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Abstract In this paper, we extend our work for the heat equation in [4] and for the
Stokes equations in [5] to the nonstationary Navier-Stokesequations in two dimen-
sions. We examinecontinuousGalerkin-Petrov (cGP) time discretization schemes
for nonstationary incompressible flow. In particular, we implement and analyze nu-
merically the higher order cGP(2)-method. For the space discretization, we use the
LBB-stable finite element pairQ2/Pdisc

1 . The discretized systems of nonlinear equa-
tions are treated by using the fixed-point as well as the Newton method and the as-
sociated linear subproblems are solved by using a monolithic multigrid solver with
GMRES method as smoother. We perform nonstationary simulations for a bench-
marking configuration to analyze the temporal accuracy and efficiency of the pre-
sented time discretization scheme.

Keywords: Continuous Galerkin-Petrov method, Navier-Stokes equations, multi-
grid method, Vanka smoother
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1 Introduction

A class of time discretization schemes which is based on Rothe’s method is thecon-
tinuousGalerkin-Petrov discretization (cGP(k)-methods) anddiscontinuousGalerkin
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(dG(k)-methods). The approach of the cGP-method has already been used by Aziz
and Monk [1] (but not under this name) for the linear heat equation. These time
discretizations are found to be of higher order and have beenstudied for the heat
equation in [4] and for the Stokes equations in [5].

In this paper, we want to extend this numerical study for the nonstationary
Navier-Stokes equations. In particular, we implement and analyze numerically the
cGP(2)-method which is found to be of higher order at comparable numerical cost.
The cGP(2)-method is of order 3 in the whole time interval andsuperconvergent of
order 4 in the discrete time points. The spatial discretization is carried out by using
biquadratic finite elements for the velocity and discontinuous linear elements for
pressure. ¿From the numerical studies [4, 5], we have observed that the estimated
experimental orders of convergence confirm the expected theoretical orders. Fur-
thermore, the tests have shown that the cGP(2)-scheme provides significantly more
accurate numerical solutions for both velocity and pressure than the other presented
schemes cGP(1) and dG(1)-method (see [4, 5] for comparison).

Since we obtain superconvergence results for the velocity only at the discrete
time pointstn, it is also desirable to get a high order pressure at the same points,
for instance, for the computation of the hydrodynamic forces in CFD problems such
as drag, lift etc. In order to get a higher order pressure, we perform a special post
processing as described in [5].

The resulting discretized system of nonlinear equations which is characterized
as a saddle point problem is treated by using the fixed-point and Newton method.
The associated linear subproblems are solved by using a coupled multigrid solver
with a local pressure Schur complement type smoother. Finally, we perform sim-
ulations for nonstationary flow problems to demonstrate thehigh accuracy of the
cGP(2)-method. The test problem which is considered in thispaper corresponds to
the classical ’flow around cylinder’ benchmark [8].

2 Galerkin time stepping for the Navier-Stokes equations

We consider the nonstationary incompressible Navier-Stokes equations, i.e. we want
to find a velocityu and a pressurep such that

∂tu−ν△u+(u ·∇)u+∇p = f , in Ω × (0,T),
div u = 0 in Ω × (0,T),

u = 0 on ∂Ω × [0,T],
u(x,0) = u0(x) in Ω for t = 0,

(1)

whereν denotes the viscosity,f is the body force andu0 the initial velocity field at
time t = 0. For simplicity, we restrict to 2D and we assume homogeneous Dirich-
let conditions at the boundary∂Ω of a polygonal domainΩ (for other choices
see [3]). To make this problem well-posed in the case of pure Dirichlet bound-
ary conditions, we have to look forp in the subspaceL2

0(Ω) ⊂ L2(Ω) of func-



Higher order Galerkin time discretization for nonstationary incompressible flow 3

tions with zero integral mean value. For the time discretization, we decompose the
time intervalI = [0,T] into N subintervalsIn := (tn−1, tn], wheren = 1, . . . ,N and
0= t0 < t1 < · · ·< tN−1 < tN = T. The symbolτ denotes thetime discretization pa-
rameterand is also used as the maximum time step sizeτ := max1≤n≤Nτn, where
τn := tn − tn−1. Then, for the subsequent continuous and discontinuous Galerkin
time stepping schemes, we approximate the solutionu by means of a functionuτ

which is piecewise polynomial of orderk with respect to time, i.e., we are looking
for uτ in the discrete time space (withV = (H1

0(Ω))2)

Xk
τ

:= {u ∈C(I ,V) : u
∣

∣

In
∈ Pk(In,V) ∀ n= 1, . . . ,N}, (2)

where

Pk(In,V) :=
{

u : In → V : u(t) =
k

∑
j=0

U j t j , ∀ t ∈ In, U j ∈ V, ∀ j
}

.

Moreover, we introduce the discrete time test space

Yk−1
τ

:= {v ∈ L2(I ,V) : v
∣

∣

In
∈ Pk−1(In,V) ∀ n= 1, . . . ,N} (3)

consisting of piecewise polynomials of orderk−1 which are (globally) discontinu-
ous at the end points of the time intervals. Similarly, we will use for the time-discrete
pressurepτ an analogous ansatz spaceX̃k

τ
, where the vector valued spaceV is re-

placed by the scalar valued spaceQ= L2
0(Ω), and an analogous discontinuous test

spaceỸk−1
τ

.
Now, in order to derive the time discretization, we multiplythe equations in (1)

with some suitableIn-supported test functions and integrate overΩ × In. To deter-
mineuτ|In andpτ|In we represent them by the polynomial ansatz

uτ|In(t) :=
k

∑
j=0

U j
nφn, j(t), pτ|In(t) :=

k

∑
j=0

P j
nφn, j(t), (4)

where the ”coefficients”(U j
n,P

j
n) are elements of the function spacesV×Q and the

polynomial functionsφn, j ∈ Pk(In) are the Lagrange basis functions with respect to
thek+1 nodal pointstn, j ∈ In satisfying the conditions

φn, j(tn,i) = δi, j , i, j = 0, . . . ,k (5)

with the Kronecker symbolδi, j . For an easy treatment of the initial condition, we
settn,0 = tn−1. Then, the initial condition is equivalent to the condition

U0
n = uτ|In−1(tn−1) if n≥ 2 or U0

n = u0 if n= 1. (6)

The other pointstn,1, . . . , tn,k are chosen as the quadrature points of thek-point Gaus-
sian formula onIn which is exact if the function to be integrated is a polynomial of
degree less or equal to 2k−1. We define the basis functionsφn, j ∈ Pk(In) of (4) via
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affine reference transformations (see [4, 5] for more details). Now, we can describe
thetime discrete In-problem of the cGP(k)-method[4, 6]:

Find on the intervalIn=(tn−1, tn] thek unknown pairs of ”coefficients”(U j
n,P

j
n)∈

V ×Q, j = 1, . . . ,k, such that for alli = 1, . . . ,k, it holds for allv ∈ V, q∈ Q

k

∑
j=0

αi, j
(

U j
n,v
)

Ω +
τn

2
a(Ui

n,v)+
τn

2
n(Ui

n,U
i
n,v)+

τn

2
b(v,Pi

n) =
τn
2 ( f (tn,i),v)Ω ,

b(Ui
n,q) = 0,

(7)
with U0

n := uτ(tn−1) for n> 1 andU0
1 := u0. Here,αi, j denote some constants inde-

pendent ofτn and(·, ·)Ω the usual inner product inL2(Ω). The bilinear forma(·, ·)
onV×V, b(·, ·) onV×Q and the trilinear formn(·, ·, ·) onV×V×V, respectively,
are defined by

a(u,v) :=
∫

Ω
∇u ·∇vdx, b(v, p) :=−

∫

Ω
∇ ·v pdx, n(w,u,v) :=

∫

Ω
(w ·∇)u ·vdx.

In the following, we specify the cGP(k)-method for the casek = 2 where the dis-
cretization error in theL2-norm is superconvergent of order 4 at the discrete time
points.

2.1 The cGP(2)-method

Here, we use the 2-point Gaussian formula with the quadrature pointŝt1 =− 1√
3

and

t̂2 =
1√
3

at the reference interval(−1,1]. Then, the coefficients in (7) are

(αi, j ) =

(

−
√

3 3
2

2
√

3−3
2√

3 −2
√

3−3
2

3
2

)

i = 1,2, j = 0,1,2.

Consequently, on the time intervalIn, we have to solve for the two ”unknowns”

(U j
n,P

j
n) =

(

uτ(tn, j), pτ(tn, j)
)

∈ V ×Q with tn, j := Tn(t̂ j ) for j = 1,2,

whereTn : (−1,1] → In denotes the affine reference mapping. The corresponding
coupled system reads

α1,1
(

U1
n,v
)

Ω + τn
2 a(U1

n,v)+
τn
2 n(U1

n,U
1
n,v)+α1,2

(

U2
n,v
)

Ω + τn
2 b(v,P1

n ) = ℓ1(v)

α2,1
(

U1
n,v
)

Ω +α2,2
(

U2
n,v
)

Ω + τn
2 a(U2

n,v)+
τn
2 n(U2

n,U
2
n,v)+

τn
2 b(v,P2

n ) = ℓ2(v)

b(U1
n,q) = 0

b(U2
n,q) = 0,

(8)
which has to be satisfied for allv ∈ V andq∈ Q with the linear functionals
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ℓi(v) :=
τn

2
( f (tn,i),v)Ω −αi,0

(

U0
n,v
)

Ω i = 1,2. (9)

Once we have determined the solutions(U j
n,P

j
n) at the Gaussian points in the interior

of the intervalIn, we get the solution at the right boundarytn of In by means of
quadratic extrapolation from the ansatz (4), i.e.,

uτ(tn) = U0
n+

√
3(U2

n−U1
n), (10)

whereU0
n is the initial value at the time intervalIn.

After discretizing equation (1) in time, we now discretize the resulting ”In-
problems” (8) in space by using the finite element method [7, 2] with the well-
knownQ2/Pdisc

1 element. Here, we present only the resulting block system for the
nodal vectorsU j

n = (U j
n,V

j
n) andP j

n, j = 1,2, associated with the finite element
functions that approximate the functionsU j

n ∈ V andP j
n ∈ Q in (8). The 6×6 block

system on the time intervalIn reads:
For given initial velocityU0

n = (U0
n,V

0
n), find the nodal vectorsU j

n = (U j
n,V

j
n)

and Pj
n, j = 1,2, such that for

u= (U1
n,U

2
n), v= (V1

n,V
2
n), p= (τnP1

n,τnP2
n),

it holds




A(u,v) 0 Bu

0 A(u,v) Bv

BT
u BT

v 0









u
v
p



=





Ru

Rv

0



 (11)

where

A(u,v) =

[

3M+τnL+τnN1(u,v)
(

2
√

3−3
)

M
(

−2
√

3−3
)

M 3M+τnL+τnN2(u,v)

]

,

Bu =

[

B1 0
0 B1

]

, Bv =

[

B2 0
0 B2

]

and N1(u,v) = N(U1
n,V

1
n), N2(u,v) = N(U2

n,V
2
n) correspond to the nonlinear oper-

ators evaluated at the Gauß points tn,1 and tn,2, respectively.
Here,M,L,B1,B2 denote the mass, Laplacian and pressure matrices, respectively.

The right hand side vectorsRu = (R1
u,R

2
u) andRv = (R1

v,R
2
v) are given by

Rj
u := τnF j

n −2
√

3(−1) jMU0
n, Rj

v := τnG j
n−2

√
3(−1) jMV0

n, j = 1,2,

whereF j
n andG j

n are the vectors corresponding to the term( f (tn, j ),v)Ω with test
functionsv = (ϕi ,0) andv = (0,ϕi), respectively (ϕi denoting the scalar basis func-
tions for velocity).

Once we have determined the solutionsU j
n = (U j

n,V
j
n), j = 1,2, we compute

the nodal vectorU0
n+1 = (U0

n+1,V
0
n+1) of the fully discrete solutionuτ,h(tn) =

(uτ,h(tn),vτ,h(tn)) at timetn by using the following quadratic extrapolation

uτ,h(tn)∼U0
n+1 :=U0

n+
√

3(U2
n−U1

n), vτ,h(tn)∼V0
n+1 :=V0

n+
√

3(V2
n−V1

n).
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3 Numerical Results

In this section, we perform nonstationary simulations to demonstrate the tem-
poral accuracy and efficiency of the presented time discretization scheme. As a
test problem, we consider theflow around cylinderwhich exactly corresponds
to the benchmark configuration in [8]. In this simulation, weconcentrate only
on the nonstationary behavior of the flow pattern with periodic oscillations and
examine the ability of the presented time discretization scheme to capture the
dynamics of the flow. Details regarding the benchmark settings can be found
at www.featflow.de/en/benchmarks/cfdbenchmarking.html. The
examined accuracy of the benchmark crucially depends on thefollowing quantities

FD =

∫

S
(ρν

∂ut

∂n
ny− pnx)dS, and particularly FL =−

∫

S
(ρν

∂ut

∂n
nx− pny)dS

representing the total forces in the horizontal and vertical directions, respectively.
Figure 1 shows the initial coarse mesh (level 1), which will be uniformly refined,

Fig. 1 Coarse mesh for theflow around cylinder.

Lev. #EL #DOF(total)
2 520 5 928
3 2 080 23 296
4 8 320 92 352

Fig. 2 Size of the different systems in space.

and Figure 2 presents for different space mesh levels the number ’#EL’ of elements
and the total number ’#DOF’ of degrees of freedom. In order todemonstrate the
accuracy of the higher order time discretization, the flow isstarted from the same
developed solution at timet0, and the simulation is performed until T=10 for various
uniform time step sizesτn := τ. After T=10, all the introduced quantities are plotted
and analyzed in detail. Here, we will concentrate on the values of the lift coefficient
(CL). To this end, we show in Figure 3 only the zoomed picture in thelast time unit
from T=9 to T=10 at space level 4.

Next, we present a more quantitative analysis than on the basis of plots in Fig-
ure 3. For different time step sizesτ, Table 1 shows the ’deviation in percentage of
the curves per cycle’ from a reference curve. We can see that the maximum time step

τ Lev=2 Lev=3 Lev=4
1/100 0.00% 0.00% 0.00%
1/50 0.01% 0.01% 0.01%
1/25 0.11% 0.13% 0.12%
1/20 0.25% 0.29% 0.29%
1/15 0.72% 0.84% 0.85%
1/10 0.93% 0.96% 0.98%

Table 1 Changes of the lift values in percentage at given space level.



Higher order Galerkin time discretization for nonstationary incompressible flow 7

9 9.1 9.2 9.3 9.4 9.5 9.6 9.7 9.8 9.9 10

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

time

Lif
t c

oe
ffic

ien
t

 

 
dt=1/200−ref
dt=1/100
dt=1/50
dt=1/25
dt=1/20
dt=1/15
dt=1/10

Fig. 3 Lift coefficient for different∆t using cGP(2)-method at space mesh level 4.

size to gain the accuracy with an error of less than 1% per period for the cGP(2)-
method isτ= 1/10.

4 Solver Analysis

In order to measure the efficiency of the nonlinear solver forthe presented time
discretization scheme, we show in Table 2 the averaged number ’#NL’ of nonlin-
ear iterations per time step for the fixed-point (FP) and Newton (NWT) method on
different space mesh levels. To analyze the corresponding behavior of the multi-
grid solver for the solution of linear subproblems, we present the averaged number
’#MG’ of multigrid iterations per (nonlinear) step. Here, the multigrid solver uses a
preconditioned GMRES method (preconditioned with a cell oriented Vanka scheme)
as smoother and applies four pre- and post-smoothing steps.Table 2 reveals that, for

τ FP NWT FP NWT FP NWT FP NWT FP NWT FP NWT
#NL #NL #NL #NL #NL #NL #MG #MG #MG #MG #MG #MG

Level=3 Level=4 Level=5 Level=3 Level=4 Level=5
1/10 11.18 5.00 10.18 4.91 9.00 4.55 10.91 10.6010.20 9.60 9.11 9.00
1/15 8.62 4.06 7.94 4.00 7.00 4.00 10.89 10.2010.50 10.00 9.43 9.25
1/20 7.14 4.00 7.00 4.00 6.00 3.90 11.00 10.7510.71 10.25 9.67 9.25
1/25 7.00 4.00 6.00 3.04 5.04 3.04 11.43 11.0011.00 10.25 9.50 9.25
1/50 5.02 3.02 4.24 3.00 4.02 3.00 11.83 11.0011.60 10.6710.00 9.67
1/100 4.01 2.01 3.98 2.01 3.01 2.01 11.60 11.0012.00 11.3311.00 10.33
1/200 3.00 2.00 3.00 2.00 3.00 2.00 12.00 11.0012.50 12.0012.00 11.33

Table 2 Averaged number of nonlinear iterations (#NL) per time stepand multigrid linear itera-
tions (#MG) per nonlinear step.
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both nonlinear solver methods, almost the same number of iterations are required
if τ is fixed and the space mesh level increases. Moreover, for fixed space mesh
level, the number of nonlinear iterations decreases if the time step size is reduced,
as expected. Concerning the number of nonlinear iterations, Table 2 shows that the
Newton method is more efficient than the fixed point iteration. We also see that the
number of multigrid iterations remains fairly constant if we increase the refinement
level of the space mesh. There is also no noticeable increasein the number of itera-
tions if we decrease the time step size. This means that the behavior of the multigrid
solver is almost independent of the space mesh size and the time step size.

5 Conclusion

We have implemented the cGP(2)-method for the nonstationary Navier-Stokes equa-
tions. The spatial discretization is carried out by using biquadratic finite elements
for velocity and discontinuous linear elements for pressure. The discretized sys-
tems of nonlinear equations are treated by means of the fixed-point and the New-
ton method. The associated linear systems have been solved using a geometrical
multigrid method with the Vanka-type preconditioned GMRESmethod as smoother.
¿From the numerical studies, we observe that the cGP(2)-scheme provides highly
accurate numerical solutions at quite large time step sizes. Moreover, the analysis
of the numerical costs shows that the arising nonlinear block-systems in the im-
plicit time discretization scheme can be solved very efficiently with nearly optimal
complexity.
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