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Abstrat

In this paper, we onsider goal-oriented adaptive �nite element methods for Signorini's problem. The

basis is a mixed formulation, whih is reformulated as nonlinear variational equality using a nonlinear

omplementarity (NCP) funtion. For a general disretization, we derive error identities with respet

to a possible nonlinear quantity of interest in the displaement as well as the ontat fores, whih

are inluded as Lagrange multiplier, using the dual weighted residual (DWR) method. Afterwards, a

numerial approximation of the error identities is introdued. We exemplify the results for a low order

mixed disretization of Signorini's problem. The theoretial �ndings and the numerial approximation

sheme are �nally substantiated by some numerial examples.

Keywords: Signorini's problem, mixed �nite element method, goal-oriented a posteriori error esti-

mation

1 Introdution

Contat problems play an important role in the modelling of many physial or engineering

proesses, see for instane [15, 25℄. Consequently, the e�ient and aurate numerial solution

of ontat problems has been a fous of researh over the last deades. On the one hand

e�ient solution algorithms are indispensable. On the other hand, adaptive algorithms ensure

that a minimal e�ort is needed to ahieve a given error tolerane. The main ingredient of

the adaptive algorithm is an aurate a posteriori error estimator. In many appliations, one

is interested in ontrolling the error in a user-de�ned quantity of interest, whih in ontat

problems frequently involves the ontat fores. Thus, goal-oriented estimators are often of

speial interest.

A posteriori error estimators in the energy norm for the obstale problem are frequently

studied in literature. We refer for instane to [1, 3, 10, 13, 21, 24, 29, 39℄. Convergene

results for adaptive algorithms in the ontext of obstale problems are proven in [12, 11,

37℄. A posteriori error estimates in the energy norm for Signorini's problem are disussed,

e.g., in [14, 19, 28, 34, 40℄. Multibody ontat problems are onsidered in [26, 41℄. One

popular tehnique for the derivation of a posteriori error estimates with respet to user-

de�ned quantities of interest is the dual weighted residual (DWR) method, f. [2, 4℄. A

basi ingredient is the representation of the quantity of interest by the solution of a so-alled

dual problem. Comparable arguments are used in [30, 31℄ to derive similar a posteriori error

estimates. First results on DWR methods for ontat problems are disussed in [7, 8℄ and

are summarized in [38℄. They are based on a dual variational inequality and onsider linear

quantities of interest in the displaement. An alternative approah based on a linear dual

problem is presented in [36℄, where also nonlinear quantities of interest in the displaement

are onsidered. It is extended in [32℄. Based on a linear mixed dual problem not depending
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on the primal problem, the error in quantities of interest in the displaement as well as

the Lagrange multiplier, whih oinides with the ontat fores, are estimated. The later

approah also signi�antly improves the loalization of the error estimate. However, in both

approahes the ontat onditions enter by extra additive terms in the estimate, whih onsist

in some produt of the dual solution with the error of the primal solution. In partiular, the

error in the ontat onditions does not diretly enter the estimate and the extra terms

strongly depend on the numerial approximation of the error in the primal solution. The

approah presented in this artile overomes these drawbaks. It is based on a reformulation

of Signorini's problem in mixed form as a nonlinear and nonsmooth variational equality using

a nonlinear omplementarity (NCP) funtion, see for instane [20℄. The arising dual problem

is also a linear mixed problem, but it depends on the ative and inative set of the primal

ontat problem. Applying the DWR framework taking into aount the nonsmoothness of

the equation leads to the usual error identities. However, the arising remainder terms are of

�rst order in the error of the disrete ative set. The disussed numerial results substantiate

that the remainder terms an be negleted. The presented analysis applies to a wide range

of disretization shemes. The appliation on mixed disretization shemes like the ones

presented in [17, 23℄ is straight forward. If Newton like methods are used for solving the

disrete ontat problem, the dual problem oinide with the transposed system of the last

Newton step. If displaement based disretization shemes suh as [5, 27, 42℄ are used, an

approximation to the Lagrange multiplier has to be onstruted in a post proessing step,

f. e.g. [10℄. Afterwards, a numerial approximation of the error identity depending on the

di�erent disretization approahes has to be realized. We exemplify suh a strategy for the

mixed disretization introdued in [17℄.

The paper is organized as follows: In Setion 2, we introdue the strong and the mixed

formulation of Signorini's problem. Furthermore, the assumption on the disretization are

formulated. Setion 3 fouses on the derivation of the error identities involving the primal as

well as the primal and the dual residual. Moreover, the onnetion between primal und dual

residual is lari�ed. The basi ideas for the numerial approximation of the error identities are

explained in Setion 4. Afterwards, the ideas are exempli�ed for a onrete mixed disretiza-

tion. The numerial results presented in Setion 5 substantiate the theoretial �ndings and

the numerial approximation shemes. The paper onludes with a disussion of the results

and an outlook on further tasks.

2 Problem formulation

Let Ω ⊂ Rd
, d = 2, 3, be a domain with su�iently smooth boundary Γ := ∂Ω. More-

over, let ΓD ⊂ Γ be losed with positive measure and let ΓC ⊂ Γ\ΓD with ΓC ( Γ\ΓD.

The usual Sobolev spaes are denoted by L2(Ω), H l(Ω) with l ≥ 1, and H1/2(ΓC) . We

set H1
D(Ω) :=

{

v ∈ H1(Ω)
∣

∣ γ(v) = 0 on ΓD

}

and V :=
(

H1
D (Ω)

)d
with the trae operator

γ. The spae H̃−1/2(ΓC) denotes the topologial dual spae of H1/2(ΓC) with the norms

‖ · ‖−1/2,ΓC
and ‖ · ‖1/2,ΓC

, respetively. Let (·, ·)0,ω , (·, ·)0,Γ′
be the usual L2

-salar prod-

uts on ω ⊂ Ω and Γ′ ⊂ Γ. Note that the linear and bounded mapping γC := γ|ΓC
:

H1
D(Ω) → H1/2(ΓC) is surjetive due to the assumptions on ΓC , f. [25, p.88℄. For fun-

tions in L2 (ΓC), the inequality symbols ≥ and ≤ are de�ned as �almost everywhere�. We

set H
1/2
+ (ΓC) :=

{

v ∈ H1/2 (ΓC)
∣

∣ v ≥ 0
}

. Furthermore, we de�ne the dual one of H
1/2
+ (ΓC)

by Λn :=
{

µ ∈ H̃−1/2 (ΓC)
∣

∣

∣
∀v ∈ H

1/2
+ (ΓC) : 〈µ, v〉 ≥ 0

}

. For the displaement �eld v ∈ V ,

we speify the linearized strain tensor as ε(v) := 1
2

(

∇v + (∇v)⊤
)

and the stress tensor as

σ(v)ij :=
∑

k,l Cijklε(v)kl desribing a linear-elasti material law where Cijkl ∈ L∞(Ω) with

Cijkl = Cjilk = Cklij and
∑

k,l Cijklτijτkl ≥ κτ2ij for τ ∈ L2(Ω)k×k
sym and a κ > 0. In what follows,
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n denotes the vetor-valued funtion desribing the outer unit normal vetor with respet to

Γ and t the k × (k − 1)-matrix-valued funtion ontaining the tangential vetors. We de�ne

σn := σn, σnn := n⊤σn, σnt,l := t⊤l σn, and vn := (γC(v))
⊤ n.

Signorini's problem is to �nd a displaement �eld u ∈ V ∩H2 (Ω) suh that

− div(σ(u)) = f in Ω, σn(u) = b on ΓN , (1)

un − g ≤ 0, σnn(u) ≤ 0, σnn(u) (un − g) = 0 on ΓC , (2)

σnt (u) = 0 on ΓC , (3)

where we assume that f ∈
(

L2(Ω)
)d
, b ∈

(

L2(ΓN )
)d

and g ∈ H1/2(ΓC). Equation (1)

is the usual equilibrium equation of linear elastiity with the volume and surfae loads f
and b. The onditions in (2) desribes the geometrial ontat: We assume that ΓC is pa-

rameterized by a su�iently smooth funtion ϕ : Rd−1 → R suh that, without loss of

generality, the geometrial ontat ondition for a displaement �eld v in the d-th ompo-

nent is given by ϕ(x) + vd(x, ϕ(x)) ≤ ψ (x1 + v1(x, ϕ(x)), . . . , xd−1 + vd−1(x, ϕ(x))) with

x := (x1, . . . , xd−1) ∈ Rd−1
and a su�iently smooth funtion ψ desribing the surfae

of an obstale. The linearization of this ondition gives us vn ≤ g in (2) with g(x) :=

(ψ(x) − ϕ(x))
(

1 + (∇ϕ(x))⊤∇ϕ(x)
)−1/2

, f. [25, Chapter 2℄. The seond ondition is a sign

ondition for the normal ontat fore desribing pressure. The omplementarity ondition in

(2) ensures that pressure only ours in the ase of ontat. Here, no frition is onsidered,

whih is expressed by (3).

With the symmetri, ontinuous and V -ellipti bilinear form, due to Korn's inequality,

a(w, v) := (σ(w), ε(v))0

on V × V as well as the ontinuous linear form 〈ℓ, v〉 := (f, v)0 + (b, vN )0,ΓN
and using some

standard arguments of onvex analysis (f., e.g., [15, 16, 25, 35℄), we obtain that the tuple

(u, λn) ∈ V × Λn is a saddle point of the ontat problem (1-3) if and only if,

a(u, v) + 〈λn, vn〉 = 〈ℓ, v〉, (4)

〈µn − λn, un − g〉 ≤ 0, (5)

for all v ∈ V and all µn ∈ Λn. Note that a unique solution exists under the presented assump-

tions. Moreover, the Lagrange multiplier λn oinides assuming some additional smoothness

properties with the normal ontat stress −σnn(u).
The ontat onditions expressed in inequality (5) an equivalently be formulated as

g − un ∈ H
1/2
+ (ΓC) , λn ∈ Λn, 〈λn, un − g〉 = 0. (6)

Under the assumptions Cijkl ∈ W 1,∞(Ω) and g ∈ H5/2 (ΓC), the solution u is ontained in

(

H2 (Ω0)
)d

for every ompat subset Ω0 in Ω̄\ {ΓD ∪ ΓN}, f. [25, Theorem 6.5℄. Then

equation (4) implies λ ∈ L2 (ΓC). Now, the ontat onditions given in (6) simplify to

g − un ∈ H
1/2
+ (ΓC) , λn ≥ 0 a.e. on ΓC , λn (un − g) = 0 a.e. on ΓC , (7)

ompare [22, Setion 2.1℄ Using a NCP funtion, f., e.g., [22, Chapter 4℄, these onditions

an also be expressed by

λn −max {0, λn + un − g} = 0 a.e. on ΓC . (8)

Testing equality (8) with an arbitrary funtion µn ∈ L2 (ΓC), we obtain

C (w) (µn) := (µn, λn −max {0, λn + un − g})0,ΓC
= 0
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with w = (u, λn). It should be remarked here that the semilinear form C is not Fréhet

di�erentiable in general. De�ning the semilinear form

A (w) (ϕ) = a(u, v) + (λn, vn)0,ΓC
− 〈ℓ, v〉 + C (w) (µn)

with ϕ = (v, µn) ∈ W := V × L2 (ΓC), Signorini's problem (4-5) is written as the nonlinear

problem �nd w ∈W with

∀ϕ ∈W : A (w) (ϕ) = 0.

Our a posteriori error analysis is not limited to a speial disretization. It applies to all

disrete approximations wh to w, whih ful�ll the following assumption:

Assumption 1. The disrete solution wh is inluded in a �nite dimensional subspae Wh =
Vh × Λn,h of W . Furthermore, equation (4) holds for the disrete solution wh, i.e.

a (uh, vh) + (λn,h, vh,n)0,ΓC
= 〈l, vh〉 (9)

for all vh ∈ Vh.

Remark 2. Equation (9) diretly implies Galerkin orthogonality, i.e.

a (u− uh, vh) + (λn − λn,h, vh,n)0,ΓC
= 0 (10)

for all vh ∈ Vh.

Remark 3. Assumption 1 only requires Λn,h ⊆ L2 (ΓC) and not Λn,h ⊆ Λn. Consequently,

nononforming approximations of the Lagrange multiplier are inluded in the analysis.

3 A posteriori error analysis

In this setion we derive a goal oriented a posteriori error estimate based on the DWR method.

Here, we are interested in estimating the disretization error w.r.t. a possibly nonlinear

quantity of interest J : W → R, whih an involve the displaement u as well as the Lagrange

multiplier λn. To represent the quantity of interest we employ the following dual problem:

Find z = (y, ξn) ∈W with

a (v, y)− b (ξn, v) = J ′
u (w) (v) , (11)

(µn, yn)0,ΓC
+ c (ξn, µn) = J ′

λn
(w) (µn) . (12)

for all (v, µn) ∈W with

b : L2 (ΓC)× V → R, b (ω, v) :=

ˆ

ΓC

ωχvn do,

c : L2 (ΓC)× L2 (ΓC) → R, c (ω, µ) :=

ˆ

ΓC

ω [1− χ]µdo,

χ :=

{

1, if λn + un − g > 0,

0, if λn + un − g ≤ 0.

The forms b and c orrespond to weighted L2
-salar produts on ΓC , where the weight is given

by the indiator funtion of the ative respetively inative ontat set. However, they are no

salar produts anymore, beause the indiator funtion is not greater than zero. Furthermore,

we obtain the trivial identity

max {0, λn + un − g} = χ (λn + un − g) ,
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whih will be frequently used in the following alulations. It should be remarked that the

dual problem (11-12) orresponds to A′ (w) ((v, µ) , z) = J ′ (w) (v, µ) if the Fréhet derivative
C ′

of C exists. Let zh = (yh, ξn,h) ∈ Wh be an approximation to z. Using the introdued

notations, we obtain the following error estimate in the primal residual only:

Proposition 4. Assuming that the seond Fréhet derivative of J , J ′′ : W → L(W,W ∗),
exists and that Assumption 1 is valid, there holds

J (w)− J (wh) = ρ (wh) (z − zh)− C (wh) (ξn,h) +R
(2)
J +R

(2)
A , (13)

with the primal residual

ρ (wh) (ϕ) := −A (wh) (ϕ) .

The remainder terms R
(2)
J and R

(2)
A are given by

R
(2)
J = −

ˆ 1

0
J ′′ (wh + sew) (ew, ew) s ds,

R
(2)
A =

ˆ

ΓC

ξneχ [λn,h + uh,n − g] do,

with ew = w − wh, eχ = χ− χh, and

χh :=

{

1, if λn,h + uh,n − g > 0,

0, if λn,h + uh,n − g ≤ 0.

Remark 5. The term C (wh) (ξn,h) measures the violation of the ontat onditions (7).

Remark 6. By R
(2)
J , we obtain the usual remainder term of the DWR method for linear

problems with nonlinear quantities of interest, f. [2, Proposition 6.6℄. If J is linear, R
(2)
J

vanishes.

Remark 7. The remainder R
(2)
A vanishes, one the analyti ative set is exatly resolved by

the disrete one. It will be disussed in more details in Setion 4.

Proof. The appliation of the box quadrature rule with its remainder term leads to

J (w) − J (wh) =

ˆ 1

0
J ′ (wh + sew) (ew) ds = J ′ (w) (ew) +R

(2)
J

= J ′
u (w) (eu) + J ′

λn
(w) (eλn

) +R
(2)
J

with eu = u− uh and eλn
= λn − λn,h. The de�nition of the ontinuous dual problem implies

J ′
u (w) (eu) + J ′

λ (w) (eλn
) = a (eu, y)− b (ξn, eu) + (eλn

, yn)0,ΓC
+ c (ξn, eλn

) .

By Galerkin orthogonality (10), we obtain

a (eu, y)+(eλn
, yn)0,ΓC

= a (eu, ey)+(eλn
, ey,n)0,ΓC

= 〈l, ey〉−a (uh, ey)−(λn,h, ey,n)0,ΓC
. (14)
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We use the ontat onditions and the de�nition of the dual problem to derive

c (ξn, λn − λn,h)− b (ξn, u− uh)

=

ˆ

ΓC

ξn [1− χ] eλn
do−

ˆ

ΓC

ξnχeu,n do =

ˆ

ΓC

ξn {eλn
− χ [eλn

+ eu]} do

=

ˆ

ΓC

ξn [λn − χ [λn + un − g]] do−

ˆ

ΓC

ξn [λn,h − χ [λn,h + uh,n − g]] do

=

ˆ

ΓC

ξn [λn −max {0, λn + un − g}] do−

ˆ

ΓC

ξn [λn,h − χh [λn,h + uh,n − g]] do

+

ˆ

ΓC

ξneχ [λn,h + uh,n − g] do

= C (w) (ξn)−C (wh) (ξn) +R
(2)
A = −C (wh) (ξn − ξn,h)− C (wh) (ξn,h) +R

(2)
A .

Finally, merging all equations leads to

J (w)− J (wh)

= a (u− uh, y)− b (ξn, u− uh) + (λn − λn,h, y)0,ΓC
+ c (ξn, λn − λn,h) +R

(2)
J

= 〈l, y − yh〉 − a (uh, y − yh)− (λn,h, yn − yh,n)0,ΓC
− C (wh) (ξn − ξn,h)

−C (wh) (ξn,h) +R
(2)
A +R

(2)
J

= ρ (whH) (z − zh)− C (wh) (ξn,h) +R
(2)
A +R

(2)
J ,

the assertion.

To obtain an error identity in the primal and dual residual, we have to speify the dual

residual.

Proposition 8. Let the third Fréhet derivative of J , J ′′′ : W → L(W,L(W,W ∗)) exist and
Assumption 1 hold. Then we have the error representation

J (w)− J (wh) =
1

2
ρ (wh) (ez) +

1

2
ρ∗ (wh, zh) (ew)− C (wh) (ξn,h) +R

(3)
J +R

(3)
A , (15)

where

ρ∗ (wh, zh) (ϕ) := J ′ (wh) (ϕ) − a (v, yh) + bh (ξn,h, v)− (µn, yh,n)0,ΓC
− ch (ξn,h, µn)

with the bilinear forms bh : Λn,h × Vh → R and ch : Λn,h × Λn,h → R given by

bh (ω, v) :=

ˆ

ΓC

ωχhvn do,

ch (ω, µ) :=

ˆ

ΓC

ω [1− χh]µdo.

The remainder R
(3)
J is given by

R
(3)
J :=

1

2

ˆ 1

0
J ′′′ (wh + sew) (ew, ew, ew) s(s− 1) ds

and the remainder R
(3)
A by

R
(3)
A =

1

2

ˆ

ΓC

eχ {ξn [λn,h + uh,n − g] + ξn,h [λn + un − g]} do.
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Remark 9. The remainder R
(3)
J orresponds to the usual remainder of the DWR method, see

[2, Proposition 6.2℄ and ompare Remark 6. If J is linear or quadrati in w, R
(3)
J is zero.

Remark 10. If the analyti ative set is exatly resolved by the disrete one, the remainder

R
(3)
A vanishes. However, due to the missing regularity of C, it is of the same order in eχ as

R
(2)
A .

Proof. Using the Trapezoidal quadrature rule with its remainder term leads to

J (w)− J (wh) =

ˆ 1

0
J ′ (wh + sew) (ew) ds =

1

2
J ′ (w) (ew) +

1

2
J ′ (wh) (ew) +R

(3)
J

=
1

2
J ′
u (w) (eu) +

1

2
J ′
λn

(w) (eλn
) +

1

2
J ′
u (wh) (eu) +

1

2
J ′
λn

(wh) (eλn
) +R

(3)
J .

Proposition 4 diretly implies

1

2
J ′
u (w) (eu) +

1

2
J ′
λn

(w) (eλn
)

=
1

2
ρ (wh) (ez)−

1

2
C (wh) (ξn,h) +

1

2

ˆ

ΓC

ξneχ [λn,h + uh,n − g] do.

The ontat onditions together with the de�nition of the disrete dual problem are used to

derive

ch (ξn,h, eλn
)− bh (ξn,h, eu) =

ˆ

ΓC

ξn,h [1− χh] eλn
do−

ˆ

ΓC

ξn,hχheu do

=

ˆ

ΓC

ξn,h {eλ − χh [eλn
+ eu]} do

=

ˆ

ΓC

ξn,h [λn − χh [λn + un − g]] do−

ˆ

ΓC

ξn,h [λn,h − χh [λn,h + uh,n − g]] do

=

ˆ

ΓC

ξn,h [λn − χ [λn + un − g]] do+

ˆ

ΓC

ξn,heχ [λn + un − g] do

−

ˆ

ΓC

ξn,h [λn,h −max {0, λn,h + uh,n − g}] do

=

ˆ

ΓC

ξn,h [λn −max {0, λn + un − g}] do+

ˆ

ΓC

ξn,heχ [λn + un − g] do− C (wh) (ξn,h)

= C (w) (ξn,h) +

ˆ

ΓC

ξn,heχ [λn + un − g] do− C (wh) (ξn,h)

=

ˆ

ΓC

ξn,heχ [λn + un − g] do− C (wh) (ξn,h) .

Inserting the Galerkin orthogonality relation (10), the foregoing alulation shows

J ′
u (wh) (eu) + J ′

λn
(wh) (eλn

)

= J ′
u (wh) (eu) + J ′

λ (wh) (eλn
)− a (eu, yh)− (eλn

, yh,n)0,ΓC

−ch (ξn,h, eλn
) + bh (ξn,h, eu) +

ˆ

ΓC

ξn,heχ [λn + un − g] do− C (wh) (ξn,h)

= ρ∗ (wh, zh) (ew) +

ˆ

ΓC

ξn,heχ [λn + un − g] do− C (wh) (ξn,h) .
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All in all, we obtain

J (w)− J (wh)

=
1

2
ρ (wh) (ez)−

1

2
C (wh) (eξn) +

1

2

ˆ

ΓC

ξneχ [λn,h + uh,n − g] do

+
1

2
ρ∗ (wh, zh) (ew)−

1

2
C (wh) (ξn,h) +

1

2

ˆ

ΓC

ξn,heχ [λn + un − g] do+R
(3)
J

=
1

2
ρ (wh) (ez) +

1

2
ρ∗ (wh, zH) (ew)− C (wh) (ξn,h) +R

(3)
A +R

(3)
J

and therewith the assertion.

In the following proposition, we ompare the primal and the dual residual:

Proposition 11. Assume that the seond Fréhet derivative of J , J ′′ : W → L(W,W ∗), exists
and that Assumption 1 is valid. The di�erene between the primal residual ρ and the dual

residual ρ⋆ is given by

ρ⋆ (wh, zh) (w − wh) = ρ (wh) (z − zh) + ∆J +∆C,

where

∆J = −

ˆ 1

0
J ′′ (wh + sew) (ew, ew) ds

∆C =

ˆ

ΓC

eχ {eξn [λn + un − g]− ξn [eλn
+ eu,n]} do.

Remark 12. Proposition 11 says that the di�erene between the primal and the dual residual

is of seond order in the error. Thus it is of higher order in the error than the remainder

terms R
(2)
A and R

(3)
A . Consequently, we annot use the di�erene between the primal and dual

residual to estimate the remainder R
(2)
A as it is possible for smooth nonlinear problems, f.

[2, Proposition 6.6 and Remark 6.7℄.

Remark 13. For quantities of interest J , whih are linear in w, ∆J vanishes.

Proof. Starting from the de�nition of the dual residual ρ⋆ and the ontinuous dual problem,

we obtain using (14)

ρ⋆ (wh, zh) (ew)

= J ′ (wh) (ew)− a (eu, yh) + bh (ξn,h, eu)− (eλn
, yh,n)0,ΓC

− ch (ξn,h, eλn
)

= J ′ (wh) (ew)− a (eu, yh) + bh (ξn,h, eu)− (eλn
, yh,n)0,ΓC

− ch (ξn,h, eλn
)

−J ′ (w) (ew) + a (eu, y)− b (ξn, eu) + (eλn
, yn)0,ΓC

+ c (ξn, eλn
)

= −

ˆ 1

0
J ′′ (wh + sew) (ew, ew) ds+ a (eu, ez) + (eλn

, ey,n)0,ΓC

+bh (ξn,h, eu)− b (ξn, eu)− ch (ξn,h, eλn
) + c (ξn, eλn

)

= ∆J + ρ (wh) (z − zh) + C (wh) (eξn)

− [ch (ξn,h, eλn
)− bh (ξn,h, eu)] + c (ξn, eλn

)− b (ξn, eu) .

From the proof of Proposition 4, we know

c (ξn, eλn
)− b (ξn, eu) = −C (wh) (ξn) +

ˆ

ΓC

ξneχ [λn,h + uh,n − g] do.
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In the proof of Proposition 8, we have seen

ch (ξn,h, eλn
)− bh (ξn,h, eu) = −C (wh) (ξn,h) +

ˆ

ΓC

ξn,heχ [λn + un − g] do.

These two equations together with the foregoing alulation lead to

∆C = C (wh) (eξn)− [ch (ξn,h, eλn
)− bh (ξn,h, eu)] + c (ξn, eλn

)− b (ξn, eu)

= C (wh) (eξn) + C (wh) (ξn,h)−

ˆ

ΓC

ξn,heχ [λn + un − g] do

−C (wh) (ξn) +

ˆ

ΓC

ξneχ [λn,h + uh,n − g] do

=

ˆ

ΓC

ξneχ [λn,h + uh,n − g] do−

ˆ

ΓC

ξn,heχ [λn + un − g] do.

Using

ξn [λn,h + uh,n − g]− ξn,h [λn + un − g]

= ξn [λn,h − λn + uh,n − un] + ξn [λn + un − g]− ξn,h [λn + un − g]

= −ξn [eλ + γn (eu)] + eξ [λn + γn (u)− g]

�nishes the proof.

4 Numerial evaluation of the error identities

The error identities (13) and (15) from Proposition 4 and 8 annot be evaluated numerially,

sine they involve the analyti solutions w and z as well as the remainder terms are unknown.

The remainder terms R
(2)
J and R

(3)
J are of seond and third order in the error, respetively.

Thus they are of higher order and an be negleted. The remainder terms R
(2)
A and R

(3)
A

are �rst order in the error in the ative set. Numerial experiments show that this error is

fast dereasing. However, a strit mathematial analysis of the onvergene order of R
(2)
A and

R
(3)
A is an open question and depends on the hosen disretization. The numerial results

in Setion 5 substantiate that it is possible to neglet also R
(2)
A and R

(3)
A . Furthermore, we

have to numerially approximate w and z. The orresponding operator is alled A, whih

is disretization dependent. We refer to [2, Setion 4.1 and Setion 5.2℄ for an overview of

possible hoies and their mathematial justi�ation under strong smoothness assumptions.

All in all, we obtain the primal error estimator

J (w)− J (wh) ≈ ηp := ρ (wh) (A (zh)− zh)− C (wh) (ξn,h)

and the primal dual one

J (w)− J (wh) ≈ η :=
1

2
ρ (wh) (A (z)− zh) +

1

2
ρ∗ (wh, zh) (A (wh)− wh)− C (wh) (ξn,h) .

Up to now, the omplete analysis has been developed for a general disretization. Hene-

forth, we onretize the results for a mixed disretization, whih was �rst proposed in [17℄

and extended to higher order methods in [35℄. However, we solve the disrete problems by a

primal-dual-ative-set-strategy, see [6℄, in ontrast to the Shur-omplement approah in the

mentioned referenes. To be preise, let Th be a �nite element mesh of Ω with mesh size h
and let EC be a �nite element mesh of ΓC with mesh size H, respetively. The number of

mesh elements in Th is denoted by MΩ and in EC by MC . We use line segments, quadrangles
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or hexahedrons to de�ne T or EC . But this is not a restrition, triangles and tetrahedrons

are also possible. Furthermore, let ΨT : [−1, 1]d → T ∈ Th and ΦE : [−1, 1]d−1 → E ∈ EC be

a�ne and d-linear transformations. We de�ne

Vh :=
{

v ∈ V
∣

∣ ∀T ∈ Th : vi|T ◦ΨT ∈ Q1

}

,

Λn,H :=
{

µ ∈ L2 (ΓC)
∣

∣ ∀E ∈ EC : µ|E ◦ ΦE ∈ P0, µE ≥ 0
}

,

where Q1 is the set of d-linear funtions on [−1, 1]d and P0 the set of pieewise onstant basis

funtions for the Lagrange Multiplier on [−1, 1]d−1
. The disrete saddle point problem is to

�nd (uh, λn,H) ∈ Vh × Λn,H suh that

∀vh ∈ Vh : a (uh, vh) + (λn,H , vh,n)0,ΓC
= 〈l, vh〉 , (16)

∀µn,H ∈ Λn,H : (µn,H − λn,H , uh,n − g)0,ΓC
≤ 0. (17)

It is well-known, that there exists a unique disrete saddle point (uh, λn,H) ∈ Vh × Λn,H ,

if a disrete inf-sup ondition is ful�lled. In the ase of quasi-uniform meshes the disrete

inf-sup ondition holds if the quotient of the mesh sizes h/H is su�iently small, f. [18℄. It

is noted that di�erent mesh sizes h and H implies that the Lagrange multiplier is de�ned on

a oarser mesh whih may lead to a higher implementational omplexity than using a surfae

mesh EC whih is inherited from the interior mesh Th. In ompliane with the mentioned

referene, we observe in our experiments that the hoie H = h leads to osillating Lagrange

multipliers whereas H = 2h results in a stable sheme. Thus, we use meshes with H = 2h in

the experiments of Setion 5.

To motivate our de�nition of the disrete dual solution, we give here the details of the

solution algorithm, f. [6, Setion 5.4.1℄. We begin with a reformulation of the ontat

onditions (17):

ˆ

ΓC

(uh,n − g)ψH do ≤ 0,

ˆ

ΓC

λn,HψH do ≥ 0,

ˆ

ΓC

λn,HψH do

ˆ

ΓC

(uh,n − g)ψH do = 0,

(18)

whih have to hold for all ψH ∈ Λn,H . We speify the oupling matrix N ∈ RMC×M̄
with

respet to the bases of Vh = 〈φ1, . . . , φM̄ 〉 and Λn,H = 〈ψ1, . . . , ψMC
〉 by

Nij :=

ˆ

ΓC

ψi(φj) · n do,

the mass matrix M ∈ RMC×MC
of the Lagrange Multiplier

Mij :=

ˆ

ΓC

ψjψi do,

and the gap vetor ḡ ∈ RMC

ḡi =

ˆ

ΓC

gψi do .

By a bar, we denote the vetor-valued representation of the orresponding disrete funtion

in the belonging basis. The ontat onditions (18) read in algebrai form

Nūh − ḡ ≤ 0, Mλ̄n,H ≥ 0,
(

Mλ̄n,H
)

i
(Nūh − ḡ)i = 0 ∀i = 1, . . . ,MC . (19)
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Using the NCP funtion

CN (ūh, λ̄n,H)i := (Mλ̄n,H)i −max
{

0, (Mλ̄n,H)i + cn(Nūh − ḡ)i
}

with a positive onstant cn, the weak ontat onditions (19) are equivalently expressed by

CN (ūh, λ̄n,H) = 0 . (20)

De�ne the harateristial funtion χi by

χi :=

{

1 ,
(

Mλ̄n,H + cn(Nūh − ḡ)
)

i
> 0,

0 ,
(

Mλ̄n,H + cn(Nūh − ḡ)
)

i
≤ 0.

The generalized derivative of the NCP funtion with variations δ̄uh, δ̄λn,H is then given by

C ′
N (ūh, λ̄n,H)(δ̄uh, δ̄λn,H)i = −χi

(

−Mδ̄λn,H + cnNδ̄uh
)

i
−

(

Mδ̄λn,H
)

i
.

In order to solve (20), we use a semi-smooth Newton's method

C ′
N

(

ūk−1
h , λ̄k−1

n,H

)(

δ̄u
k
h, δ̄λ

k
n,H

)

= −CN

(

ūk−1
h , λ̄k−1

n,H

)

,

where the new iterates are alulated by ūkh := ūk−1
h + δ̄u

k
h and λ̄kn,H := λ̄k−1

n,H + δ̄λ
k
n,H . The

ative and inative indies in Newton step k are determined by

Ak
n :=

{

i ∈ {1, . . . ,MC}
∣

∣

(

Mλ̄n,H + cn(Nūh − ḡ)
)

i
> 0

}

(21)

Ik
n :=

{

i ∈ {1, . . . ,MC}
∣

∣

(

Mλ̄n,H + cn(Nūh − ḡ)
)

i
≤ 0

}

. (22)

Then the new iterate

(

ūkh, λ̄
k
n,H

)

of Newton's method is given by the solution of the linear

system

Kūkh +N⊤λ̄kn,H = f̄ ,

(Nūkh)i = ḡi, i ∈ Ak
n,

(Mλ̄kn,H)i = 0, i ∈ Ik
n,

with the symmetri and positive de�nit sti�ness matrix K ∈ RM̄×M̄
and the load vetor

f̄ ∈ RM̄
. Using a suitable numbering, it orresponds to a saddle point problem of the form





K Ñ⊤
k N̂⊤

k

Ñk 0 0

0 0 M̃k





(

ūkh
λ̄kn,H

)

=





f̄
g̃k
0



 ,

where Ñk, N̂k and M̃k are submatries of N and M spei�ed by Ak
n and Ik

n as well as g̃k a

subvetor of ḡ.
The disrete dual solution zh = (yh, ξn,H) is de�ned by the transposed system of the last

Newton step, i.e.





K Ñ⊤
k 0

Ñk 0 0

N̂k 0 M̃k





(

ȳh
ξ̄n,H

)

=

(

J̄u
J̄λn

)

.

Here, J̄u represents the assembled vetor of J ′
u (wh) (φ) and J̄λn

the one of J ′
λn

(wh) (ψ).
We onsider higher order reonstrutions of the disrete solutions for the approximation

of w and z. This approah is omputionally heaper than to alulate higher order solutions.
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(a) Mesh with path struture (b) Corresponding path mesh

Fig. 1: Illustration of the path struture of the �nite element mesh

b

b

b
b

b

b

b

b

b

b

ξH

I
(1)
H

(ξH)

Fig. 2: Illustration of i
(1)
2H

We approximate u and y using pathwise d-quadrati reonstrution, f., e.g., [2, Setion

4.1℄ for this well known proedure. Let i
(2)
2h be the orresponding interpolation operator.

For the evaluation of i
(2)
2h , a speial struture of the adaptively re�ned �nite element mesh

is required. This so-alled path-struture is obtained through the re�nement of all sons of

a re�ned element, provided that one of these sons is atually marked for re�nement. It is

illustrated in Figure 1. For the higher order interpolation of the Lagrange multipliers, we use

a pathwise linear interpolation i
(1)
2H , it is illustrated in Figure 2. We de�ne AI ((vh, µn,H)) :=

(

i
(2)
2h vh, i

(1)
2Hµn,H

)

and obtain the error estimators

ηp := ρ (wh)
(

AI (zh)− zh
)

− C (wh) (ξn,h) ,

η :=
1

2
ρ (wh)

(

AI (zh)− zh
)

+
1

2
ρ∗ (wh, zh)

(

AI (wh)−wh

)

− C (wh) (ξn,h) .

To utilize the error estimators ηp and η in an adaptive re�nement strategy, we have

to loalize the error ontributions given by the residuals with respet to the single mesh

elements T ∈ Th leading to loal error indiators ηT . Here, the �ltering tehnique developed

in [9℄ is applied, whih implies less implementational e�ort than the standard approah using

integration by parts outlined for instane in [2℄. An alternative loalization method was

reently proposed in [33℄. The terms onneted to C are added to the adjaent volume ells

to the boundary ells.

5 Numerial results

In this setion, we test the theoretial �ndings by some examples and substantiate the nu-

merial approximation tehniques.
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(a) Plot of uh in Ω and the obstale (b) λn,H

Fig. 3: Numerial solution of the �rst 2D example for MΩ = 24576 and MC = 64

MΩ L Erel (Ja,1) Ieff (Ja,1, ηp) Ieff (Ja,1, η)

384 0 2.57243 · 10−2 0.91869 0.38317
1536 1 1.36313 · 10−2 1.60751 0.99145
6144 2 3.76048 · 10−3 1.02681 1.01653
24576 3 9.49684 · 10−4 1.00536 1.00546
98304 4 2.37789 · 10−4 1.00134 1.00137

393216 5 5.94706 · 10−5 1.00034 1.00034
1572864 6 1.48691 · 10−5 1.00008 1.00008

Tab. 1: Results of the presented error estimators for Ja,1

5.1 First example: Known analytial solution

At �rst, we onsider a 2D Signorini problem with known analytial solution, see also [32℄. The

domain is given by Ω := (−3, 0)× (−1, 1), where homogeneous Dirihlet boundary onditions

are presribed on ΓD := {−3} × [−1, 1] and homogeneous Neumann boundary onditions

on ΓN := (−3, 0) × {−1, 1}. The possible ontat boundary is denoted by ΓC := {0} ×
[−1, 1]. As material law, we apply Hooke's law with Young's modulus E := 10 and Poisson

number ν := 0.3 using the plain strain assumption. By L the number of uniform re�nements

based on a oarse initial triangulation is denoted. The analytial solution is alled u(x, y) :=
(u1(x, y), u2(x, y))

⊤
, where

u1(x, y) :=

{

−(x+ 3)2(y − x2

18 − 1
2)

4(y + x2

18 + 1
2 )

4, |y| < x2

18 + 1
2 ,

0, else,

u2(x, y) :=

{

27
π sin

(

4π(x+3)
3

)

[

(y − 1
2)

3(y + 1
2 )

4 + (y − 1
2)

4(y + 1
2)

3
]

, |y| < 1
2 ,

0, else.

The volume fore is then given by f := −div(σ(u)) and the obstale by g(y) := u1(0, y). The
disrete solution wh is illustrated in Figure 3.

First, we onsider the quantities of interest

Ja,1(u) :=

ˆ

Ω
ω−0.5(x)‖u‖

2 dx,

Ja,2 (λn) :=

ˆ 1

−1
(0.5 tanh (20(0.25 − |y − 0.125|)) + 0.5) λ2n(y) dy,

where ωm(x) = 0.5 (tanh(20(d − |x− (m, 0) |2)) + 1) is a ut o� funtion w.r.t. the dis

Bd ((m, 0)), d = 0.5 and m ∈ [−3, 0]. The relative disretization error w.r.t. the quantity of
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MΩ L Erel (Ja,2) Ieff (Ja,2, ηp) Ieff (Ja,2, η)

384 0 9.59089 · 10−2 1.13982 0.14453
1536 1 2.50765 · 10−1 1.17490 0.85087
6144 2 5.50751 · 10−2 1.06133 0.95967
24576 3 1.32901 · 10−2 1.08439 0.99017
98304 4 3.29218 · 10−3 1.09121 0.99752

393216 5 8.21155 · 10−4 1.09293 0.99938
1572864 6 2.05171 · 10−4 1.09337 0.99984

Tab. 2: Results of the presented error estimators for Ja,2

−3 −2 −1 0

1.0008
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midpoint coordinate m

eff
ec
ti
v
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I e

ff
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η

Fig. 4: Plot of the e�etivity indies in depene of the midpoint of the quantity of interest m
for MΩ = 98304

interest is given by

Erel (J) :=
|J (u, λn)− J (uh, λn,H)|

|J (u, λn)|
,

and the e�etivity index by

Ieff(J, η̃) :=
J (u, λn)− J (uh, λn,H)

η̃
.

In Table 1, the results for the quantity of interest Ja,1 are listed. We found by analyzing the

data that the e�etivity indies seem to onverge of order h2 to 1 for ηp and η, whih is almost

optimal. When regarding Ja,2, see Table 2, we observe an almost onstant e�etivity index

of 1.09 for ηp. However, the e�etivity index is very good. In ontrast to ηp, the e�etivity

index for η seems to onverges to 1 with order h2. From the numerial experiments in [32℄, we

know that i
(1)
2Hλn,H is not of higher order in the integral over ΓC . But, in this approah, the

ontribution of the terms involving i
(1)
2H is so small that we ould not observe this behavior on

the onsidered meshes. Consequently, we obtain an aurate but not asymptoti exat error

estimator. It is one advantage of this approah that it is su�ient to work with the higher

order reonstrution to obtain reasonable results.

To substantiate this result even more, we onsider the quantity of interest

Ja,m(u) :=

ˆ

Ω
ωm(x)‖u‖2 dx

for m ∈ [−3, 0]. The e�etivity indies of η and ηp in dependene of m are depited in Figure

4. We obtain e�etivity indies in the range of 1.0008 to 1.0014. Thus, the estimate is very



5 Numerial results 15

(a) Plot of uh in Ω and the obstale (b) λn,H

Fig. 5: Numerial solution of the seond 2D example for MΩ = 65536 and MC = 64
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Fig. 6: Comparison of adaptive and uniform re�nement

aurate on the one hand and on the other hand there is no real depene on m. In ontast

to this, the estimators developed in [32℄ show, if higher order reonstrution is used, a strong

dependene on m. There, the e�etivity indies beome worse for m approah zero.

5.2 Seond example: Adaptivity

In the last setion, we have examined the auray of the error estimator. Now, we address

adaptive re�nement based on η. We set Ω := (0, 0.05) × (0, 0.2), ΓD := [0, 0.05] × {0},
ΓC := {0.05} × [0.15, 0.2], and ΓN := ∂Ω\(ΓC ∪ ΓD). We apply Hooke's law under the plain

stress assumption with modulus of elastiity E := 10 and Poisson ratio ν := 0.33. The volume

fore is onstant and given by f := (0.5, 0)⊤. The gap funtion is also onstant, g := 0.005.
The solution is illustrated in Figure 5. We show the von-Mises equivalent stress

σM,2(σ, σe) :=

√

σ211 + σ222 + 3σ221
σe

Fig. 7: Adaptive mesh in the 5th iteration
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MΩ L Erel Ieff
256 0 1.98594 · 10−2 1.26467
436 1 7.41959 · 10−3 1.96084
880 2 3.88619 · 10−3 1.39197

1660 3 1.68179 · 10−3 1.14467
3244 4 9.29281 · 10−4 1.28651
6028 5 4.28825 · 10−4 1.07428
11536 6 2.38628 · 10−4 1.01518
21388 7 1.12832 · 10−4 1.08988
39448 8 5.77479 · 10−5 0.09065
72604 9 2.60956 · 10−5 0.13039

Tab. 3: Detailed results of the adaptive algorithm for the seond example

with σe := 1. We have three di�erent soures of large error in this example: Stress peaks in

the left orners of the domain, where the Dirihlet boundary onditions hange to Neumann

boundary onditions as well as the transition zone of ontat to non-ontat. All these three

regions have to be resolved by the adaptive algorithm. We hoose J(u) :=
´

B ∇u : ∇u dx
with B = [0, 0.05]2 as quantity of interest. Here, B orresponds to the left end of the bar.

At �rst, we solve this problem based on a uniform mesh re�nement and obtain a referene

value Jref = 5.934693870188204 · 10−6
by extrapolation over all alulated values of J . We

use Jref to determine the relative error Erel approximately. The error on the di�erent meshes

is plotted in Figure 6, where we do not reover the optimal order of onvergene. Afterwards,

an adaptive algorithm based on η and a �xed fration strategy with 0.2% re�nement fration,

whih is used for omparison with the results in [32℄, where the same example is onsidered,

is employed. In Figure 6, we observe that the adaptive algorithm reahes the optimal order of

onvergene as expeted. The adaptive mesh in the 5th iteration of the adaptive algorithm is

depited in Figure 7. We observe strong adaptive re�nements in the left orners of the domain

and on the left end of the ative ontat zone, whih mathes our expetations. The adaptive

mesh generated based on η is very similar to the ones reated by the error estimator based on

the mixed dual problem in [32℄. The details of the adaptive algorithm are outlined in Table

3. We observe very good e�etivity indies up to the last iterates. Sine the onvergene rate

also aelerates in the last iterates, the alulated error seems to be too small due to the used

referene value.

5.3 Third example: Three-dimensional

Finally, we onsider an example in three dimensions. The domain Ω is given by

Ω :=
{

x ∈ R3
∣

∣ 0 < x1 < 0.25, 0 < x2, x3 < 1
}

.

We assume homogeneous Dirihlet boundary onditions on ΓD := {x ∈ ∂Ω | x1 = 0}. As pos-
sible ontat zone, we hoose ΓC := {x ∈ ∂Ω |x1 = 0.25, 0 ≤ x2, x3 ≤ 0.5}. On the remaining

boundary ΓN = ∂Ω\(ΓC ∪ ΓD), homogeneous Neumann boundary onditions are presribed.

Here, we use Hook's law with the material parameters E := 105 and ν := 0.3 and apply no vol-

ume or surfae loads. The obstale is parametrized with z(x) =
√

(x2 − 0.25)2 + (x3 − 0.25)2

by

ψ(x) :=

{

0.25 + 0.05
(

65536z8 − 1
)

, z ≤ 0.25,
0.25, else.
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(a) Numerial solution (b) Adaptive mesh

Fig. 8: Plot of the numerial solution of the 3d example on an adaptive mesh with 43688 ells

in the 7th iteration of the adaptive algorithm

The numerial solution is illustrated in Figure 8. As the quantity of interest, we hoose the

funtional

J (u, λn) := 10−3

ˆ

B
σ(u) : σ(u) dx +

ˆ

ΓC

λn ds

with B := {x ∈ Ω | 0 ≤ x1 ≤ 0.25, 0.625 ≤ x2, x3 ≤ 0.875}. The adaptive mesh with 43688
ells in the 7th iteration of the adaptive algorithm is also illustrated in Figure 8. We observe

mainly re�nements at the boundary of the ative ontat zone. In this example, the term

C (wh) (ξn,H) is omparatively large in the �rst iterations and then fast dereasing.

6 Conlusions and outlook

In this artile, we have presented a new approah to goal oriented a posteriori error estimation

in ontat problems. The main advantages ompared to other methods are that the numerial

evaluation by higher order reonstrution methods is not asymptotially exat but aurate

that the error in the ontat onditions of the disretization sheme is diretly measured and

that the dual problem is linear. On the other hand, we obtain a remainder term, whih we

annot ontrol analytially. This is a topi of further researh. The diret measurement of the

error in the ontat onditions is ruial for two planned extension. This property is neessary

for an aurate goal oriented adaptive sheme in dynami ontat problems, where the preise

resolution of the impat points is very important. Furthermore, it provides the opportunity to

onstrut model adaptive algorithms, e.g. for swithing between linear and nonlinear ontat

onditions.
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