensionless NSE (1). Prescribing a constant block
velocity profile v∞ = (1, 0, 0)T at the inflow boundary, we apply the boundary



conditions

v(t; x, y, z) = v∞ on Γin (inhom. Dirichlet), (9a)

∂zv(t; x, y, z) = 0 on Γout (hom. Neumann), (9b)

∂nv(t; x, y, z) = 0 on Γsym, (symmetry), (9c)

v(t; x, y, z) = 0 on Γwall, (no slip). (9d)

We now discuss the numerical implementation of the mathematical model. Deal-
ing with nonstationary high Reynolds number flows in a three-dimensional domain,
we use the RANS-solver PP3D-KE from FEATFLOW. We have to provide a coarse
mesh as basis for FEATFLOW’s multigrid solvers and use a mesh which is locally re-
fined near the edge of the step and near the floor of the expected recirculation zone,
see Fig. 4.

Figure 4 Mesh on multigrid level 3 (22848 elements)

The boundary conditions (9), actuator positions Γctrl and sensor positions Ωmeas

are easily specified in a FEATFLOW data file. In each time step of the simulation,
the MATLAB routine MatlabController.m receives from PP3D-KE the discrete ve-
locity field ṽx(tn; xi, yj , zk) with respect to the mesh nodes (xi, yj , zk) lying in
Ωmeas. Corresponding to (8) we approximate the wall shear stress in (xi, 0, zk)
by τ̃w(tn; xi, zk) = ṽx(tn, xi, yj , zk)/yj and average for each xi over all corre-
sponding zk. We then define xr(tn) as a reasonable zero of the polynomial fitting
of τ̃w(xi), see Fig. 5.

The implementation of open loop controls u(t) = f(t) or closed loop controls
u(t) = f(t, xr(s ≤ t)) for given control laws f in the MATLAB function is straight
forward by prescribing the corresponding values of ṽ(tn, xi, yj , zk) in all mesh ve-
locity nodes (xi, yj , zk) lying on Γctrl.

3.3 Numerical simulation and control results

First the uncontrolled flow is simulated with Reh = 30 000, which leads to a steady
state solution. Here Reh is the Reynolds number with respect to the height h = 1 of
the step and the inflow velocity |v∞| ≡ 1. As initial data, corresponding steady state
solutions from calculations with lower Reynolds numbers are taken. Figures 6 and
7 show the vx(x, z) and the k(x, z) distributions in the x− y−cut-plane at z = 1.5.
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Figure 5 Approximated wall shear stress distribution τ̃w(x) of the steady state and the
fitting polynomial, with x denoting the distance to the step.

The typical recirculation zone can be observed, as well as the typical second vortex
in the bottom corner of the step. The steady τ̃w(x) distribution and the resulting
reattachment length xr/h = 6.21 are shown in Figure 5.

Figure 6 Downstream velocity component vx of the steady state solution in x-y-cutplane
at z = 1.5

However the typical shear layer instabilities with the characteristic frequency
fshear and thus a time-oscillation of the reattachment length cannot be observed.
This is explained by the time-averaged character of the k − ε turbulence model and
by the fact, that the near wall zone at the step (where shear layer instabilities origi-
nate) is not calculated directly, but is modeled by logarithmic wall functions, which
are derived from the boundary layer theory. The numerical results for the backward



Figure 7 Turbulent kinetic energy k of the steady state solution in x-y-cutplane at z = 1.5

facing step and its comparison with others can be found in [8], [6] and [32]. We
only observe an excessive turbulent kinetic energy in the shear layer zone.

Next the system response to a number of open loop controls is calculated, which
provides sufficient information to identify black-box models of the system’s in-
put/output behavior and to design a robust closed-loop control for the reattachment
length.

In fact, classical step experiments are performed. Thereby the actuation ampli-
tude u(t) is switched from zero to different levels a0 to obtain different operating
points of the system, see Fig. 8. A family of linear time-continuous models of 4th
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Figure 8 Open loop control and the corresponding system response

order is fitted to the measured data by application of subspace methods [33]. The
corresponding bode responses of the identified transfer functions Gi(s) are given in
Fig. 9.

To synthesize a robust controller C(s), a H∞-controller design scheme is cho-
sen. In H∞-control, stability and/or performance of the ’worst’ plant used to de-



scribe the process can be guaranteed. The goal is to find a good trade-off between
the closed-loop sensitivity function S(s), giving the performance, the restriction of
the magnitude of the plant input signals, given by the transfer function C(s)S(s),
and robustness, given by the complementary sensitivity T (s) = 1−S(s). Here, the
sensitivity transfer function is given by S(s) = 1/(1+C(s)GN(s)) with GN being
a nominal model showing minimal distance to all identified models over a certain
frequency range. The trade-off is achieved by solving the mixed sensitivity prob-
lem, i.e. the closed-loop transfer functions are weighted with WT (s), WCS(s) and
WS(s) depending on the frequency, and then the optimal controller C(s) is obtained
by minimizing the combined cost functional

min
C

‖N(C(s))‖∞, N =





WT (s) T (s)
WCS(s) C(s)S(s)

WS(s) S(s)



 .

For more details the reader is referred to standard textbooks, e.g. [34].
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Figure 9 Bode responses of all identified models

The synthesized H∞-controller is added in a classical control-loop as shown
in Fig. 10. For the implementation into the FEATFLOW-MATLAB-interface the con-
troller transfer function C(s) is converted into a discrete state-space form.

The successful operation of the H∞-controller is illustrated in Fig. 11, where a
tracking of a reference trajectory xref (t) by the reattachment length xr(t) is per-
formed.
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Plant
?
d
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Figure 10 Control-loop with H∞-controller C(s) (xref - reference, u - manipulated vari-
able, d - disturbances, y = xr - output)

4 Discussion

By using the newly developed PP3D-KE module from the CFD code FEATFLOW

for the flow calculations, the simulation of nonstationary flows at high Reynolds
numbers and in three-dimensional domains becomes feasible. The implementation
of the flow and control configuration via easily manageable FEATFLOW data files
and MATLAB m-files allows to easily test different actuator, sensor and control
concepts and may even be a tool for the development of controllers. Only mini-
mal insight into the CFD-code is required. In this sense, the presented FEATFLOW-
MATLAB coupling can be considered as a general purpose tool for flow control
purposes.

However, the performance of this tool is also subject to some substantial restric-
tions. Using the RANS approximation of the NSE with k − ε turbulence model,
some physically important flow phenomena may no longer be resolved. This is for
instance often the case for flow configurations with detaching and separating flows,
since the wall-layer models in the turbulence models are no longer valid. In our
example of the backward facing step, the Kelvin-Helmholz shear layer instabili-
ties cannot be observed in the numerical results. However, these instabilities may
be the basis for very efficient control concepts, i.e. the control of the re-attachment
length by enhancing the shear layer instabilities via a harmonic actuation with about
the characteristic frequency of the instabilities, see [9]. Furthermore, the simulated
flow is basically two-dimensional and the simulated transfer of inputs (insufflation
amplitude) to outputs (reattachment length) is linear, though experiments and LES-
simulations show distinct three-dimensional structures and a nonlinear input/output
behavior. Here Large Eddy Simulations (LES) prove to be the better choice in order
to numerically observe and simulate these physical phenomena [9].

The presented flow control environment based on FEATFLOW’s k-ε model aims
to present one tool to tackle nonstationary three-dimensional flow control problems.
The example of the backward facing step clearly shows that the simultaneous use of
different models and experiments for simulation, control design, test and validation
purposes is recommended. Therefore the development of MATLAB-interfaces for
the DNS and LES solvers in the FEATFLOW package is an important future task.
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