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Distributed Control of the nonstationary Navier-Stokes equation with
tracking-type functional for a given z:

1 a ¥ .
Jy,u) = Slly = 2R+ Sllulfy + (M) = 2(T)E  —  min!

on Q@ =Q x [0, T] such that

YemvAy +(yV)y+Vp = u inQ | o
-V.y = in @

o

No constraints (for simplicity).

Space-time Multigrid Techniques
[ Je]



-Is for optimal control tools CeHmischa

Aim: Moderate performance measure; for C not too large (= 10):

costs for optimization

costs for simulation

By modern numerical CFD techniques
(— special FEM on solution adapted grids, fast MG+Newton solvers)

costs for simulation = O(N)

Aim: costs for optimization = O(N)
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-ontrol of nonstationary flow e

Corresponding KKT-System (unconstrained case):

ye—vAy +(yV)y+Vp = u in Q

-V.y =0 in Q

At — VA= (yVIA+(Vy)IA+VE = (y—2) inQ
-V-A = 0 in Q

u = —%)\ in Q

+ boundary conditions
+ initial condition
+ terminal condition A(T) =~v(y(T) —z(T)) in Q
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-ontrol of nonstationary flow oo
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Corresponding KKT-System (unconstrained case):

e+ Ny)y+Vp+ix = 0 inQ
-V.y = 0 inQ
AN+ N(YN+VE—yYy = —z inQ
-V-A = 0 in Q

+ boundary conditions
+ initial condition
+ terminal condition A(T) =~(y(T) —z(T)) in Q
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Observation:

o KKT-system — elliptic BVP in space/time

Idea:

o Apply highly efficient ingredients from CFD
(Multigrid + Newton) to this BVP!

Feasible?
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KKT-System:
Ve N(y) & v y 0
=t + -1 N*(y) \v Al | -z
0 -V- 0 p | 0
0 v 0 ¢ 0

= ()R 9)(9)-(0)

= similar to a generalised Navier-Stokes equation
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discretization

Discretization in space+time leads to a system
Ax)x=b

in the form (here e.g. for 2 timesteps):

Ax)x =
NST —B Yo
Y NST* -B — M Ao
—BT 0 Po
8T 0 o
- NST u —B J2
M NST* —-B -M A1
—BT 0 P1
—BT 0 31
,% NST % —B ¥
—c(v, At)M  NST* —B A2
—BT 0 P>
-8T 0 &

— Sparse, (block) tridiagonal system
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- an efficient optimal control solver

o Nonlinearity: Newton method for quadratic convergence
X = x4+ A7 (xN) (b — A(x")x")

o Linear subproblems: space-time MG solver (for O(N) complexity)

— using Block-Jacobi/Block-SOR smoothing techniques

o Linear subproblems in space: Monolithic Multigrid solver

— using ‘local Pressure-Schur complement’ techniques
in each timestep for the coupled Navier—Stokes subproblems
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- multigrid ingredients e

Essential multigrid components:

o Mesh hierarchy for a space-time cylinder Q@ = Q x [0, T|:
Choose arbitrary space-time coarse mesh and refine!

o Prolongation/Restriction in space + time.
Combination of FE in space & FD in time.

o An efficient smoother! E.g. with A := A’(x'):

V= i L wP (b — AVY), j=1,...,NSM
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- multigrid ingredients e

Essential multigrid components:

o Mesh hierarchy for a space-time cylinder Q@ = Q x [0, T|:
Choose arbitrary space-time coarse mesh and refine!

o Prolongation/Restriction in space + time.
Combination of FE in space & FD in time.

o An efficient smoother! E.g. with A := A’(x'):

V= i L wP (b — AVY), j=1,...,NSM

What to use as preconditioner P?
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A in compressed form (omitting B and BT here):

iscretisation and preconditioner -

tmund

M
—-M  NST* -M
M 1
-2 NST Im

-M  NST* - M

M 1

-2 NST Im

-M  NST* M
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discretisation and preconditig
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A in compressed form (omitting B and BT here):

M
-M  NST* - M
M 1
—Af NST M
~M  NST* - M
M 1
—Af NST EM* "
—-M  NST —M
= Block-Jacobi preconditioner:
M
-M NST*
NST LM
P:=Ppc:= —-M  NST*
NST LM
—-M  NST*

Space-time Multigrid Techniques
000000080



discretisation and preconditioner -

A in compressed form (omitting B and BT here):

M
—M  NST* -M
M 1
—A: NST =M
~M  NST* - M
M 1
— Az NST <M
-M  NST* - M
= Block-GauB-Seidel preconditioner:
M
-M  NST*
-7 NST Im
P = PGS = —M NST*
- NST Im
o
—-M  NST*
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Flow-around-cylinder

o Target flow z: Stokes flow, t € [0, 1], starting from rest

Stokes at t =1

a3 " Mesh

uncontrolled Nav.St.

o Optimal control problem: Navier-Stokes, Re = 20

o Coarse mesh: Standard DFG benchmark
— 1404 DOF's in space, 5 timesteps, At := 0.2
= 8424 DOF's, x8 per level
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Convergence of the Newton solver

Simulation Optimisation
At Space-Lv. | #NL  #MG 0©#NL 0#MG | #NL #MG
1/20 3 63 312 3 16 4 47
1/40 4 123 709 3 18 4 14
1/80 5 246 1589 3 20 4 9

o Nonlinear solver gained 5 digits
o Space-time MG gained 2 digits per step

@ Space-preconditioner gained 2 digits per step
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Convergence of the Newton solver

At Space-Lv. Tsim Topt %&‘
1/20 3 270 138442 513
1/40 4 2096 389559 18.6
1/80 5 2227.1 22882.87 10.3

= C =~ 10 — 20 on reasonable refinement levels.
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Convergence of the solver for different a and

a 0.05 0.01 0.005
v [ #NL #MG | #NL #MG | #NL  #MG
0| 4 14 ) 14 g 16

0.1 4 14 4 14 5 17
0.3 4 15 5 20 5 23
05 5 16 6 29 5 79

At =1/40, Space-level 4

= Smaller o + larger v — worse convergence rates
= stronger smoother with ‘black box' character required
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Convergence of the solver for different v

v =1/1000 | v=1/250
At SpaceLv. | #NL  #MG | #NL  #MG
1/10 2 4 36 4 13
1/20 3 4 24 3 8
1/40 4 4 14 3 7
1/80 5 4 13 3 8

At = 1/40, Space-level 4

= Stabilisation necessary for higher RE numbers
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Convergence of the solver for different v

v =1/1000 | v=1/250
At Space-Lv. | #NL  #MG | #NL #MG
1/10 2 4 36 4 13
1/20 3 4 24 3 8
1/40 4 4 14 3 7
1/80 5 4 13 3 8

At = 1/40, Space-level 4

= Stabilisation necessary for higher RE numbers

e.g. EO-stabilisation (consistent, only in space)

jv) = 3 AEP /E [Vul[Vv]do

edgeE
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-and Outlook ‘ he un

Shown:

@ Concept and realisation of an optimal control flow solver
with linear complexity (C ~ 10 — 20)

Key points:
o linear complexity (due to MG techniques)
o flexible (due to FEM approach, 3D possible)
o robust (FEM-stabilisation possible, e.g. EO-FEM /interior penalty)

o generalisation to more complex problems possible
(Non-Newtonian + Non-isothermal flow,
boundary control, constraint control)
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e: Temperature by friction

Friction leads to a temperature increase in the rear area of the channel:

Cells temp

10.1

- 8.09

—-7.08

6.07

ye =V - (v(y,©)D(y)) +yVy +Vp—Grog = f
O, — (1/Pr)A® + yVO + D(y) : D(y) = £

— How to control to prevent the temperature increase?
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-ing in the One-shot approach ischo unversie

@® Checkpoints for primal equation
primal and dual eqgn.

/\/\

Yo y1 2 Ys Ya

AN
/\ \/ \ /

s s
strong coupling T
due to LMPSC! dual equation

o Checkpoints — nonlinear subproblems of the same kind.

o High computational costs necessary for recomputation
— due to strong coupling by LPSC!
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