ERROR ANALYSIS OF A PROJECTION METHOD FOR THE NAVIER-STOKES
EQUATIONS WITH CORIOLIS FORCE. *

MAXIM A. OLSHANSKIIT, ANDRIY SOKOLOV* AND STEFAN TUREK*

Abstract. In this paper a projection method for the Navier-Stokes equations with Coriolis force is considered.
This time-stepping algorithm takes into account the Coriolis terms both on prediction and correction steps. We study
the accuracy of its semi-discretized form and show that the velocity is weakly first-order approximation and the
pressure is weakly order % approximation.
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1. Introduction. In many physical and industrial applications there is the necessity of
numerical simulations for CFD models with moving geometries. In the literature one can find
several techniques for handling such type of problems. Among them are fictitious domain [4],
resp., fictitious boundary [17, 18] and arbitrary lagrangian eulerian [3] methods. Although
being quite popular these methods require often a large
amount of CPU time to simulate even 2D benchmark models
if high accuracy is desired. Moreover, their handling of ge-
ometry and meshes serves as a source of additional errors in
velocity and pressure fields. For example, the fictitious bound-
ary approach often uses a fixed mesh and therefore may cap-
ture boundaries of a moving object not sufficiently accurate
unless the mesh is very fine. At the same time, there is a large
class of “rotating” models, when the application of the above

FIG. 1.1. STR geometry. methods can be avoided by some modifications of the underly-

ing PDEs and/or by special transformations of the model that
allow considering a static computational domain. As an example, let us consider the numeri-
cal simulation of a Stirred Tank Reactor benchmark problem (Fig. 1.1).

The motion of an incompressible Newtonian fluid in the tank is modeled by the system of
Navier-Stokes equations

v+ (w-Vv—vAv+Vqg = f

Gve — b i @x (0,17, (1.1)

where () is an open bounded domain with sufficiently smooth boundary T, f is a given force
and v > 0 is a kinematic viscosity. Changing the inertial frame of reference to the noninertial
frame rotating with the blades leads to the following system:

ur+ (u-Vu—vAu+2w xut+wx (wxr)+Vg = f

dive — 0 in Qx(0,7], (1.2)

where w is the angular velocity vector, 7 is the radius vector from the center of coordinates,
2w X uwand w X (w X r) are the so-called Coriolis and centrifugal forces, respectively, and
u = v + (w x r). For a more detailed derivation of (1.2) see, e.g., [1]. Using the equality

w X (wxr):—V%(wxr)2
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and setting p = q — %(w x )2 in (1.2), we get the following system of equations

ur+ (u-Vu—vAu+2w xu+VP = f

divu — 0 Q% (0,77, (1.3)

which will be treated in this paper. Exclusively for the purpose of analysis we assume homo-
geneous Dirichlet boundary conditions u|r = 0.

To handle effectively the possibly dominating Coriolis force we modify the classical projec-
tion scheme [2, 14] in the following way: Given u" =~ u/(t,)
Step 1: Find intermediate velocity "' from
1
E(,&n+1 _ ’U,n) _ l/A'lNJ,n-H 4 (un . V)ﬂ"“ +wx ’El,n+1 — f(tn+1) (1 4)
a" =0

Step 2: Find new velocity and pressure {u"*1, p"*1} as the result of the projection into the
divergence-free subspace
1
E(un+1 _ ,an—i-l) T w X (un—i-l _ ﬂn—&-l) + vpn+l =0
divu®t =0 (1.5)

u"t . nlp=0

where k is the time step, t,+1 = (n + 1)k, and n is the normal vector to I'. One notes
that the essential modification of the well-known Chorin-Temam method is introduced on
the correction step 2, which is not an orthogonal projection any more. The rationale and
motivation of this modified scheme can be found in [12], where the scheme is treated as an
incomplete LU factorization of the transition operator for fully implicit time discretization.
Numerical experiments from [12, 13] show that including w-terms in (1.5) enhances stability
and accuracy of the scheme for the case of dominating Coriolis forces. The present paper
deals with convergence analysis for the method (1.4)—(1.5).

A well established framework for numerical analysis of projection schemes is the fol-
lowing, see [8, 9]: one deduces an equivalent pseudo-compressibility or penalty method and
further treats a projection scheme as the discretization of perturbed Navier-Stokes equations.
However, applying this approach to (1.4)—(1.5) leads to a number of additional terms de-
pending on w, which are not easy to handle. Therefore we analyse the problem using the
techniques developed by J. Shen in [10, 11] for the case of w = 0. Although the arguments
in [10, 11] essentially use the fact that the projection on step 2 is orthogonal, we show that
the similar convergence results can be proved for the modified method (1.4)—(1.5). Finally,
although we discuss only the first order scheme in this paper, the second order modification
of (1.4)—(1.5) can be build in a standard way, cf. [12].

2. Preliminaries. Below we use the following notation:
= [ Pdas P = [ 19 Pds, - - nomin 75 (9).
Q Q

By (,-) we will denote the inner product in L?(£2) and by (-, -) — the duality between H ~*
and H, * for all s > 0. We also define

H={ue (I*)":divu=0,u-n|p =0},

V = {ve (H(®)": divo =0}.
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In the following, we assume

ug € (H*(2))'nV,

f € L0, T (L*()%) N L2(0, T3 (H' ())),
fi € L?(0,T; H™Y),

SUP¢e(o,T] Ju@®)| < M.

2.1

We will use ¢ or C' as a generic positive constant which may depend on 2, v, T', constants
from various Sobolev inequalities, ug, f, w and the solution u through the constant M in
(2.1).

Under the assumption (2.1) one can prove the following inequalities

sup {|[u(t)[|2 + [ue ()] + [Vp(t)[} < C, 22
te[0,7]

T
/ eI + thua2dt < C., 2.3)
0

which will be used in the sequel. Indeed, in [5] the estimates (2.2)—(2.3) were proved for the
Navier-Stokes equations (1.1) without Coriolis term. However adding linear skew-symmetric
term w X u to the momentum equation does not change arguments from [5],but leads to
(2.2)—(2.3) with constant M depending, in general, on w. Further we often use the following
well-known [15] estimates for the bilinear form b(u, v, w) = [, (u - V)v - w da:

1,1
cllull|v]|z|v]z ||lwll,

b(u, v, w) < cllull2]v|||wl, 2.4)
cllul/f|v]]2|w].

and b(u, v, w) = —b(u, w,v) foru € H.
Let Py be the orthogonal projector in (LZ(Q))d onto  and define the Stokes operator

Au = —PyAu, Yu € D(A) =V N (H? (Q))d. We will use the following properties: A is
an unbounded positive self-adjoint closed operator in H with domain D(A), and its inverse
A~1is compact in H and satisfies the following relations [10, 11]:

A" ull2 < cluf and [[A7 u]l < clluflyv,
Je,C > 0, suchthat Yu € H : 2.5
cllulfr < (A7 u,u) < Cllull?.

Further in this section we will prove several auxiliary lemmas. The first lemma shows
that the projection (1.5) is uniformly (with respect to k) stable in H'. Another two prelimi-
nary lemmas extend the results of lemma 2 from [10] and lemma A1 from [11] for the case of
w # 0 and non-orthogonal projection in (1.5). We also note that in [11] the similar result was
proved only the Stokes case (no nonlinear terms has been treated). We include the nonlinear
terms in the analysis and encounter additional assumption on the size of the time step.

LEMMA 2.1. The estimate

w2y < el

holds with some ¢ independent of k € (0, 1].



Proof. First note that the pressure p™ ! from (1.5) satisfies the following elliptic equation
1 ~
div M~ tvpntt = 7 div a" ! (2.6)
[(MVp™ ] n|r =0 2.7)
with M = [I + kwx]. One can verify [7] that for d = 3 it holds
M=+ @) [+ -ox], @=kw, (2.8)

where (0 ® @);; = @; w;. (For the 2D case the identity (2.8) holds without @ ® @ term.)
Since @ is a constant vector one has @ x Vg = V x (qw) for a scalar function ¢. Therefore
div (@ x Vq) = 0 and the equation (2.6) can be written as

1
divBVp"tl = Ediv a"t! (2.9)
. . 1 - .
with the symmetric diffusion tensor B = Trioe B [I + @ ® w]. One can easily see that the
w
inequalities
c1]€]? < (BE,€) < eafé? (2.10)

hold with ¢; and ¢, independent on k, e.g. ¢; = co = 1. (For the 2D case B is the

1+ |w[?’
scaled identity matrix.) Furthermore, the boundary condition (2.7) can be rewritten as
a n+1
P —0  withi=M"n.
ol |

The angle ¢(x) between the vector I(x) and tangential plane to I at & € T is uniformly
bounded from below. Indeed, it holds:

T-n|  |nTMIn| InTBn| _ o

SOl = T = WA T M T MR S T

@2.11)

Here we used the identity M~7 + M~! = 2B, inequalities (2.10) and || M~!|| < 2. Thus
the smoothness assumption on €2, (2.10) and (2.11) imply the following H? estimate for the
solution of (2.6)—(2.7) [6]:

lp" 2 < ek~ diva" ] < k™ e

with some constant ¢ independent of k. Finally, using this result we get from (1.5) and the
triangle inequality

[y < @l + RMTEVR < (@ A+ BIM T 2 < eflan

1]
It is straightforward to check that the solution to (2.6)—(2.7) satisfies the estimate

|M_1Vp"+1| < Ck—1|an+1|
Thus the projection (1.5) is also uniformly stable in L?:

"t < a4 kMR < clat . 2.12)
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LEMMA 2.2. Denote

n+1 —+1 n+1 ~n+1

eE" = u(tyyr) —u” and €' =u(ty41) —w

Assume (2.1) and 2k|w|* < 1. It holds:
N
NP @V ke Yy {1+ et P
n=0
N
+ ) flen Tt — et et — e <ck YOS N<T/k—1 (213)
n=0

Proof. Let R™ be the truncation error defined by

(u(tng1) —u(tn)) — vAu(tyi1) + w x w(tni1)
+ (u(tn+1) : v)u(tn+l) + vp(tn+1) = f(thrl) + an (214)

El e

where R" is the integral residual of the Taylor series, i.e.,
1 tny1
R = 7/ (t — b )uge (1)
k Ji

n

By subtracting (1.4) from (2.14), we obtain

(et —em) — AT 4w x et

= (u"-V)a"™ — (u(tni1) - V)utny1) + R" — Vp(tes1) (2.15)

| =

Taking the inner product of (2.15) with 2ké"™*! and using the identity
(a —b,2a) = [af* — [b[> + |a — b,
we derive
|én+1|2 _ |en‘2 + ‘én—i-l _ 6”‘2 + 2k‘V||én+1H2 + (w X én+172k‘én+1)

= 2k(R™, &™) + 2k(Vp(tny1),e" 1) — 2kb(e™, a1, et
+2kb(u(ty) — w(tngr), @™, e — 2kb(w(tyyr), E" T E"TH. (2.16)

Since the Coriolis term vanishes: (w x é"t1 2ké"t1) = 0, using the same arguments as
in [10, 11] one deduces from (2.16) the estimate

|én+1|2 _ |en‘2 + ‘én-i-l _ en‘2 + 2kV”én+1H2

tnt1 tnt1
<ck (/ ot |2t + k/ |ut2dt> L2 |Vp(t P+ ekl (217)
tn tn

From (1.5) we have

1
%(e”"’l — et —vprtl pw x (ent — et = 0. (2.18)
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Taking the inner product of (2.18) with 2ke™ !, we get
le" T2 — [en T2 4 et — e T2 - 2k (w x et en Tt —enth) = 0.
Then
"t — |en )2 4 |entl — a2 — 92w 2|en T2 — %‘en—i-l 2 =

|en+1|2 1 + kc)|en+1|2 ;‘en—i-l _ én+1|2 S 0

with ¢ = k|w|?. This yields

1
2(1 + ké)

Taking the sum of (2.17) and (2.19) forn =0,...,N (0 < N < T/k — 1), we obtain

le n+1|2 |~n+1|2 + \e”“ . én+1|2 < k6|e"+1\2 (2.19)

N+1|2 + Z{ T kc entl _ én+1|2 |~n+1 ‘2 + ku||én+1||2}
§ckZ|e”|2+ck / t||utt|\2_1dt+k/ lu,|2dt + sup |Vp(t)|? | +keleN T2
ne0 0 te[0,T)

Thanks to the condition 2k|w|? < 1 and (2.2)~(2.3) one can write

N
‘6N+1|2 + Z {|en+1 _ é”+1|2 |~n+1 n|2 + ky~n+1”2}

N T T
<ck» |e"*+ck </O t\|utt||2_1dt+k/0 |us2dt + sup |Vp(t)|2>

n=0 t€[0,T)
N

< ckZ le"|? + ck.
n=0

Applying the discrete Gronwall lemma to the last inequality, we arrive at
N+1 2 + Z {|en+1 n+1 2 + |€n+1 n|2 + kl/”enJrlH } <ck (2.20)

Further, lemma 2.1 provides the estimate
lle e < élle™ 221
Applying (2.21) and the triangle inequality [¢" 1| < |e" 1] 4 [en Tt — " 1| and (2.20), we

also obtain

eV + ka e < ck
n=0

This proves the lemma. 0



LEMMA 2.3. Assume (2.1) and

T
/ Vel <e. (2.22)
0

Moreover, assume that k is sufficiently small, then it holds

N
S lEH - P kTP <k YOS N ST k-1,
n=0

Proof. We shift the index n + 1 — n in (2.18) and take the sum with (2.15). This brings
us to

—_

(Mt —&") —vAEt +w x (et e

= (u" - V)" — (u(tpy1) - Vu(tpi1) + R = V(p(tpsr) —p") —w x e (2.23)

o

We take the inner product of (2.23) with k(é"*! — é") and obtain

k
|én+1 o én|2 + 71/ (||én+1||2 o ||é”||2 + ||é"ﬂ+1 o én”Q)

= —k(wxe™, "t — &) + k(R™, e — &™) + k(p(tns1) — p", div(e"T —ém))

+ kb(u™, @™ et — &) — kb(w(tngr), w(tng1), " — €M), (2.24)

Now we estimate terms on the right-hand side of (2.24). Below § is a positive constant to be
determined later. Using (2.13) we get

—k(w x ™ et — &) <5l — "2 + ke 2 < et — e 2+ ckP (2.25)
Thanks to the estimate |R"|? < ¢ f:"“ t|ug|?dt from [11] we have

tnit
E(R™ e™tt — &) <gle"tt — e 2 + ckQ/ tlug|?dt. (2.26)
t

n

Let us estimate the pressure-depended term. Denote ¢" = p(t,+1) — p™, then we deduce
from (2.18) :

k(p(tni1) — p", div ("t — &™) = k(Vq", e"tt —é)
— kQ(vqn,v(pn-&J _pn)) 4 kQ(Vq”,w % (én—i-l _ e7l+1 —_en _|_en))
< —kA(Vq", V(¢" = g") + K (V" V(p(tata) = p(tat1))

+E2(Vq", w x ("1 — emtl) — B2 (Vg™ w x (6" — eM)) (2.27)
We estimate the terms on the right-hand side of (2.27) separately:
2 1 k? 2 12 1 2
—K (Vg V(@ = ") = (" IP = a1+ e = a1 (2.28)

We obtain from (2.18) the following relation:

EMTIV(g" T — ¢") = (6" — el — (6" — ™) + kM TV (p(tnra) — D(tnt1)).
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Multiplying by V(¢"*! — ¢™) and using (2.10) and condition k|w| < 1 we get

K"t = q"|]> < SKPMTIV (¢ = ¢"), V(" = ¢™)

%\Cﬂ

5 ot 13 n n 5 - n
< Jk(EH = V(g = ) MV (pltsz) — pltns), V(g™

IN

1
*kQ n+l _ n 2
5kl "7+ 13

tnt1

Thus, choosing sufficiently small o we obtain:

2

(@)

k2 5 trnt2
Bt — P < Dt — e e / Vet

tni1
The second term on the right-hand side of (2.27) we estimate as follows:
tn+t2
BV 0tnsz) ~ pltnn))) <R+ ek [ (Opie
tn41

For the third and the fourth terms on the right-hand side of (2.27) we have:

(V" wx (€ =) =RV wx (8" ™) < K" P +ck 3 [emtize

i=0,1

Now estimates (2.27)—(2.31) gives

k(p(tns1) — p", div (€T — ")) < | +1—€”I2+ck3IICI"Il2

GJ\U‘

+E2(lg" 1* = g™ %) + ck?

o\

|th\ dt +ck Z |entt — enti|2,

nt+l1 i=0,1

Further, consider the following splitting:

u(tny1) - Vu(tygr) —u® - Va' ™ = u(tyg,) - vert!

+ (w(tngr) —u(ty)) - Va™ ™ +e" - Vau(t,) — e - Vert!

—q"))

5 tnt2
+0)le"t! — ”I2+ck2/ IVp|?dt, Vo >0.

(2.29)

(2.30)

n+i|2

2.31)

(2.32)

(2.33)

Based on this splitting we estimate the last two terms on the right-hand side of (2.24). The
first three resulting terms can be estimated in the straightforward manner with the help of

(2.4) and a priori estimates (2.2), (2.3):

kb(u(tpr1), et et —em) < gl — &' * + k2c|lu(tr)|3]l€" )2

S 5|€n+1 é”|2 +k2c||~n+1H2’

(2.34)

tni1
kb(w(tnsr) — u(ty), @™, et —&m) < glemtt — e + ck®||lant!| / e 3
t

< 6|én+1 —é”|2 +kBC,

kb(e™, u(tnr), et — €M) < 8le"T — &7 + Krellu(tnr) 3]

< 5|~n+1 _ én|2 + kQCHenHQ.

8
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Due to (2.4) the last term is treated as follows:

kb(e™, e"th et —&ny < ckllen||||en |||t — ez |entt — ez (2.37)
S ck%Hen||2Hén+1H2 4 /ku(5||én+1 _ énHlén+1 _ énl
k
S ck%HenH2Hén+1H2 4 g“én-&-l _ é”||2 +5‘én+1 _ én‘2
Finally (2.24) with (2.25)—(2.26) and (2.32)—(2.38) yield for sufficiently small § > 0:
kv
2
. tn+2 s
<C (ff3 + kz/ Vpe Pt + K2 ([|& 112 + [l %) + k2 [le ]l e" )2

tn41

et =P (e P = llem 1) + k(g™ 1P — llg™ (1)

RGP+ RS et - e”ﬂ?). (2.38)
i=0,1

We sum up the last inequalities for n = 0,..., N and use the assumption (2.22) and the
estimate (2.13). This gives

N N N
SN ~n kv = n S|, =N
Do lemt - PR N R N < © (K Y R P Y ke ).
n=0 n=0

n=0

Now we assume that k is sufficiently small such that 2C'v/k||e™N||>»~! < 1 holds (note that
le™ || is uniformly bounded due to lemma 2.2), then the application of the discrete Gronwall
inequality and (2.13) yields

N N

k
S lertt - 7”||<§N+1\|2 < ck? exp(VE Y [|e"]?) < ck? exp(VEC)
n=0

n=0

0
Thanks to the embedding H~! — L? and the L? stability of projection, see (2.12), we
conclude:

Hen-&-l _en”_l < c|€n+1 _ en| < clén+1 _ é’"|.

Therefore the lemma 2.3 yields

N
S ollemtt —er2, <ck® VYOS N<T/k-1. (2.39)

n=0

3. Error estimate. In this section we show that the scheme (1.4)—(1.5) for the Navier-
Stokes equations with the Coriolis force (1.2) has the same order of accuracy as the classical
projection scheme [2, 14] for the Navier-Stokes equations (1.1). The following theorem is the
main result of the paper.

THEOREM 3.1. Assume (2.1) and 2k|w|?> < 1, then both @™+ and u™*! are weakly
first-order approximations to w(t, 1) in L*(Q)%:

T/k—1
kv Y {leT P e P < ek? (3.1
n=0
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Additionally assume that k is sufficiently small and fOT IVpe? < c, then p"*! as well as
(I — kvA)p™** are weakly order % approximations to p(t,+1) in L*(Q)/R:

T/k—1
Y {|pn+1 — Ptz r — [(1 = kvA)p™* _p(tn+1)|%2(ﬂ)/R} <ck (32
n=0

Proof. (1) Error estimate for the velocity.
Taking the sum of (1.4) and (1.5), we obtain

1
E(u”+1 —u") —vATT 4 (u VA" 4w x w4 Vp T = ft1). (33)

Let us denote

~n+1

@t =p(tps1) —p"

Subtracting (3.3) from (2.14), we obtain

%(enJrl o en) o I/Aén+1 4w X e’rLJrl 4 v(jnJrl
= (u"-V)a" — (u(tni1)  V)u(tnsr) + R". (3.4)

Taking the inner product of (3.4) with 2kA~1e™ ", splitting the nonlinear term into three
parts, using (2.5) and noticing that

(A7 u,Vp) =0, VYucH,

we derive

€™ H I — e [5 + lle™ ™ — €[5 + —g—le 2
< —2k(w x e AT e ) 4 2k(R™, A e ) — 2kb(e™, a" T, AT e )
— 2kb(w(tpi1), E" T AT ™) 4 2kb(u(ty,) — w(tpyr), a™, A7 em T
+ ckle™t — et 2. (3.5)
The Coriolis term is estimated as follows
|2]<;(w % en+17A—1en+1)‘ < Ck||A—1€n+l|||en+1|
k
< ckfle™ vl < e 4 cklle™ . (3.6)
Applying the same arguments as in [10, 11] we deduce from (3.5) and (3.6) the estimate
le™ ™% — lle™ I} + vkle™ 2 + [le"™ — €[5

<cklle™ 3 4+ e (k2 4+ B2 E"TH)? 4 cklentt — e (3.7)

tni1 tni1
+ehlentt - e L2 4 ok (/ t||utt|\2_1dt+k:/ |ut|2dt) .
tn tn

The only modification of the arguments from [10, 11] here is that instead of identity
|~én+1|2 — |en+1|2 4 |en+1 _ én+1‘2

10



which is no longer true we use the triangle inequality
|én+1|2 S |en+1|2 + |en+1 _ én—i-1|27 (38)

Taking the sum of (3.7) forn = 0,..., N, N € [0,T/k — 1], we derive from lemma 2.2 that

N N+1
N T + > {lle™ = e [T+ kvle Py < ek + ek Y e
n=0 n=0

By applying the discrete Gronwall lemma to the last inequality, we obtain

N
|eN T2, + Z{He’”rl —e"|Z +kvle"T Py <ck? YOS N<T/k—1.

n=0

Then, from (3.8) and lemma 2.2 we arrive at
N N
kY [ETP <k fleT P4 jen T — e TP < ck® VOSN<T/k—1. (39)
n=0 n=0

(ii) Error estimate for the pressure.
The skeleton of our derivations for the pressure estimate remains the same as in [10]. Remarks
from [11] are applied through lemma 2.3.

We start from rearranging (3.4) to

Vit = %(e’”rl —e") —vAe™ £ w x et
+ (utng1) - V)u(tng1) — (u(tn) - V)u(tnsr) — R", (3.10)
where {e? 1 gntl} = {ent! gnti}
Next, we split the nonlinear term on the right hand side of (3.10) as
(w(tni1) - V)u(tngr) = (u® - V)"
= (wltnsr) — ultn)) - V)ultn) + (€ - Vyultyer) + (u - V)e

From lemma 2.2 we derive that
[l < [le™[] + lu(tn)] < ¢ n.
By using (2.4) we obtain that, for all v € H{(Q),

(w(tns1) - VIu(tns) — (u" - V)a" v)
< clu(tngr) = ultn)l[[w(tn)ll2|v]]
+elle[ultns) ol +clulllle" vl G.1n)
<e{lle™ 4 lle™ Il + w(tnrn) — u(ta) Mol

Using the Schwarz inequality we have also, for all v € H}(Q)4,

1

<k(e"+1 —e") —vAe™ fw x et - R",v) <

1 4 n n

Slle = el vllet T 4 el 4 R, Ve e Hy()T (3.12)
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From the inequalities (3.10), (3.11), (3.12) and

. Vp,v
IplL,)y/r <€ sup Q,
vEHL(Q)4 [v]]

we obtain that

. Vgt v ¢
V@ L2y r <€ sup Ve, ) < —fle"tt =y

vEH ()4 (o]l

(IR =+ e+ llem [+ X+ ) le™ ] + fultnr) — w(ta))-
Therefore, applying lemmas 2.2 and 2.3, and the inequality (3.9), we derive

T/k—1 T/k—1
By INat ey m < ek Yo {1@HP + 1+ )llem )
n=0 n=0

F IR+ fultagn) — ()}
1 T/k—1
"% g e+t —en|2, < ck.

The proof of theorem 3.1 is complete. O

REMARK 3.2. It was discussed in [5] that the assumption fOT \Vpﬂ2 < ¢, which we need
to prove pressure error estimate does not hold for general flows, but requires a compatibility
condition on given data, cf. [5]. The sufficient assumption for this condition to be valid is
f(mat)|t=0 =0.
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