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1 IntroductionMultigrid solvers rank among the most e�cient solvers in many application �elds. They areespecially suited for solving large linear equation systems stemming from discretisations ofelliptic partial di�erential equations. In this paper we deal with such systems arising in thecontext of Computational Solid Mechanics (CSM). The continuous problems are discretisedusing the Finite Element method.The e�ciency and the robustness of the (geometric) multigrid method crucially depends onthe smoothing operator. We want to examine a class of smoothers which was originally intro-duced by Vanka [28] for solving the Navier-Stokes equations discretised by Finite Di�erences.Basically, the method can be described as a block Gauÿ-Seidel iteration, which locally cou-ples all �eld variables occuring in the formulation. The smoother is sometimes denoted assymmetrically coupled Gauÿ-Seidel (SCGS) or box iteration/relaxation. Compared to standard(point-wise) Jacobi or Gauÿ-Seidel smoothers, the crucial advantage of the Vanka approachis the ability to deal with zero blocks appearing on the diagonal of the system matrix. Sad-dle point systems stemming from discretisations of the incompressible Navier-Stokes equationshave this property which is the main reason for the strong in�uence the method had (and stillhas) in the �eld of Computational Fluid Dynamics (CFD). Other reasons are that it is not toodi�cult to implement and at the same time e�cient and robust for a wide class of problemcon�gurations.The Vanka approach has to be seen in contrast to the class of multigrid smoothers whichtreat the system in a global (and eventually decoupled) manner [18, 7, 25]. For a comparisonbetween the di�erent approaches in the context of CFD see, for example, the contributionsof John, Tobiska [11, 12] and Turek [25]. For further references, see the overview paper ofWesseling and Oosterlee [29].While there seem to be only few papers dealing with theoretical aspects of the smoother [22, 15],much literature can be found presenting numerical studies of di�erent Vanka-type smoothersfor solving the discretised Navier-Stokes equations in CFD. John and Tobiska apply it to thenon-conforming Crouzeix/Raviart element P1/P0, Turek to the corresponding non-conformingrotated bilinear Rannacher/Turek element Q̃1/P0 and Becker to the stabilised Q1/Q1 ele-ment [3, 11, 12, 25]. In all cases, the smoother is extensively tested on the benchmark con�gu-ration `Flow around a cylinder' [26] for the steady and unsteady state. Ouazzi and Turek [16]transfer the Vanka idea to edge-oriented storage- and stabilisation techniques for the Navier-Stokes equations. Zeng and Wesseling [30] compare Vanka-type smoothers to ILU methodsfor the case of Navier-Stokes in general coordinates. To treat anisotropic grids more robustly,several extensions have been introduced. Thompson and Ferziger de�ne symmetrically coupledalternating line (SCAL) versions for Finite Di�erence discretisations, Becker uses a string-wiseversion for the stabilised Q1/Q1 discretisation, and Schmachtel develops an adaptive blockingstrategy [3, 21, 24].There are only few papers describing the use of Vanka-type smoothers in the context of CSM.For many kinds of solid mechanical problems there is obviously no need to refrain from standard(point-wise) multigrid smoothers. But for special formulations, which are used to treat (nearly)2



incompressible material e�ects, similar equation systems as for Navier-Stokes arise such thatin this case the use of Vanka-type smoothers makes sense. Suttmeier [23] applies the variantdeveloped by Becker [3] to elasto-plastic materials and compares it to standard Gauÿ-Seidelsmoothing. Gaspar et al. [8] compare Vanka-type smoothers to decoupled smoothers in the con-text of incompressible poroelasticity equations. Hron and Turek [10] employ Vanka smoothersto solve coupled systems arising from the Q2/P1 discretisation of Fluid Structure Interactionproblems.The aim of this paper is to further close this gap by presenting extensive numerical studies ofVanka-type smoothers applied to CSM problems. The scope of the paper is described by thefollowing aspects:
• Hyperelastic material behaviour (linear and nonlinear) is considered.
• Stationary computations are performed.
• As discretisation techniques pure displacement and mixed formulations with (conforming)

Q1 and stabilised Q1/Q1, respectively, are applied.
• For the (geometric) multigrid algorithm only `standard' components are used (e. g., noadaptive step-length control [11] or matrix-dependent grid transfer).
• Only the `standard' block Gauÿ-Seidel iteration is applied, lining- or adaptive patching-strategies as mentioned above are not considered.
• Four variants of Vanka-type smoothers are examined, but not compared to other smootherclasses as global (decoupled) smoothers of Schur complement type [25].The paper is organised as follows: In Section 2 the underlying partial di�erential equations andtheir discretisations are described. In Section 3 di�erent Vanka-type smoothers are introducedand numerically investigated in the main Section 4. The last section presents a summarisingevaluation.2 Elasticity Equations2.1 Linear ElasticityWe consider a solid body Ω̄ ⊂ R

d (d = 2, 3) with Ω being a bounded, open set with boundary
Γ := ∂Ω. The boundary is split into the Dirichlet part ΓD where displacements are presribedand the Neumann part ΓN where traction forces can be applied (ΓD ∩ ΓN = ∅ ). Furthermorethe body can be exposed to volumetric forces like gravity. The current state of the body isdescribed by a mapping Φ : Ω̄ → R

d, called deformation in the case of det(∇Φ) > 0. It canbe written as Φ = id +u, where u(x) =
(

u1(x), . . . , ud(x)
)T is the displacement of a materialpoint x ∈ Ω̄. Assuming only small deformations the kinematic relation between displacementsand strains can be described with the linearised strain tensor

ε =
1

2
(∇u + ∇uT). (1)3



The response of a body to an external load depends on the material the body consists of. Thematerial properties are re�ected by the relation between the strains and the stresses, the consti-tutive law. If the stresses only depend on the current strains (and not on the history of strainsand stresses) the material behaviour is called elastic. If, additionally, for the displacementsonly terms of �rst order are considered and the material is isotropic, we end up with the linearmaterial law of Hooke:
σ = 2µε + λ tr(ε)I (2)Here, σ is the symmetric Cauchy stress tensor which depends linearly on the strain tensor ε.

µ and λ are the Lamé constants which are connected to Young's modulus E and the Poissonratio ν via µ = E
2(1+ν) and λ = Eν

(1+ν)(1−2ν) .The basic physical equation for problems of solid mechanics is given by the equilibrium condi-tions: for a body in equilibrium, the inner forces (stresses) and the outer forces (external loads)are balanced, i. e.
− div σ = f in Ω. (3)(Inertial forces are not considered here.) Using Hooke's law (2) to substitute the stress tensor,the problem of linear elasticity can be expressed in terms of the following elliptic boundaryvalue problem, called the Lamé equation:

−2µ div ε − λ grad div u = f , x ∈ Ω

u = 0, x ∈ ΓD
σn = t, x ∈ ΓNTo simplify notation we consider only zero boundary conditions on ΓD; t denotes given tractionforces on ΓN with outer normal n. The only unknowns are the displacements u, while strainsand the stresses can be computed via relations (1) and (2).De�ning the space X :=

{

v ∈ H1(Ω)d
∣

∣ v
∣

∣

ΓD = 0
} and the products

ε(u) : ε(v) :=

d
∑

i,j=1

εij(u)εij(v) (f ,v)0 :=

∫

Ω
f · v dv

(

ε(u), ε(v)
)

0
:=

∫

Ω
ε(u) : ε(v) dv (t,v)Γ :=

∫

ΓN t · v dathe weak formulation reads: Find u ∈ X such that
2µ

(

ε(u), ε(v)
)

0
+ λ(div u,div v)0 = (f ,v)0 + (t,v)Γ v ∈ X. (4)To transform the continuous problem (4) into a discrete one, the domain Ω̄ is approximatedby a domain Ω̄h. In our case, Ω̄h consists of m non-overlapping patches Ω̄h

i , i. e. Ω̄h = ∪m
i=1Ω̄

h
i .Each patch itself is a generalised tensor product mesh, i. e. inner patch nodes have exactly fourneighbouring nodes. The superscript h symbolically denotes the re�nement level of the grid.The approximate solution uh of equation (4) is sought within a �nite dimensional subspace

Xh ⊂ X which is de�ned by nodal basis functions ϕi, i = 1, . . . , n, with n = dim(Xh)/d. We4



use the standard bilinear element Q1, so n coincides with the number of mesh vertices not lyingon ΓD. Consequently, the discrete analogon to equation (4) is: Find uh ∈ Xh such that
2µ

(

ε(uh), ε(v)
)

0
+ λ(div uh,div v)0 = (f ,v)0 + (t,v)Γ v ∈ Xh, (5)where the integrals are now evaluated over Ωh.Based on equation (5) the linear system of equations Ku = f is assembled in the usual manner.Here, u = (u1, . . . ,ud)

T ∈ R
dn is the unknown coe�cient vector with uh

j =
∑n

i=1(uj)iϕi, j =

1, . . . , d, while K ∈ R
dn×dn and f ∈ R

dn are the sti�ness matrix and the discrete externalload vector. Note, that throughout the paper bold upright letters are used to describe discretevectors v ∈ R
l and matrices M ∈ R

l×l, l ∈ N.2.2 Nearly Incompressible MaterialIt is well known that the above formulation (5) fails for nearly incompressible materials (e. g.rubber) for which the Poisson ratio ν is close to 0.5 and the Lamé constant λ tends to in�nity.When applying formulation (5) for such materials two severe problems arise: First, iterativesolving schemes deteriorate due to a high condition number of the resulting system matrix.Second, the approximation error of the �nite element scheme (5) increases, a phenomenonwidely known as volume locking (see [1, 2, 6]). To overcome these de�ciencies we translate theabove pure displacement formulation (5) into a mixed formulation. The idea is to treat thecritical parameter λ by introducing a new variable
p := −λdiv uwhich can be interpreted as pressure. The Lamé equation thus turns into the following mixedproblem:

−2µ div ε + ∇p = f , − div u − λ−1p = 0 x ∈ Ω

u = 0 x ∈ ΓD
σn = t x ∈ ΓN (6)This means, the critical `large' parameter λ has turned into the `small' one λ−1 with λ−1 → 0for ν → 0.5. With M := L2(Ω) being the pressure space the weak formulation of (6) reads:Find (u, p) ∈ X × M , such that

2µ
(

ε(u), ε(v)
)

0
− (div v, p)0 = (f ,v)0 + (t,v)Γ v ∈ X (7a)

− (div u, q)0 − λ−1(p, q)0 = 0 q ∈ M. (7b)In terms of the three continuous bilinear forms
a(·, ·) : X × X → R, a(u,v) := 2µ

(

ε(u), ε(v)
)

0

b(·, ·) : X × M → R, b(v, p) := −(div v, p)0

c(·, ·) : M × M → R, c(p, q) := (p, q)0

5



the weak formulation (7) can be rewritten as
a(u,v) + b(v, p) = (f ,v)0 + (t,v)Γ v ∈ X

b(u, q) − λ−1c(p, q) = 0 q ∈ M,revealing the structure of a saddle point problem with a penalty term, namely λ−1. Equation (7)has a unique solution when the well known LBB conditions are ful�lled [6]:1. The continuous bilinear form a(·, ·) is X-elliptic.2. For the continuous bilinear form b(·, ·) the inf-sup condition holds:
∃ β > 0 : inf

q∈M

sup
v∈X

b(v, q)

‖v‖1 ‖q‖0
> β.Here, ‖·‖1 and ‖·‖0 are the usual norms induced by the scalar products of the spaces H1(Ω)dand L2(Ω), resp. When discretising the problem, one has to pay attention to the choice ofthe corresponding �nite element spaces Xh and Mh. If they ful�ll a discrete analogon of theLBB conditions, the �nite element approximation converges robustly, i. e. independent of theparameter λ, to the real solution. It is known that element pairs which are suitable for theStokes equation can also be employed for discretising equation (7).The problem of �nding e�cient �nite element pairs for the Stokes equation has been studiedintensively. Since the LBB condition is rather restrictive, many element combinations drop out.For example, equal order element pairs, which are attractive from an implementational pointof view, are known to be unstable (e. g. Q1/Q1). Hence, many strategies were developed tostabilise such element combinations. Bochev et al. [4] provide an overview and a classi�cation.We use an extension of the method introduced by Becker [3], which is robust even on highlyanisotropic grids. The stabilisation terms can be expressed with help of the bilinear form(assume d = 2 for illustration):

cs,h(p, q) :=
α

2µ

∑

e

∫

Ωh
e

ξe
T∇p ξe

T∇q + ηe
T∇p ηe

T∇q dv (8)Here, e loops over all elements Ωh
e of Ωh, ξe and ηe describe the local coordinate system of theelement e (see Figure 1), and α is a stabilisation parameter which is set to α = 0.1 throughout

Figure 1: Local coordinate system of an elementthe paper. In case of a cartesian grid (where ξ and η are parallel to x- and y-axis, resp.)
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stabilisation (8) coincides with that of Becker [3]. As in the pure displacement formulation, weend up with a linear system of equations
(

A B

BT C

)(

u

p

)

=

(

f

g

)

, (9)where the matrix C contains the compressibility terms (7b) and the stabilisation terms (8).2.3 Finite ElasticityIn many applications the assumption of small deformations is not realistic and has to bedropped [14]. To formulate the balance equation with respect to the reference con�gurationthe �rst Piola-Kirchho� stress tensor P can be used. It is connected to the Cauchy stresstensor σ via the relation P := JσF−T where F := I + ∇u is the deformation gradient and
J := det(F ). The resulting boundary value problem then reads

− div P =f x ∈ Ω

u =0 x ∈ ΓD
Pn =t x ∈ ΓN.The corresponding weak formulation is

(P ,∇v)0 = (f ,v)0 + (t,v)Γ v ∈ X, (10)where again the above de�nition (P ,∇v)0 :=
∫

Ω P : ∇v dv is used. In the context of this paperwe employ the constitutive law of hyperelastic Neo-Hooke material, which in terms of the �rstPiola-Kirchho� stress tensor has the form
P = µ(F − F−T) +

λ

2
(J2 − 1)F−T. (11)With help of the residual vector r(u) measuring the imbalance of inner and outer forces thediscrete analogon of equation (10) can be expressed in compact form r(u) = 0. We now facetwo kinds of nonlinearity. On the one hand there is the geometric nonlinearity resulting fromthe nonlinear kinematic relation between displacements and strains. On the other hand, theconstitutive law (11) shows a nonlinear dependence of the stress tensor P on the deformationgradient F , called material or physical nonlinearity. Hence, a nonlinear solving mechanism isnecessary to solve equation (10). We use a standard Newton-Raphson scheme

r(uk) +
∂r(uk)

∂u
(uk+1 − uk) = 0,where K(uk) := ∂r(uk)

∂u
is the Jacobi matrix and ∆uk+1 := uk−uk+1 the update for the solutionvector. So, in every Newton-Raphson iteration a linear system of the following form has to besolved:

K(uk)∆uk+1 = r(uk)7



Incompressible material in the �nite elasticity setting is characterised by the deformation gra-dient's determinant J being close to 1. (Actually, the condition div u = 0 in the case of smalldeformation is nothing else then the linearised form of the condition det(F ) = 1.) As in thelinear case the arising critical term λ
2 (J2 − 1) in the constitutive relation (11) is treated byintroducing the pressure variable p := −λ

2 (J2 − 1), such that the �rst Piola-Kirchho� stresstensor takes the form P = µ(F − F−T) − pF−T. Analogous to the pure displacement casewe solve the resulting discrete residual equation r(u,p) = 0 with help of a Newton-Raphsonscheme
r(uk,pk) +

∂r(uk,pk)

∂(u,p)

[(

uk+1

pk+1

)

−

(

uk

pk

) ]

= 0.The linear systems arising in each Newton-Raphson step have a similar saddle point structureas in the small deformation setting, namely
(

A B

D C

)(

∆uk+1

∆pk+1

)

= r(uk,pk).Depending on the constitutive law, we might have D 6= BT, resulting in an unsymmetric systemmatrix.Remark: For sake of simplicity we will from now on consider the two-dimensional plane strainmodel only (d = 2): The body is assumed to be long in x3-direction while load and geometry donot vary along this direction. Thus, it is justi�ed to look at a cross section in the (x1, x2)-plane.Applied forces must have zero x3-components, and only displacements in x1- and x2-directionneed to be considered. The concepts described in the following sections can be transferred tothe three-dimensional case without any complications.3 Vanka-type SmoothersA geometric multigrid solver is mainly characterised by three components: the smoother, thegrid transfer and the coarse grid solver. For the latter two we use standard operations, i. e.inclusion for prolongation, the adjoint operation for restriction and a direct solver to treatthe coarse grid problems. For a general introduction to multigrid we refer to the book ofHackbusch [9].The robustness of the multigrid algorithm mainly depends on the smoothing procedure. Wecompare four variants of Vanka-type smoothers whose basic common idea is to decomposethe mesh into small subdomains and treat these subdomains separately. In more detail, onesmoothing step consists of a loop over all subdomains where in each iteration the followingsteps are performed:1. Extract the entries of the global matrix corresponding to the degrees of freedom (DOFs)of the current subdomain and assemble them into a small local matrix.
8



2. Build the corresponding local residual.This is done in a Gauÿ-Seidel manner, i. e. information, which has been updated in previ-ously treated subdomains, is immediately incorporated into the assembly process of thecurrent local residual.3. Solve the resulting system with the local residual as right hand side.Note, that the resulting local matrices are always invertible: When the subdomain lies inthe interior of the mesh the local matrix contains the `full' entries of the global matrixand can therefore be interpreted as arising from a mesh consisting of the subdomain itselfenclosed by a further element layer with zero Dirichlet boundary conditions. When thesubdomain lies at the boundary, the local system `inherits' the boundary information ofthe global matrix, i. e. unit rows/columns in case of Dirichlet boundary and `half' entriesin case of Neumann boundary, respectively. We employ direct solvers (e. g. Lapack) toinvert the systems.4. Update the corresponding parts of the global solution with this local correction.The four Vanka variants di�er in the choice of the subdomains and how the local systems arebuilt.Remark: As mentioned in Section 2.1, the domain Ω̄h consists of one or more tensor productpatches Ω̄h
i . In the smoothing process these patches are treated consecutively. Within onepatch the small subdomains are traversed rowwise from the `lower left' to the `upper right'corner.The cell-based Vanka smootherThe �rst variant to be described is the cell-based Vanka smoother. Here, each subdomainconsists of exactly one element and the local system matrix contains the DOFs of the fourelement nodes (see Figure 2, left). The smoother can be seen as a multiplicative domaindecomposition method with minimal overlap, i. e. the subdomains (=elements) only intersectat their (element) boundaries. This minimises computational overhead.Let e be the current element in the smoothing procedure, let the restriction of a vector or amatrix to this element be denoted with the index e, and let ω be a relaxation parameter. Thenthe necessary calculations can be formulated as follows:

rloc = fe − (Ku)e (local residual)
xloc = K−1

e rloc (local correction)
ue = ue + ωxe (update of global solution) (12)The advantage of this smoother variant is that, without any changes, it can be applied directlyto the saddle point system (9) arising from the mixed formulation. The additional matrixblocks B,BT and C are automatically taken into account by simply incorporating the pressureas additional DOF, i. e. displacements and pressure are treated equally (see Figure 2, left).This makes the smoother very attractive from an implementational point of view as it can beapplied to arbitrarily coupled equation systems without deeper knowledge about the underlying9



Figure 2: Subdomains for cell-, patch- and vertex-based Vanka smoother and the corresponding DOFs. (•displacement DOFs, � pressure DOFs)problem. It clearly distinguishes this Q1/Q1 variant of the Vanka smoother from the originalversion of [28] where the pressure is represented in the local system with only one DOF.Remark: The (local) relaxation with the parameter ω is di�erent from (global) damping in themultigrid method: The local residuals corresponding to the subsequently treated elements areimmediately a�ected by the relaxation, whereas the damping in the multigrid method scales theglobal correction vector after completion of the smoothing procedure. We emphasise this sincea popular strategy for improving multigrid is to enclose the smoother by some Krylov spacemethod [13]. The bene�t of doing so is the `automatic choice' of the correct damping parametersuch that the multigrid's robustness is considerably increased. The (locally acting) relaxationparameter, however, can not be `adjusted' this way and is set manually by the user.Remark: The vector (Ku)e can be computed in O(1) time due to the sparse structure of K.(In case of 2D pure displacement formulation on a tensor-product mesh there are at most 18non-zero elements per matrix row.)The patch-based Vanka smootherIn [3] the standard Vanka smoother is adapted for the stabilised Q1/Q1-discretisation and usedfor solving the incompressible Navier-Stokes equations. Due to the similar structure of thelinear equation systems arising in this context, the adapted smoother can be applied to themixed formulation in CSM, as well. This has been done, for instance, in [23] for the case ofelasto-plastic material.Instead of looping over all elements in the mesh we iterate over all pressure DOFs, i. e. overall nodes of the mesh. For each of them the displacements coupling with the node are takeninto account such that in case of a tensor product mesh a patch consisting of the four adjacentelements has to be considered (see Figure 2, center).The corresponding local systems to be solved have the following form then:
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In case of 2D and the patch center being an inner mesh node we have n = 18. For linearelasticity di = bi, i = 1, . . . , n, holds.The motivation behind this approach is that in case of Q1-discretisation the incompressibilityconstraint div u = 0 can, in general, not be met locally in one element. It is possible, how-ever, to ful�ll this condition locally by increasing the number of involved displacement DOFs,e. g. by considering the whole patch around one node. Moreover, the ratio between numberof displacement and pressure DOFs better re�ects the fact that in (6) the order of displace-ment derivatives is higher than the order of pressure derivatives, i. e. displacements should beapproximated `more accurately'.So, the patch-based Vanka smoother should be better suited for (nearly) incompressible materialbehaviour, which will be con�rmed numerically in Section 4. There, we also examine whethersimulations with compressible material also bene�t from this smoother modi�cation.Compared to the cell-based Vanka smoother described in the previous section the patch-basedvariant has some disadvantages, where the last two are only minor implementational issues.
• The resulting local systems are larger such that more time for the LU decomposition isneeded.
• The patches overlap each other by one element layer which means some more computa-tional overhead.
• With its special form (taking the third DOF only in the patch center) the patch-basedvariant is only applicable to the mixed u/p formulation, but not to the pure displace-ment case. (The idea of overlapping patches, however, could be transferred to the puredisplacement case, of course. But this is not done in this paper.)
• Assembling the local systems is more involved since a larger neighbourhood has to beconsidered.
• Pressure nodes lying on the boundary have to be treated di�erently since the number ofelements per patch is smaller than for inner nodes.In Section 4 we will see in terms of iteration numbers and total computation times if thenumerical bene�ts of the patch-based approach outweigh these disadvantages.
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The patch-based diagonal Vanka smootherBecker [3] and Suttmeier [23] apply a simpli�ed variant of the patch-based Vanka smoother.The idea is to couple each displacement DOF only with itself such that the upper left n×n-partof the local matrix is a diagonal matrix:
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Denoting this system with
(

D b

dT c

)(

x

y

)

=

(

f

f

)

,it can be solved very easily by eliminating x:
y =

dTD−1f − f

dTD−1b− c
, x = D−1(f − yb)Basically, this can be performed with two scalar products and two vector-vector multpli-cations/additions which is much cheaper than applying an LU decomposition to the whole

(n + 1) × (n + 1)-system as in the full patch-based approach.It has been observed that diagonal variants of the Vanka smoother are less robust with respectto mesh anisotropies in the context of incompressible Navier-Stokes equations (e. g., [20]). InSection 4 we will examine this point for the elasticity case.The vertex-based diagonal `Vanka smoother'For sake of completeness we consider an even simpler smoother variant where the `subdomain'consists of only one vertex (see Figure 2, right). Now we let each DOF only couple with itself,such that the system to be `solved' looks, in case of 2D mixed formulation, as following:
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Actually, this describes the standard Gauÿ-Seidel smoother. But, according to the above con-structions it could also be interpreted as vertex-based diagonal Vanka smoother. Thus, it canbe seen as the �rst one in a Vanka smoothers' hierarchy which is determined by the size of thesubdomains: vertex → cell → patch(Of course, one could further investigate variants of the vertex-based Vanka smoother wherethe above local matrix is not diagonal, but this is not done here.)12



4 Numerical StudiesIn this section the four Vanka smoothers are tested and compared with respect to the followingaspects:
• mesh anisotropies
• compressible and nearly incompressible material
• small and �nite deformation
• relaxation parameter ω

• number of pre- and postsmoothing steps τ4.1 Speci�cationsUsually we employ multigrid as stand-alone solver, but in some cases it is bene�cial or evennecessary to use multigrid as a preconditioner within an outer iterative method. In that casewe use bicgstab [27] as outer solver and do exactly one multigrid step for preconditioning.Abbreviations for the employed solver components are as follows:
• mg-gs: multigrid with standard Gauÿ-Seidel smoother (at the end of Section 3 denotedas vertex-based Vanka smoother)
• mg-vanka-c: multigrid with cell-based Vanka smoother
• mg-vanka-p: multigrid with patch-based Vanka smoother
• mg-vanka-pd: multigrid with patch-based Vanka smoother, diagonal displacement ma-trix
• bicg-mg-vanka-*: corresponding bicgstab solver with multigrid as preconditionerWe always use the F-cycle with equal number τ of pre- and postsmoothing steps and a (global)damping parameter of 1.0. 1 The iteration is stopped either after 64 iterations (32 iterationsfor the BiCG-variants, 128 iterations for standard Gauÿ-Seidel smoother) or when the initialresidual is reduced by a factor of 10−6. If the solver did not converge within the 64 (32, 128)iterations, there are two possibilities: First, when the convergence rate is less than 1, then thisis indicated by the entry `> 64'(`> 32',`> 128'), i. e. the solver probably would have convergedafter more iterations. Second, when the convergence rate is greater than 1, then this is indicatedby the entry `-', i. e. the solver probably would have diverged after more iterations. Divergencewithin the maximal iteration number is also denoted by `-'. The last table row shows the linearsolving times for the �nest level computation. All simulations were performed on an AMDOpteron 250 with a CPU frequency of 2400 MHz and 7.6 GB main memory.1We also tested other values for the damping parameter and found that its in�uence on the solver convergence� compared to that of the relaxation parameter � can be neglected.13



We de�ne several prototypical con�gurations which are characterised by the mesh, the materialparameters and the right hand side terms.Con�guration analytic:In this con�guration the unit square with di�erent degrees of mesh anisotropy is considered.The coarse grid is prere�ned anisotropically towards the lower left corner such that elementaspect ratios of 1,4 and 16, respectively, arise (see Figure 3). The aspect ratio of an elementis determined by measuring the distances between the midpoints of two opposing edges andthen dividing the longer distance by the shorter one. The further re�nement for the multigrid
Figure 3: Coarse grids for the con�guration analytic with element aspect ratios 1, 4, 16algorithm is done in an isotropic way. The material parameters are µ = 0.5, ν ∈ {0.3, 0.5}. Theprescribed right hand side terms are computed from given analytic solutions, which in case of

ν = 0.3 and ν = 0.5, resp., are
u1(x, y) = x(1 − x)y(1 − y) u1(x, y) = sin(πx − 0.7) sin(πy + 0.2)

u2(x, y) =
1

20
sin(4πx) sin(4πy) u2(x, y) = cos(πx − 0.7) cos(πy + 0.2)

p(x, y) = −λdiv u(x, y) p(x, y) = sin(x) cos(y) + (cos(1) − 1) sin(1)(taken from [23] and [5], resp.). On top, bottom and left side of the unit square domain Dirichletboundary conditions for the displacements are prescribed, while we have Neumann boundaryconditions corresponding to the analytical solution on the right side.Con�guration beam:This con�guration describes a �exible beam which is �xed at its rounded left side (see Figure 4).The anisotropic version has a coarse grid of four elements with an element aspect ratio of 16while the coarse grid of the `isotropic' version consists of 32 elements with a maximal elementaspect ratio of 3 (see Figure 4). The con�guration stems from a Fluid-Structure-Interactionbenchmark [10] where this �exible beam is attached to a cylinder and exposed to a �uid ina channel. The material constants are µ = 500000, ν = 0.4999, and the beam is loaded by agravity force of (0,−2000). What makes this pure structural part of the benchmark interestingis the fact that the body is thin and only a small portion of its boundary is �xed which isknown to lead to numerical di�culties [6, 17].Con�guration crossover:This con�guration is more like a `real life' example. It describes the cross section of a rubber-like crossover which is used to slow down street tra�c. Due to the two holes and the middlegap it has a rather complex geometry. The material constants are µ = 80.194, ν = 0.4999,and the surface load is only applied on the right half of the geometry. The standard version isisotropically re�ned, while in a second version the elements around the holes are anisotropically14



(a) Coarse grids: iso and aniso
(b) Deformed state (‖u‖ displayed)Figure 4: Con�guration beamre�ned towards the holes to better resolve the arising stresses there (see Figure 5). This means,
(a) Coarse grids: iso and aniso

(b) Magni�ed upper part of a hole: iso (level 3 + 4) and aniso (level 3 + 4)
(c) Deformed state (pressure p displayed)Figure 5: Con�guration crossoverthat the maximal element aspect ratio increases with the multigrid level (see Table 1).Con�guration block:A rectangular block is loaded by a surface force acting on the middle part of its top side.Reese et al. [19] employ this test to compare di�erent Finite Element formulations for highcompression rates in the context of �nite deformation. Two di�erent coarse meshes are used:block-iso with 8 elements and aspect ratio 1, block-aniso with 32 elements and aspect ratio15



4 (see Figure 6). The material constants are µ = 80.194, ν = 0.4999, applied loads are (0, ty),
ty ∈ {−20,−300}.

(a) Coarse grids: iso and aniso (b) deformed state, load (0,−300) (u2 dis-played)Figure 6: Con�guration blockIn all con�gurations homogenous Neumann boundary conditions for the pressure are prescribed.Other parameters and information about the con�gurations are listed in Table 1.Con�guration # el m max. AR load µ νAnalytic1/4/16 262144 1 1 / 4 / 16 analytic 0.5 0.3, 0.5Beam-iso 131072 8 3Beam-aniso 65536 1 16 (0,−2000) (vol) 500000 0.4999Crossover-iso 3.1Crossover-aniso 63488 62 8.6 / 20.6 / 51.2 (lv 3/4/5) (0,−20) 80.194 0.4999Block-iso 8 1Block-aniso 131072 32 4 (0,−20), (0,−300) 80.194 0.4999Table 1: Number of elements on highest level, number m of patches, maximal element aspect ratios (AR), loadsand material parameters of the test con�gurations. (Note the level-dependent aspect ratios of the Crossover-aniso con�guration.)Remark: The rather high aspect ratios of the con�guration crossover-aniso given in Table 1only hold for the �rst two element layers enclosing the holes (see magni�cations in Figure 5).So, the vast majority of the elements has comparatively mild aspect ratios. This distinguishesthis con�guration from the other anisotropic con�gurations where exactly half the elements(analytic) or all elements (beam, block) exhibit the listed high aspect ratios.Remark: There is a vast number of possible combinations of con�gurations and parameters.So, to keep the amount of information manageable, we show in the following tables only thoseranges of values which contain the optimal setting.4.2 Compressible MaterialPure Displacement FormulationVanka-type smoothers were originally developed for saddle point systems with a zero block onthe diagonal. The systems stemming from the pure displacement formulation in elasticity do not16



belong to this class but are much simpler to treat due to their positive de�niteness. Nevertheless,we want to test if it pays o� to apply the Vanka idea to such systems as well. Therefore, wecompare the cell-based Vanka and the standard (vertex-based) Gauÿ-Seidel smoother. As testenvironment we choose at �rst the con�guration analytic with ν = 0.3. Table 2(a) clearly(a) analytic with aspect ratios 1, 4 and 16mg-gs mg-vanka-c
ω 0.8 1.0 1.2 0.8 1.0 1.2AR 1
τ 1 2 1 2 1 2 1 2 1 2 1 2lv 6 12 7 9 5 12 7 5 4 5 4 5 4lv 7 12 7 9 5 13 7 5 4 5 4 5 4lv 8 12 7 9 5 13 7 5 4 5 4 5 4sec 23 26 17 18 25 25 48 76 47 77 48 78AR 4
τ 2 4 2 4 2 4 1 2 1 2 1 2lv 6 57 28 41 20 29 14 23 12 22 11 22 12lv 7 57 28 41 20 30 15 22 12 21 12 21 12lv 8 56 28 40 20 30 14 22 13 21 12 22 13sec 207 204 147 160 112 99 215 248 201 237 212 248AR 16
τ 16 32 16 32 16 32 4 8 4 8 4 8lv 6 67 33 48 24 35 17 52 25 48 24 49 24lv 7 79 39 57 28 42 21 57 28 53 26 53 26lv 8 82 41 59 30 44 22 55 27 50 25 51 26sec 2337 2378 1802 1715 1224 1240 2278 2086 1867 1925 2027 2043

(b) crossover-iso/anisomg-gs mg-vanka-c
ω 1.0 1.2 1.0 1.2iso
τ 1 2 1 2 1 2 1 2lv 3 23 13 18 11 10 6 10 6lv 4 23 13 18 11 10 7 10 6lv 5 22 13 17 11 9 6 10 6sec 16 17 12 16 23 31 26 30aniso
τ 4 8 4 8 2 4 2 4lv 3 12 8 10 7 8 6 8 6lv 4 35 18 24 13 13 7 12 6lv 5 90 45 63 32 28 15 28 14sec 227 222 160 159 143 146 141 143

Table 2: mg-gs vs. mg-vanka-c; pure displacement formulation; ν = 0.3shows that it does not pay o� to use Vanka smoothing for this con�guration. Though it needsless iterations than Gauÿ-Seidel smoothing, it is slower in terms of total computation time.Especially the slightly overrelaxed Gauÿ-Seidel smoother outperforms the Vanka smoother onmore anisotropic meshes. On the other hand, one can state that the Vanka smoother is not assensitive with respect to the relaxation parameter which can be seen as advantage.As second test we consider the con�guration crossover. In Table 2(b) one can see that for theisotropic case the smoothers show a similar behaviour as in the �rst test, but for the anisotropiccase the Vanka smoother actually beats the Gauÿ-Seidel smoother.Mixed FormulationSuttmeier [23] states that in the case of linear elasticity with compressible material the mixedformulation � although not necessary � can lead to better displacement approximations. So,it is reasonable to compare the two above smoothers also for this setting. The results for thecon�guration analytic are similar to the pure displacement case (compare Table 2(a) withTable 3(a)). The crucial di�erence is that here overrelaxation of Gauÿ-Seidel with ω = 1.2leads to divergence (not displayed in Table 3(a)) while the cell-based Vanka smoother is stillalmost una�ected by the variations of the relaxation parameter. Consequently, in terms ofrobustness the Vanka smoother should be preferred although the solution process takes longerin case of the isotropic and mildly anisotropic con�gurations. For the strongly anisotropic17



(a) analytic with aspect ratios 1, 4 and 16mg-gs mg-vanka-c
ω 0.8 1.0 0.8 1.0 1.2AR 1
τ 1 2 1 2 1 2 1 2 1 2lv 6 9 5 20 9 6 4 8 4 8 4lv 7 9 5 21 9 6 4 8 4 8 4lv 8 9 5 21 10 6 4 8 4 8 4sec 41 44 96 88 113 131 129 131 113 128AR 4
τ 2 4 2 4 1 2 1 2 1 2lv 6 33 16 23 11 18 10 17 9 17 10lv 7 33 16 23 12 17 10 17 10 17 10lv 8 32 16 23 12 18 10 17 10 17 10sec 280 275 202 207 294 319 280 318 283 325AR 16
τ 16 32 16 32 4 8 4 8 4 8lv 6 39 19 27 14 39 19 37 18 36 18lv 7 45 23 33 16 42 21 40 20 39 20lv 8 47 23 34 17 40 21 37 20 37 20sec 3266 3100 2381 2296 2608 2744 2372 2566 2361 2606

(b) crossover-iso/anisomg-gs mg-vanka-c
ω 0.6 0.8 0.8 1.0 1.2iso
τ 1 2 1 2 1 2 1 2 1 2lv 3 28 16 20 12 9 6 8 6 8 6lv 4 29 16 20 12 9 6 8 6 8 6lv 5 28 16 19 12 8 6 8 6 8 6sec 37 42 24 27 34 51 34 50 34 50aniso
τ 4 8 4 8 2 4 2 4 2 4lv 3 17 9 11 7 7 5 7 5 7 5lv 4 28 25 32 16 13 7 11 6 10 5lv 5 126 63 82 41 27 14 23 12 22 11sec 568 535 355 346 216 229 192 198 182 182

Table 3: mg-gs vs. mg-vanka-c; mixed formulation; ν = 0.3con�guration the two solvers show comparable runtimes. Table 3(b) partially con�rms this forthe con�guration crossover. Here, it is remarkable that mg-gs also fails for the `standard'relaxation parameter ω = 1.0 (not shown in Table 3(b)) and is much slower than mg-vanka-cfor the aniso case.In the mixed formulation setting we can also apply the two patch-based variants of the Vankasmoother. We do this for the same con�gurations as before and can make some interestingobservations. For the simple analytic isotropic case it does again make not much sense toinvest extra work into the smoothing process (Table 4(a)): Both patch-based variants areby far slower than (the optimal) mg-gs. Compared to the cell-based Vanka smoother theyare slightly better in terms of iteration numbers, but only the diagonal patch-based Vankasmoother is able to re�ect this also in total computation time. The results for the anisotropicmeshes in Table 4(a) show that for mg-vanka-pd underrelaxation is clearly necessary, whilemg-vanka-p behaves quite robustly with respect to the relaxation parameter. (mg-vanka-pd converges for AR 1 and ω = 1.2, though, but it needs more iterations than with ω =
1.0.) The computation times, too, show a clear superiority of mg-vanka-p over all othersmoothers despite being the most expensive one per smoothing step. This also holds for thecrossover con�guration as can be seen in Table 4(b). (mg-vanka-pd diverges for ω = 1.0which is not shown in the table.) Here, it is especially worth mentioning that, in contrast to allother smoothers, the iteration number of mg-vanka-p does not rise with increasing multigridlevel and simultaneously increasing aspect ratio. A reason for this might be that the stronganisotropies of the two element layers around the holes are, so to speak, hidden in the directsolution of the patch-system with the full local displacement matrix.
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(a) analytic with aspect ratios 1, 4 and 16mg-vanka-pd mg-vanka-p
ω 0.8 1.0 0.8 1.0 1.2AR 1
τ 1 2 1 2 1 2 1 2 1 2lv 6 6 3 4 3 5 3 4 3 6 4lv 7 6 3 4 3 5 3 5 3 6 4lv 8 6 3 4 3 5 3 5 3 6 4sec 127 126 84 126 157 191 161 192 188 251AR 4
τ 1 2 1 2 1 2 1 2 1 2lv 6 12 7 15 9 7 4 6 4 7 4lv 7 12 7 - - 7 4 6 4 7 4lv 8 12 7 - - 7 4 7 4 7 5sec 253 293 225 254 224 251 224 315AR 16
τ 2 4 2 4 1 2 1 2 1 2lv 6 50 25 - - 34 18 30 16 27 15lv 7 55 28 - - 37 20 33 18 30 17lv 8 55 29 - - 37 20 33 18 31 17sec 2288 2636 1173 1256 1039 1155 1000 1089

(b) crossover-iso/anisomg-vanka-pd mg-vanka-p
ω 0.6 0.8 0.8 1.0 1.2iso
τ 1 2 1 2 1 2 1 2 1 2lv 3 11 6 10 5 9 5 9 6 9 6lv 4 11 6 10 5 9 5 9 5 9 6lv 5 10 6 10 5 9 5 9 5 9 5sec 51 60 52 50 70 76 69 76 70 76aniso
τ 2 4 2 4 1 2 1 2 1 2lv 3 8 5 7 5 9 5 10 6 9 6lv 4 18 9 14 7 9 5 9 6 9 6lv 5 44 22 33 17 9 5 9 5 9 6sec 442 438 332 338 67 76 69 76 69 90

Table 4: mg-vanka-pd vs. mg-vanka-p; mixed formulation; ν = 0.34.3 Nearly Incompressible MaterialIn the remainder of the paper we will only deal with (nearly) incompressible material and,consequently, do not employ the pure displacement formulation anymore. So, we are nowin a situation which resembles the incompressible �ow setting and in which the Vanka-typesmoothers should tap their full potential. Due to the LBB stabilisation terms the standardGauÿ-Seidel smoother is still applicable also in the incompressible case such that we can continueto compare the di�erent approaches. The con�guration analytic is considered �rst. For mg-gs and mg-vanka-c numbers for ω greater or equal 0.7 are not listed in Table 5(a), since forthese values mg-gs diverges on all levels and mg-vanka-c shows extremely slow or also noconvergence.So, for both smoothers a strong underrelaxation is mandatory to solve the problem at all. (Wealso tested ω = 0.2, which showed worse results than ω = 0.4.) Consequently, the number ofiterations / smoothing steps are high compared to the compressible case, resulting in signi�-cantly longer computation times, especially in case of more anisotropic meshes. Again, for theisotropic case the Gauÿ-Seidel smoother seems to be su�cient, while the cell-based Vanka smoo-ther is faster on anisotropic meshes. Regarding the relaxation parameter, the cell-based Vankasmoother shows a more irregular behaviour now: For analytic1 and analytic4 ω = 0.4 isthe better choice, while it is ω = 0.6 for analytic16. For the Gauÿ-Seidel smoother, however,
ω = 0.6 always yields the best results. The results of the crossover con�guration con�rmthese observations (see Table 5(b)).Both smoothers, in summary, have severe problems to e�ciently treat the anisotropic (nearly)incompressible case, so we have to examine if the patch-based Vanka smoothers perform better.Looking at the number of iterations / smoothing steps and total CPU times in Tables 6(a) and7(a), this is clearly the case. Even in the isotropic case they are now able to compete with19



(a) analytic with aspect ratios 1, 4 and 16,mg-gs mg-vanka-c
ω 0.4 0.6 0.4 0.6AR 1
τ 2 4 2 4 2 4 2 4lv 6 18 10 17 11 8 7 21 9lv 7 18 10 17 11 8 7 32 11lv 8 18 10 17 11 8 7 33 11sec 158 171 147 185 259 452 1072 723AR 4
τ 8 16 8 16 2 4 2 4lv 6 22 12 13 9 17 9 21 9lv 7 23 13 14 10 18 9 34 11lv 8 24 13 14 11 18 10 31 14sec 1028 914 597 772 589 655 1021 901AR 16
τ 64 128 64 128 16 32 16 32lv 6 25 13 13 8 18 10 11 7lv 7 27 15 18 10 17 11 13 8lv 8 69 15 17 10 21 11 15 8sec 18631 7933 4809 5640 5496 5838 3977 4308

(b) crossover-iso/anisomg-gs mg-vanka-c
ω 0.4 0.6 0.4 0.6iso
τ 4 8 4 8 1 2 1 2lv 3 13 8 9 7 15 9 16 7lv 4 14 8 11 7 14 9 27 11lv 5 14 9 15 8 14 9 46 18sec 60 77 65 68 63 75 197 150aniso
τ 16 32 16 32 4 8 4 8lv 3 8 6 6 5 6 5 6 5lv 4 18 10 11 7 13 7 9 5lv 5 46 24 28 14 29 15 19 10sec 766 804 517 537 479 492 310 327

Table 5: mg-gs vs. mg-vanka-c; mixed formulation; ν = 0.5 and ν = 0.4999, resp.(a) mg-*vanka-pd vanka-p
ω 0.6 0.8 0.6 0.7AR 1
τ 1 2 1 2 1 2 1 2lv 6 7 4 6 4 6 4 6 4lv 7 7 4 5 4 6 4 6 3lv 8 7 4 5 4 6 4 6 3sec 146 167 105 167 190 256 197 195AR 4
τ 1 2 1 2 1 2 1 2lv 6 17 9 14 7 8 5 7 5lv 7 17 9 14 8 8 5 7 5lv 8 17 9 14 8 8 5 7 5sec 356 382 293 348 256 317 230 327AR 16
τ 4 8 4 8 2 4 2 4lv 6 44 15 22 12 19 11 19 10lv 7 >64 19 28 16 27 14 24 14lv 8 - 21 30 17 >64 15 25 15sec 3463 2482 2801 - 1913 1603 1913

(b) bicg-mg-*vanka-pd vanka-p
ω 0.6 0.8 0.6 0.7AR 1
τ 1 2 1 2 1 2 1 2lv 6 4 2 3 2 3 2 3 2lv 7 4 2 3 2 3 2 3 2lv 8 4 2 3 2 3 2 3 2sec 153 173 110 174 163 258 162 261AR 4
τ 1 2 1 2 1 2 1 2lv 6 6 4 5 4 4 3 4 3lv 7 6 4 5 4 4 3 4 3lv 8 6 4 5 4 3 3 4 3sec 240 300 217 300 194 323 226 319AR 16
τ 4 8 4 8 2 4 2 4lv 6 9 6 7 5 7 5 8 5lv 7 11 6 9 6 8 5 8 6lv 8 >32 7 10 7 16 7 10 6sec 2214 1710 2223 2100 1681 1337 1532Table 6: Mixed formulation; ν = 0.5; con�guration analytic with aspect ratios 1, 4 and 16the optimally tuned mg-gs in terms of CPU times, which was not true for the compressiblecon�gurations. However, we have to perform underrelaxation here, as well, where a comparisonwith the compressible case is interesting: There, the full patch-based Vanka smoother is morerobust with respect to the relaxation parameter than the diagonal variant, while here, in theincompressible case, more underrelaxation is necessary. For mg-vanka-pd ω = 0.8 seems tobe a good choice, while it is between ω = 0.6 and ω = 0.7 for mg-vanka-p. (The latterstill converges for ω = 0.8, though, but slightly worse than for ω = 0.7, while mg-vanka-pd20



(a) mg-*vanka-pd vanka-p
ω 0.6 0.8 0.6 0.7iso
τ 1 2 1 2 1 2 1 2lv 3 12 7 11 6 11 6 12 7lv 4 12 6 11 6 10 5 12 6lv 5 11 6 11 5 10 5 11 6sec 57 61 56 50 76 76 84 98aniso
τ 1 2 1 2 1 2 1 2lv 3 13 7 13 7 11 6 12 7lv 4 30 16 23 12 10 5 12 6lv 5 74 38 55 28 10 5 11 6sec 367 382 282 281 77 76 85 91

(b) bicg-mg-*vanka-pd vanka-p
ω 0.6 0.8 0.6 0.7iso
τ 1 2 1 2 1 2 1 2lv 3 5 4 5 3 5 3 5 3lv 4 5 4 4 3 4 3 5 3lv 5 5 3 4 3 4 3 5 3sec 47 61 41 50 61 91 70 93aniso
τ 1 2 1 2 1 2 1 2lv 3 5 4 5 3 4 3 5 3lv 4 7 5 7 4 4 3 5 3lv 5 11 7 12 7 4 3 5 3sec 114 141 125 131 62 76 70 92Table 7: Mixed formulation; ν = 0.4999; con�guration crossover-iso and crossover-anisodiverges for ω = 1.0, which is not shown in Tables 6(a) and 7(a).) That is why the superiorityof the full variant over the diagonal one in case of anisotropic meshes is clearly observable,though, but not as striking as in the compressible situation.BiCGstab as Outer SolverA way to increase the robustness and the e�ciency of multigrid is to use it not directly assolver but as a preconditioner within an outer iteration scheme. For this, we employ bicgstaband want to examine if this helps to better handle the above con�gurations. The relaxationparameters can be chosen as for the corresponding stand-alone mg solvers; only in rare casesdi�erent values lead to slightly better results.When applying bicgstab as outer solver we can usually observe a decrease of iteration num-bers of at least 50 percent compared to corresponding stand-alone mg solvers (see Table 6(a)vs. Table 6(b) and Table 7(a) vs. Table 7(b)). This is, of course, not surprising as bicgstabdoes two preconditioning steps per iteration. However, the interesting fact now is that for somecon�gurations the iteration numbers decrease by far more than 50 percent. Especially, the per-formance of the diagonal patch-based Vanka smoother is signi�cantly improved on anisotropicmeshes. The solution of the crossover-aniso con�guration, for instance, takes less than halfof the time. The full patch-based Vanka smoother clearly bene�ts from applying bicgstab, aswell, even though the improvement is not as striking as for the diagonal variant.The positive in�uence of bicgstab is even more crucial in case of the beam con�guration. Asmentioned in Section 4.1, the thin shape and the small Dirichlet boundary can lead to numericaldi�culties. We can con�rm this by comparing beam-iso to the con�guration crossover-iso, both having a maximal element aspect ratio of roughly 3. Although crossover-isoexhibits a more complicated geometry and irregular elements, less iterations are needed forconvergence (compare Tables 7 and 8). The e�ect becomes even clearer for the beam-anisocon�guration. To solve the corresponding linear systems at all, we had to increase the maximalnumber of iterations (see Table 8, aniso). In terms of element aspect ratios a comparison to21



(a) mg-*vanka-pd vanka-p
ω 0.8 0.7iso
τ 1 2 1 2lv 5 17 9 12 7lv 6 17 9 11 7lv 7 16 8 11 7sec 162 161 173 213aniso
τ 4 8 2 4lv 6 394 208 213 121lv 7 328 173 179 102lv 8 281 148 156 88sec 5765 6083 2453 2730

(b) bicg-mg-*vanka-pd vanka-p
ω 0.8 0.7iso
τ 1 2 1 2lv 5 6 4 6 3lv 6 6 4 5 3lv 7 6 4 5 3sec 125 165 153 184aniso
τ 4 8 2 4lv 6 27 18 24 15lv 7 28 18 24 17lv 8 29 17 24 15sec 1196 1401 722 896Table 8: Mixed formulation; ν = 0.4999; con�guration beam-iso and beam-anisothe analytic16 con�guration (see Table 6) can be drawn. Considering mg-vanka-pd on level8 of beam-aniso and on level 7 of analytic16, the latter is solved roughly 10 times faster.Comparing the results of mg-vanka-p, one can observe a factor of roughly 6. (Of course, theselarge di�erences are also due to the fact that in the analytic16 con�guration only half theelements exhibit the high aspect ratio.)Now let us examine the in�uence of the outer bicgstab scheme in case of the beam con�g-uration. Beginning with the isotropic beam, the bicg-variants show a degree of improvementwhich is similar to the con�gurations analytic4 and crossover-iso (all three having simi-lar maximal element aspect ratios). For the anisotropic beam con�guration, however, we canmake an interesting observation: Comparing the di�erences between Table 6(a) (AR 16, level7) and Table 8(a) (aniso, level 8) with the corresponding di�erences between Table 6(b) andTable 8(b), one can observe that the above factors of 6 and 10, respectively, are decreasedto roughly 3 for both Vanka variants. This means, that the di�erence in solving these twocomparable con�gurations analytic16 and beam-aniso signi�cantly shrinks when multigridis enclosed by an outer bicgstab scheme, i. e. the numerical problems arising with the beamcon�guration are considerably diminished.Finite ElasticityTo assess the Vanka smoothers in the context of �nite elasticity we consider the block con-�guration. Applying the two loads (0,−20) and (0,−300), leads to di�erent compression ratesof the block and thus to di�erent nonlinearities. Figure 7 shows the resulting deformation andthe von Mises stress. In case of the higher load, line search for the Newton-Raphson schemesbecomes necessary. We consider two di�erent coarse grids of the block con�guration, exhibit-ing aspect ratios of 1 and 4, respectively (see Figure 6). For the linear solvers we only usethe patch-based Vanka smoothers as the others already had problems dealing with the linearincompressible case. The nonlinear iteration is stopped when the initial residual norm is de-creased by a factor of 10−5, the linear solvers use a relative stopping criterion of εrel = 10−2.Table 9 shows the total number of linear iterations. For the small load always three Newton22



(a) Load (0,−20) (b) Load (0,−300)Figure 7: Con�guration block under two di�erent loads (von Mises stress displayed)steps are performed, for the high load seven Newton steps. The given times are the accumu-lated linear solving times on the �nest level, matrix assembling times are not contained. Inmost cases, performing exactly one smoothing step is the best choice. Only for the mg solversin the case of the anisotropic block under higher load the number of smoothing steps had tobe increased. For each con�guration we tested the relaxation parameters ω = 0.4, 0.5, . . . , 0.8,but for sake of clarity we only show the one that performed best, respectively. In the followingevaluation we comment on the solvers' robustness with respect to the relaxation parameter.(a) load −20mg- bicg-mg-v.-pd v.-p v.-pd v.-pBlock-iso, τ = 1
ω 0.7 0.5 0.7 0.5lv 5 8 9 5 5lv 6 8 9 5 5lv 7 8 9 5 5sec 78 136 79 122Block-aniso
ω 0.8 0.5 0.7 0.5
τ 1 1 1 1lv 4 16 11 7 5lv 5 14 11 7 6lv 6 14 11 7 5sec 137 166 121 139

(b) load −300mg- bicg-mg-v.-pd v.-p v.-pd v.-pBlock-iso, τ = 1
ω 0.7 0.5 0.5 0.4lv 5 17 17 10 9lv 6 17 17 10 9lv 7 17 18 10 9sec 165 272 167 260Block-aniso
ω 0.6 0.6 0.5 0.5
τ 4 2 1 1lv 4 34 24 27 18lv 5 34 21 32 14lv 6 32 20 26 15sec 1220 601 475 426Table 9: Total number of linear iterations for mg-vanka-pd, mg-vanka-p, bicg-mg-vanka-pd, bicg-mg-vanka-p; �nite deformation; mixed formulation; con�guration Block; load −20 and −300 (for the smaller load3 Newton iterations were performed, for the higher load 7 Newton iterations).Most of the observations made for the linear test cases are con�rmed in the �nite deformationsetting. We �rst consider the results for the isotropic block (see the upper parts of Tables 9(a)and (b)). For both loading states the diagonal variant of the patch-based Vanka smootheroutperforms the full Vanka smoother in terms of runtimes, while they need roughly the samenumber of iterations. At least for the full Vanka smoother the outer bicgstab scheme slightlyimproves the e�ciency. Both smoother variants are robust with respect to the relaxationparameter ω within the tested interval, only the full Vanka variant deteriorates for ω = 0.8(not shown in the table). 23



For the anisotropic block we get di�erent results (see lower parts of Tables 9(a) and (b)):In case of the small load, the diagonal Vanka smoother is still slightly faster, though, but itneeds more iterations than the full variant. In case of the second loading state, however, the fullVanka smoother is clearly superior to the diagonal one, in terms of iteration numbers, runtimes,and especially robustness: mg-vanka-pd diverges when only one or two smoothings steps areapplied, and both, mg-vanka-pd and bicg-mg-vanka-pd, diverge for relaxation parameters
ω = 0.7 and ω = 0.8, independent of the number of smoothing steps. mg-vanka-p, however,shows robust convergence behaviour for ω ∈ [0.4, 0.8] with two smoothing steps already andconverges in case of one smoothing step at least for ω = 0.4. bicg-mg-vanka-p needs onlyone smoothing step to converge robustly for all tested relaxation parameters. (Again, the fullVanka variants slightly deteriorate for ω = 0.8.) The positive in�uence of the outer bicgstabscheme is much more signi�cant for the anisotropic block than for the isotropic one, especiallyfor the high loading state, where � similar to the small deformation case � the diagonal Vankavariant bene�ts more than the full Vanka variant.A comparison between the two block con�gurations with respect to the applied surface forceis interesting. For the small loading state the full Vanka smoother shows only slight runtimedi�erences between the isotropic and the anisotropic block, i. e. factors of 1.2 and 1.1 for mg-vanka-p and bicg-mg-vanka-p, resp. For the high surface force, these factors increase to 2.2and 1.6, resp. For the diagonal Vanka smoother, however, the dependence on the applied forceis much more signi�cant: While in case of the smaller load the runtime of mg-vanka-pd tosolve the anisotropic con�guration is 1.8 times as high as for the isotropic one, it is 7.4 times ashigh in case of the higher load. For bicg-mg-vanka-pd the runtime di�erences increase from
1.1 to 2.8.In summary, the test cases considered here indicate that both, the diagonal and the full Vankasmoother are in principle able to handle large deformations. The di�culties of the diagonalVanka variant with higher aspect ratios seem to be ampli�ed in the presence of the resultingnonlinearities. The full Vanka variant, however, is capable to robustly deal with the combinede�ects of strong nonlinearities and higher aspect ratios.5 SummaryIn this paper we described the use of Vanka-like multigrid smoothers in the context of Compu-tational Solid Mechanics. We presented and compared four smoother types that are frequentlyconsidered in (CFD-) literature. From the numerical tests we can draw the following mainconclusions:

• All presented smoothers show a certain degree of sensitivity with respect to the relaxationparameter ω. A value that is optimal for one con�guration may lead to divergence in adi�erent con�guration. Consequently, a proper choice of this parameter cannot be doneautomatically and requires some experience by the user. This has to be seen as generaldrawback of all considered smoothers.
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• For compressible material and fairly isotropic meshes the standard Gauÿ-Seidel smootherprovides good results and is often the most e�cient. But as soon as mesh anisotropiesand/or incompressibility are involved it is advantageous or even necessary to switch toone of the more sophisticated Vanka smoothers.
• The observation already made by other authors that the diagonal patch-based Vankasmoother shows de�ciencies on anisotropic meshes is clearly con�rmed. But: When themultigrid scheme is enclosed by an outer bicgstab (or similar) method, this e�ect issigni�cantly weakened. However, none of the presented smoothers is robust with respectto higher aspect ratios as the comparisons between isotropic and anisotropic meshes show.
• For incompressible material it is mandatory to use one of the patch-based Vanka smoo-thers. The standard Gauÿ-Seidel and the cell-based Vanka smoother have to be stronglyunderrelaxed and solve only very simple, isotropic con�gurations in reasonable time.
• Instead of using multigrid as stand-alone solver it is recommendable to apply it as precon-ditioner of an outer Krylov space method. In many cases, robustness and e�ciency of theoverall solving process are considerably increased as, for instance, the beam con�gurationshows.The most important step in future work is the application of the aforementioned lining- andpatching-strategies to increase the smoothers' robustness against mesh anisotropies. Further-more, Vanka-type smoothers will be compared to globally working (decoupled) smoothers/pre-conditioners for saddle point systems. For this comparison, not only the numerical e�ciency willbe assessed, but also the parallel e�ciency in a multi-processor computer environment. Otherrelevant topics are the inclusion of transient simulations into the test environment and theapplication of the Vanka idea in connection with EAS (Enhanced Assumed Strains) elements,which are very popular in the CSM community.References[1] F. Armero, On the locking and stability of �nite elements in �nite deformation plane strainproblems, Comp. and. Struct. 75 (2000) 261�290.[2] I. Babu²ka, M. Suri, Locking e�ects in the �nite element approximation of elasticity prob-lems, Numerische Mathematik 62 (1992) 439�463.[3] R. Becker, An adaptive �nite element method for the incompressible Navier�Stokes equa-tions on time-dependent domains, Ph.D. thesis, Universität Heidelberg (1995).[4] P. B. Bochev, M. D. Gunzburger, An absolutely stable pressure-poisson stabilized �niteelement method for the Stokes equations, SIAM Journal on Numerical Analysis 47 (3)(2004) 1189�1207.[5] P. B. Bochev, M. D. Gunzburger, R. B. Lehoucq, On stabilized �nite element methodsfor the Stokes problem in the small time step limit, International Journal for NumericalMethods in Fluids 53 (2007) 573�597. 25
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