
THE EXTREMAL LATTICE OF DIMENSION 14, LEVEL 7
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RUDOLF SCHARLAU

Abstract. The genus II14(7+7) of positive definite even integral quadratic
forms (“lattices” for short) of dimension 14, level 7 and determinant 77 con-
tains a unique lattice L = L14,7 of minimum 6. This lattice is 7-modular, i.e.
similar to its rescaled dual 7L#, and thus modular extremal in the sense of
Quebbemann [Que95]. This result settles a previously open case of the clas-
sification project set up in [ScSP99]. The lattice is also extreme in the usual
sense, that is, perfect and eutactic. Up to now, the uniqueness of the lattice
is proved purely computationally by enumerating the whole genus which turns
out to consist of 83006 classes. As a case study on “typical” properties of lat-
tices in large genera, we present further numerical data on theta series, orders
of automorphism groups and successive minima, and make some remarks on
their explanation and interpretation.
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1. Background on extremal lattices and modular forms

We recall a few definitions and basic facts about extremal integral quadratic
forms, or extremal lattices for short, and refer to [ScSP99] for further details.

We consider even lattices L of even dimension n = 2k on some real (or rational)
vector space V with a positive definite quadratic form. As usual, L# := {y ∈ V |
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(x, y) ∈ Z for all x ∈ L} ⊇ L denotes the dual lattice, and ` denotes the level
of L. This means that `L# ⊆ L, the rescaled dual lattice L# equipped with the
bilinear form `(x, y) is again even, and ` is the smallest number with this property.
Strictly speaking, “lattice” always means “lattice with quadratic form”, and in
this sense we denote the rescaled dual lattice by L\. The map L 7→ L\ acts as an
involution on the set of isometry classes of lattices of level `, and also on the set of
genera of lattices of level `. A lattice is called modular of level ` if its class is fixed
under this involution, L ∼= L\; similarly for a genus of level `. The determinant
detL = (L# : L) of an integral lattice L ⊆ L# of level ` only depends on its genus
genL and divides `n. Since detL\ = `n/ detL, the genus can be modular only
if detL = `k. If ` is a prime number, this necessary condition is also sufficient.
More precisely, as a consequence of the oddity formula, for given `, k and r ≡ k
(mod 2), there exists at most one genus of even lattices of level `, dimension 2k
and determinant `r; if 0 < r < n, it exists for all k if ` ≡ 3 (mod 4), and it exists
for even k if ` ≡ 1 (mod 4). For r = k, not only this genus is modular, but it
also contains modular lattices.

In the following, we assume familiarity with modular forms and theta series
(also for odd weight and non-trivial character). We refer to [Miy89], in particular
§4.9 for any unexplained definitions and facts. The theta series of a lattice is

θL(q) =
∑
x∈L

q(x,x)/2 ∈Mk(`, ε).

This means that θL(q) is a modular form of weight k for the group Γ0(`) ⊆ SL2(Z)
and a certain quadratic character ε : Γ0(`) → {±1}. The character ε factors in
a well known way through a Dirichlet character modulo `. It depends only on
the signed determinant (discriminant) (−1)k detL of L, and is trivial if and only
if the signed determinant is a square. (Otherwise, the conductor of ε is equal to
the signed determinant.) We denote by Sk(`, ε) ⊂Mk(`, ε) the subspace of cusp
forms. If L and M are lattices in the same genus, then θL − θM ∈ Sk(`, ε); see
[Sie35], p. 376.

If ` is prime, then the normalizer Γ∗0(`) of Γ0(`) in PSL2(R) contains Γ0(`) with
index 2; the non-trivial coset is given by the Fricke involution W` which can be
represented by the matrix

(
0 −1
` 0

)
. Since ε is quadratic, W` acts on Mk(`, ε),

and Mk(`, ε) splits into eigenspaces Mk(`, χ) with respect to the characters χ :
Γ∗0(`)→ µ4 = {±1,±i} extending ε.

There is a well known formula for the action of z 7→ −1/z on theta series,
which involves the (rescaled) dual lattice (see e.g. [Miy89], §4.9). This formula
shows that, if L is modular, then θL is an eigenform for the Fricke involution.
More precisely:

θL ∈Mk(`, ε̃) :=Mk(Γ∗0(`), ε̃) ,

where ε as above depends on the genus of L, and the extension ε̃ : Γ∗0(`)→ µ4 of
ε = εL is given by ε̃(W`) = (−i)k (see [Que95], Theorem 1).
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Let M be a subspace of Mk(`, ε). We say that extremality is definable with
respect to M if the projection M → Cd to the first d = dimM coefficients of
the q-expansion

f =
∑
m≥0

amq
m 7→ (a0, a1, . . . , ad−1)

is injective. If this holds, the unique element F =: FM ∈M with q-expansion

F = 1 +
∑
m≥d

amq
m

is called the extremal modular form in M.
As before, let L be an even lattice of dimension 2k and level `, and letM be a

subspace of Mk(`, ε) with θL ∈M (with ε as above). We say that L is extremal
with respect to M if extremality is definable with respect to M and θL = FM.
Thus if L is extremal, then minL ≥ 2 dimM is as large as the specified spaceM
of modular forms allows. For a modular lattice of prime level, a natural choice
of the subspace is M = MK(`, ε̃) = {f ∈ Mk(`, ε) | f |kW` = (−i)k)f}, as
explained above. In this case, the lattice is the called modular extremal. Using
polynomial generators in terms of the eta function and an appropriate dimension
formula, it was shown in [Que95] that extremality is definable for MK(`, ε̃),
` ∈ {1, 2, 3, 5, 7, 11, 23} and all k, and it was shown in [ScSP99] that only finitely
many dimensions 2k of lattices are relevant since for the others the extremal
modular form has a negative coefficient.

2. The extremal 7-modular lattice

Extremal lattices are of interest since they have a large (with respect to their
dimension and determinant) minimum; also, their theta series are “extremal” ele-
ments in the cone of integral positive elements in an appropriate space (or lattice)
of modular forms, a cone which has hardly been investigated as an object of its
own right. The classification of all modular extremal even lattices of dimension
2k and level ` ∈ {1, 2, 3, 5, 7, 11, 23} is a finite problem in the sense that only
finitely many dimensions n can occur, and for any given (n, `) there exist only
finitely many lattices at all. For many interesting values (n, `), the classification is
known, for most of the remaining parameters, no extremal lattice seems to exist,
but it appears to be hard (and in a way not too rewarding) to actually prove this.
Concerning the positive cases, already at the time of the survey paper [ScSP99],
much was known in the sense that for most of the interesting (or “promising”)
(n, `) at least the existence of extremal lattices had been decided. An obvious
exception, even a gap in the interval n ≤ 20 of settled dimensions occurred for
level ` = 7: here the dimension n = 14 was left undecided. (We did no even
have a feeling whether we should search further for a lattice, or rather prove its
non-existence.) This case (14, 7) was answered affirmatively only in April 2010
[Sch10], see also [Lattices, Magma], and is now treated in more detail in this note.
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Concerning the natural question of uniqueness of modular extremal lattices,
the picture is as follows. In the cases of minimum 4, the extremal lattice is
unique in the smallest possible dimension n = 24, 16, 12, 8, 6, 4, 2, for each level
` = 1, 2, 3, 5, 7, 11, 23. One could ask for a deeper, uniform reason for this. A
partial answer is given by the known uniqueness proofs of the Leech lattice and
the Barnes Wall lattice, using modular forms, and their potential (likely, but not
yet carried out) extensions to the other levels.

For larger dimension or higher minimum, no reason is known why extremal
lattices should be unique, and typically they are not. For the above levels, there
are four pairs (n, `) known where a modular extremal lattice of minimum 6 exists
and is unique (even among all lattices in its genus). The first two are the rather
innocent cases (4, 23) and (8, 11), where the number of classes in the genus is
small. The third case (16, 5) is truly remarkable since the class number is very
large; uniqueness has been proved a while ago in [BNV01], using Boris Venkov’s
basic ideas about the relationship between certain types of lattices and spherical
designs, where harmonic polynomials and theta series with spherical coefficients
provide the link between the two. For a detailed exposition of this theory, see
the recent survey article [Ne12] by G. Nebe. We have confirmed the uniqueness
of the extremal lattice of dimension 16 and level 5 and by enumerating its genus
completely; the class number is 229488, see [ScHe12].

The fourth case of a unique extremal lattice of minimum 6 is (14, 7), treated
in this paper.

Theorem 1.

a) The genus II14(7
+7) has class number 83006. Among its lattices, 46574

have minimum 2, 36431 have minimum 4, and exactly one lattice Lext
14,7

has minimum 6. This lattice is modular and thus modular extremal. Its
theta series is

F7,7 = 1 + 560q3 + 2394q4 + 9072q5 + 26824q6 + 71136q7 + . . . .

b) The lattice Lext
14,7 has 560 = 24 · 5 · 7 minimal vectors (of norm 6) and

automorphism group PSL(2, 8)× 2, of order 1008 = 24 · 32 · 7.
c) The lattice Lext

14,7 is perfect and eutactic, and thus is extreme. It is the only
perfect lattice in its genus.

The proof of this result is computational. The painful part of course is a).
We have compiled a list of 83006 matrices (symmetric, positive definite, inte-
gral) publicly available [Data], which are Gram matrices for the claimed lattices
and thus determine the respective lattice up to isometry. Although the way
in which this list was obtained is formally not part of the proof of the theo-
rem, we should at least mention that it has been produced by a well-known
and established method, namely M. Kneser’s method of neighboring lattices; see
[Kne57, ScHe98] for details. To each matrix in the list, the following invariants
of the lattice are added: numbers of short vectors, successive minima, order of
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automorphism group. “Short” in this case means “of norm at most 8”. Thus the
first four coefficients of the theta series are listed, which for this level and weight
(dimension) are enough to determine the theta series completely (even norm 6
would suffice; see below). Claim a) is now naturally divided into the following
assertions:

(1) Each matrix A provides a lattice in the required genus, i.e. A is positive
definite, has even diagonal entries, detL = 77, and 7A−1 is again even
integral.

(2) The invariants
(a) short vectors
(b) successive minima
(c) automorphism order

have been computed correctly in each case.
(3) Matrices with equal invariants are non-equivalent under GLn(Z), i.e. be-

long to non-isometric lattices.
(4) The inverses of the 83006 automorphism orders in the list add up to the

known mass of the genus II14(7
+7), which is

5866363445756953

421382062080
.

See e.g. [ScHe98], Table 6.

Steps 1 and 4 can be considered as trivial. (The neighbor method takes care of
Step 1 anyway). Since the mass formula is used for verifying the completeness
of the list, it is crucial that Steps 2 (c) and 3 have been carried out correctly.
The computation of all “short” vectors in a lattice of not too large dimension is
a standard task for which many independent implementations are available, so
Step 2 (a) should be qualified as almost trivial. We do not have to argue about
Step 2 (b), since the result had originally been obtained without out the use of
successive minima. They were introduced into the computations to reproduce
the result using less computing time, and of course also to add more structure to
the list of lattices (see below). The essential parts of the verification are therefore
the correct computation of all automorphism groups, and a valid check that all
lattices in the list are non-isometric. For both tasks there is essentially only one
algorithm and implementation available, namely autom, respectively isom by B.
Souvignier [PlSo97]. We have carried out all computations in (finally) one job
of our program twoneighbors a.k.a. tn which uses autom and isom as essential
subroutines. The isometry test isom is invoked thousands or even millions of
times in each large job of tn; for most pairs of lattices it has to certify that
the construction of an isometry (essentially by backtracking) fails, for a small
proportion, but absolutely still a large number of pairs it has to construct an
isometry. Since tn is in use now for almost 20 years, see [ScHe98, tn, ScHe12],
and has computed hundreds of large genera in dimensions 8 to 20 (not mentioning
easy cases in smaller dimensions), we have good reason to trust its correctness
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and in particular the correctness of isom and autom. We close the proof of a) by
quoting a sample (but distinguished) entry from the tables in [Data]:

Lattice number 83006 (found as #74366)

&Dim = 14

&Gram=

6

3 6

-3 -3 6

-2 1 2 6

2 -1 -2 -2 6

1 2 -3 -2 2 6

-2 -3 1 1 -1 -3 6

-1 -2 3 2 -2 -2 1 6

-2 -1 3 2 0 -2 -1 2 6

2 1 0 -2 2 0 -3 -1 2 6

2 -1 -2 -2 1 0 2 -1 -2 -2 6

3 2 0 1 -1 0 0 1 -2 0 1 6

0 1 -2 -2 -1 0 1 -3 -1 -1 2 -2 6

0 -2 -1 -2 0 1 0 0 -2 -2 3 -1 0 6

Minimum: 6

Number of short vectors: 0 0 560 2394

Successive minima: 6 6 6 6 6 6 6 6 6 6 6 6 6 6

Automorphism order: 1008

Factored autom_order: 2^4 3^2 7^1

Assertion b) of the theorem is conveniently checked with Magma. One more-
over checks that the set MinL of minimal vectors splits into three orbits M1,
M2, M3 under the automorphism group (orthogonal group) O(L), of lengths
252, 252, 56.

Concerning c), it is trivial to verify (e.g. with Pari or Magma) from the def-
inition that the rank of perfection is 105, as claimed. As for eutaxy, one first
produces from the three orbits Mi the three symmetric, (semi)definite matrices
Ai :=

∑
x∈Mi

xt x. Here, L is identified with Zn = Zn×1, and correspondingly a

Gram matrix A is chosen. The the ansatz A−1 = t1A1 + t2A2 + t3A3 has a unique
solution, and all ti turn out to be positive.

As for the last claim, a necessary condition for perfection of a lattice is its
well-roundedness (i.e. its minimal vectors generate a sublattice of full rank). The
other well-rounded lattices in the genus (see also subsection 3.3) have minimum
4, and their theta series show that at most 49 pairs of minimal vectors occur;
thus, they are far from being perfect. (The largest occurring rank of perfection
is 41.)

Independently of the classification of the whole genus, we have also made an
attempt to apply the above-mentioned theory of Boris Venkov to our present
situation. More precisely, we have worked out and solved the system of inequal-
ities (depending on various parameters) set up in [BaVe01]. This deals with the
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following quantities, for a fixed, but in principle arbitrary lattice vector v ∈ L:

n2t,i(v) = card{x ∈ L | (x, x) = 2t, (x, v) = ±i}
n∗2t,i(v) = card{x ∈ L∗ | (x, x) = 2t/`, (x, v) = ±i}.

The system of linear equations and inequalities satisfied by these numbers de-
pends on the norm of the vector v ∈ L, on a chosen maximal value for t, on
the minimum of L, and of course on its dimension n and level `. For (n, `) =
(14, 7),minL = (v, v) = 6, 2t ≤ 8, there are essentially 15 indeterminates

n6,0, . . . , n6,3, n8,0, . . . , n8,4, n
∗
6,0, . . . , n

∗
6,2, n

∗
8,0, . . . , n

∗
8,2,

and it turns out that the system has exactly 6 non-negative even integral solu-
tions. The solution which belongs to the two large orbits of minimal vectors in
the existing lattice L14,7 (see above) is

(116, 236, 142, 64, 510, 860, 594, 288, 142, 356, 204, 0, 1284, 1084, 26),

the values for a vector v in the small orbit are.

(144, 180, 198, 36, 594, 720, 594, 288, 198, 344, 216, 0, 1368, 1008, 18).

Of particular interest is the value n∗6,2. It was first pointed out by G. Nebe that
the inner product between a minimal vector of L14,7 and a minimal vector of L∗14,7
is always 0 or ±1, in other words n∗6,2 = 0. Unfortunately, the inequalities do no
prove this: 3 of the 6 solutions have n∗6,2 = 2, and so far we could not rule these
out by additional arguments.

3. Properties of the genus II14(7
+7)

3.1. Theta series. We consider all relevant spaces of modular forms as defined
over the rationals. For any statement about their dimensions made in this paper
we refer to [Miy89, Magma, Sage]. We have performed all explicit computations
with Magma.

The theta series θL of the lattices L ∈ II14(7
+7) are members of the space

M7(7, ε) with nontrivial character ε. This space has dimension 5. Since not only
the level, but the genus is fixed, the θL are in fact elements of the 4-dimensional
subspace

M7(7
7, ε) := Qθ0 + S7(7, ε),

where θ0 = θL0 for an arbitrary, but fixed L0 ∈ II14(7
+7). We call this space

the genus space, belonging to the genus II14(7
+7). For this space, extremality

is definable, that is, every element is determined by the first 4 coefficients of its
q-expansion, and therefore a theta series θL, L ∈ II14(7+7) is known if the numbers
of vectors of norm ≤ 6 are known.

Here are some figures about the occurring theta series, giving some impression
how well they separate the lattices in II14(7

+7). The number of different theta
series is 1857. So overall there are about 43 lattice per theta series. But this
number does not tell much since the distribution is very uneven. For 711 theta
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series, there exists only one lattice. On the other hand, there are 30 clusters of
lattices with the same theta series which consist of at least 846 lattices. The
largest cluster has size 2697 and belongs to the theta series

θmf = 1 + 34q2 + 424q3 + 2428q4 + . . . .

The other 29 most frequent theta series are close to this one. More precisely, they
are subdivided into the following four intervals, each in a one-dimensional affine
subspace:

1 + (34 + 2t)q2 + (424− 8t)q3 + . . . , −4 ≤ t ≤ 5,
1 + (48 + 2t)q2 + (466− 8t)q3 + . . . , −3 ≤ t ≤ 3,
1 + 2q + (32 + 2t)q2 + (406− 8t)q3 + . . . , −3 ≤ t ≤ 3,
1 + 2q + (46 + 2t)q2 + (448− 8t)q3 + . . . , −4 ≤ t ≤ 1,

The first and the last interval are contained in the subspace M7(7, ε̃) of theta
series of modular lattices. The second and third belong to lattices which are
dual to each other, that is, are transformed into each other by

√
−1W7 (Fricke

involution). These “typical” theta series are of course close to the genus theta
series

θG =
1

massG

∑
L∈G

1

|O(L)|
θL = 1 + 171

292
q + 11115

292
q2 + 31304

73
q3 + . . .

≈ 1 + 0.59q + 38.1q2 + 429q3 + . . .

Most of the lattices belonging to the above theta series have a very small automor-
phism group (see below), so in addition to their frequency, they also individually
give a large contribution to the genus theta series.

Among the theta series far away from the genus theta series, one should in
addition to the extremal modular form mention its counterpart

1 + 126q + 756q2 + 2072q3 + 4158q4 + 7560q5 . . . ,

which belongs to the unique “anti-extremal” lattice with the largest number of
short vectors (of norm 2, 4, 6, or 8); in contrast, the number of norm 10 vectors
of this lattice is the smallest among all lattices in the genus. This lattice also the
largest automorphism group and will be described in the next subsection.

It is natural to call a lattice L formally modular if it θL ∈M7(7, ε̃). The total
number of formally modular lattices in II14(7

+7) is 38408, whereas the number of
modular lattices is only 6608.

3.2. Automorphism groups. For a positive definite lattice L, consider o(L) :=
|O(L)|. Since O(L) can be represented as a finite subgroup of GLn(Z), n = dimL,
the largest prime factor dividing o(L) is ≤ n+1, so ≤ 13 in our present situation.
There is a well-known general bound, going back to Minkowski (see [Bou72],
Exercices 6, 7 et 8 à Chap. III, §7, pp. 273, 274) on the order of a finite subgroup
of GLn(Z) which for n = 14 is equal to 225395372111131. This bound in fact gives
the lcm of all orders of finite subgroups of GLn(Z). The following Table 1 shows
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that the actual lcd of all o(L) for L ∈ II14(7+7) is 221385272. It is interesting to
note that half of this lcm is actually realized as a group order: There is an obvious
lattice in II14(7

+7) with automorphism group the Weyl group W (E7)×W (E7), of
order (210 · 34 · 5 · 7)2, namely the essentially unique even overlattice of index two
of the root lattice E7 ⊥ 7E7. (The left upper index of the second summand of
course denotes scaling; notice that the 2-part of the discriminant quadratic form
of E7 ⊥ 7E7 is hyperbolic, therefore the, claimed overlattice exists.)

The absence of elements of order 11 and 13 can be proved independently of
the enumeration of all classes in the genus, using the structure (integral normal
form) of automorphisms of prime order, (see [CuRe62], §74) which leads to a
contradiction to the action of the putative automorphism on the discriminant
group; since the order of the group SL7(F7) is not divisible by 11 or 13, this action
must be trivial. Similarly, the number of lattices admitting an automorphism of
order 7, respectively 5, is relatively small. In principle, it should be possible to
determine or at least estimate these cardinalities by developing a structure theory
of orthogonal integral representations of a cyclic group of prime order, but this
has not been worked out so far. The by far largest proportion of all automorphism
groups (71163 out of 83006) are 2-groups; the most frequent orders are 4 and 8,
and about 15.4 % of the lattices have the trivial automorphism group of order
2. (“Trivial”, since −id is always an automorphism.) A theorem by J. Biermann
[Bie81] says that when the determinant tends to infinity, but the dimension is
fixed, almost all lattices in a genus have trivial automorphism group, but this
effect is not yet clearly visible in our genus. The following two small tables
contain some more figures.

divisibility 22 | o 3 | o 5 | o 7 | o 11 | o 13 | o
# of cases 70108 11797 353 82 0 0

largest exponent 21 8 2 2 0 0

Table 1: Prime factors of the orders of automorphism groups

order 2 22 23 24 25 26 27 28 29

# of cases 12827 17238 16349 11484 6716 3467 1617 804 374

order 210 211 212 213 214 215 216 2≥17

# of cases 153 77 28 15 9 3 2 0

Table 2: 2-groups as automorphism groups

3.3. Successive minima. We call successive minimum (singular) of an n-dimen-
sional lattice the vectorm(L) = (m1,m2, . . . ,mn) ∈ Nn of its “successive minima”
in the usual sense. This means that mr is the smallest number such that there
exist r linearly independent lattice vectors of norm ≤ mr. In particular m1(L) is
the minimum of L, and the vectors of norm mn(L) generate a sublattice of finite
index. The entries of m = (m1,m2, . . . ,mn) are by definition non-decreasing, and
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the “successive minima” are by definition counted with multiplicity. Any lattice
possesses for every m ∈ N the characteristic sublattice

L(m) := 〈v ∈ L | (v, v) ≤ m〉 ⊆ L,

and if r = dimL(m), then mr = m, but mr+1 > m as long as r < n. So the num-
ber of distinct L(m), of dimension strictly between 0 and n, is equal to the number
of “jumps” in the vector m(L), and the multiplicity of some m in m is the differ-
ence of dimensions of two consecutive distinct sublattices L(m). Since typically
only few values, but with high multiplicity occur in a successive minimum, we
use the shorthand notation (486482) instead of (4, 4, 4, 4, 4, 4, 4, 4, 6, 6, 6, 6, 8, 8),
for example. For this m, we have dimL = 14, and the proper characteristic
sublattices L(4) and L(6) are of dimension 8 and 12, respectively. As mentioned
above, a lattice is called well-rounded if all its successive minima coincide.

Successive minima are of interest for several reasons. First of all, m(L) is an
invariant of the lattice L, whereas the diagonal elements ai of a reduced Gram
matrix for usable notions of reduction like LLL, are not an invariant. For the di-
mensions and levels considered in this paper, the mi are close to the respective ai.
In fact, one obviously has mi(L) ≤ ai, 1 ≤ i ≤ n for any basis of L, and a large
deviation is a hint that the reduction of the basis can be improved. An obvious
necessary condition for the existence of a Gram matrix, respectively basis with
mi(L) = ai of course is that L(mn) = L (i.e. L is generated by its “successive min-
imal vectors”). Clearly this is not always the case (the standard counterexample
is obtained by adjoining the vector (1

2
)n to the standard cubic lattice In = Zn),

but for dimensions like 14 these examples are still exceptional. A more sophisti-
cated potential obstacle is that L could be generated by its successive minimal
vectors (as one expects), but not posses a basis of successive minimal vectors.
This phenomenon occurs, but in small dimensions it is really exceptional (and
not much is known in higher dimensions, e.g. ≥ 14). In the case of true minimal
vectors, i.e. for well-rounded lattices of dimension ≤ 10, both problems have been
investigated exhaustively by J. Martinet and A. Schürmann; see [MaSc12] and
the references quoted there. The extension of their results to arbitrary integral
lattices seems to be open.

There is a second reason why we propose a more detailed study of successive
minima: We suspect that in the case of integral lattices, they are related to
arithmetic invariants of the genus, specifically to the level. The only general
result about the size of the successive minima seems to be Minkowski’s theorem
which says that their product is bounded by γnn detL, where γn is the Hermite
constant in dimension n. This leads to the following numerical invariant defined
for an arbitrary lattice in Euclidean space:

msm(L) =

(
n∏

i=1

mi(L)

)1/n

the mean-suc-min of L.
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There does not seem to exist an established name for this quantity, but is clear
that the geometric mean of the mi is the appropriate notion of the “mean” or
“average” (successive) minimum of a lattice. The proof of Minkowski’s result is
obtained by transforming the lattice (or its quadratic form) into a well-rounded
one, thereby reducing the problem to the definition of the Hermite constant.
Roughly speaking, this proof shows that the mean-suc-min is an invariant under
volume-preserving transformations, but not a metric invariant. As a more refined
question, obviously relevant for practical computations, one could ask for good
upper bounds on the largest successive minimum mn(L). This makes sense if
the minima of the considered lattices are all bounded from below, in particular
for integral lattices, where m1 ≥ 1. The case of the lattice with an orthogonal
basis and mi = 1 for 1 ≤ i ≤ n − 1 shows that naively (but in accordance with
Minkowski’s theorem) mn can only be estimated by detL, but not by any smaller
power (detL)ε, ε < 1. We suspect that there exist better estimates, namely
in terms of the level, rather than the determinant. This would be of obvious
relevance for p-elementary even lattices, where detL = pt for some t ∈ {1, . . . , n},
but the level is just p. As a paradigm for this speculation we mention the case of
lattices with an orthogonal basis and prime power determinant, where obviously
mn and the level coincide. As an invariant related to mn, but unchanged under
scaling, we introduce

spread(L) := mn(L)/m1(L) = mn(L)/min(L) the spread of L.

Notice that the well-rounded lattices are characterized by either of the equalities
spread(L) = 1 or minL = msm(L).

We will now give an overview of the distribution of successive minima m(L)
that actually occur for lattices L ∈ II14(7+7). In total, 242 vectors m of successive
minima occur. Many of them are rare, in particular, for 47 among them, there
exists only one lattice. Others are very frequent; the 8 most frequent successive
minima already cover 53025 lattices. They are shown in the following Table 3.

successive minimum (41262) (41163) (2141063) (41361)

mean-suc-min 4.24 4.36 4.15 4.12

# of cases 11168 8959 7031 6401

(2141162) (214964) (41064) (214865)

(cont.) 4.03 4.27 4.49 4.40

5598 5558 4802 3508

Table 3: The most frequent successive minima of lattices in II14(7+7)

The mean-suc-mins vary from 2.83 to 6, but are pretty much concentrated
around their mean value, which is approximately 4.224. Notice that the msm of
a rectangular (diagonalizable) lattice in our genus would be (detL)1/n =

√
7 ≈

2.646. Assuming the existence of a basis of successive minimal vectors, (detL)1/n
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would be a general lower bound (by Hadamard’s inequality), but we are not
aware of a statement in the literature that this estimate is true in general. In our
genus, a diagonalizable lattice of course does not exist since the lattices are even,
with odd determinant. The finest decomposition that occurs is an orthogonal
decomposition into 7 two-dimensional lattices, each with determinant 7, which
are obviously unique. This maximally decomposable lattice in II14(7

+7) has msm√
8 which is the above mentioned smallest occurring value, and it is the unique

lattice with this msm. Table 4 shows the successive minima with the six smallest
values of the mean-suc-min.

successive min. (2747) (274463) (274364) (24410) (254762) (264464)

mean-suc-min 2.83 3.09 3.18 3.28 3.31 3.34

# of cases 1 1 1 1 3 5

Table 4: Smallest values of the mean-suc-min of lattices in II14(7+7)

Lattices with large msm are equally rare. There are only very few which at least
come sort of close to the value of the extremal lattice. The successive minima
with the six largest occurring msm’s are contained in Table 5.

successive min. (614) (41613) (2161281) (42612) (43611) (44610)

mean-suc-min 6.00 5.83 5.66 5.66 5.50 5.34

# of cases 1 1 1 1 1 1

Table 5: Largest values of the mean-suc-min of lattices in II14(7+7)

We finally come to the equally exceptional cases where the largest successive
minimum m14(L) is large. Table 6 presents all successive minima with m14 ≥ 10;
these are also all cases with spread ≥ 5 (or > 4). Notice that there only 18
such lattices, only one with m14 = 12, and none with m14 > 12. The value 12
is attained by the lattice with root sublattice E7 ⊥ 7E7 mentioned above, which
possesses also the unique automorphism group of largest order among all lattices
in II14(7

+7).

successive min. 27127 2642106 28106 264261105 2643105 254362104

mean-suc-min 4.90 4.40 3.99 4.24 4.12 4.30

# of cases 1 1 1 1 2 1

254461104 264361104 2248104 2446104 2545104

4.18 3.97 4.71 4.26 4.06

2 1 1 4 3

Table 6: Successive minima of the lattices in II14(7+7) with spread ≥ 5

To complete this subsection, we want to state the proportion of well-rounded
lattices on our genus: there are precisely 872 ∼ 1.05% of them with minimum
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4 (and one with minimum 6, none with minimum > 6, see Section 4). As was
remarked earlier, none of the well-rounded lattices with minimum 4 is perfect.

Acknowledgment. In the course of his diploma thesis, Timm Ziarnetzky has provided
an efficient implementation of the successive minima of a lattice, and has accomplished the
corresponding modifications of the program tn. They make use of the Gnu Scientific Library
[GSL].

3.4. Further remarks on the computations. The computational effort which
is needed to enumerate a complete genus of lattices depends essentially on two
basic parameters, the dimension n of the lattices and the number of classes h in
the genus. The dimension has strong influence on the effort that one has to spend
on each single lattice, or pair of lattices, but it is also the main parameter that
makes class numbers grow; so it has a multiple effect on the total costs. The case
treated in this paper is close to the limits of what can be achieved at present: for
smaller and eventually very small (and therefore very rare) class numbers, one
could go up to slightly higher dimensions like 20, on the other hand, for smaller
dimensions like 8, class numbers up to say one million appear accessible. But
by and large these combinations (n, h) describe the limits for feasible problems.
Having our specific genus II14(7

+7) in mind, we want to explain now in more
detail what the actual computational tasks are, and what has to be done to be
successful.

The computing time that our program tn uses to construct a complete genus
of lattices is essentially controlled by two parameters:

(1) the number of “candidates” one has to touch until all lattices are found;
(2) the average amount of time that is needed to handle one candidate L; this

is subdivided into
(a) the average time needed to compute the invariants of the candidate;
(b) the average number of candidates L′ with which L must be directly

compared;
(c) the average time needed for one comparison (isometry test) (L,L′).

By “candidate”, we understand a neighbor of an already known lattice at the
moment when it is generated (i.e. its Gram matrix is written down). For each
candidate, one must decide whether it is isometric to one of the lattices in the list
of already known lattices, in which case it will be deleted; otherwise, it is added
to the list.

We first give some comments on parameter (2). The invariants mentioned in
(2a) are in any case the “shells”, that is, the numbers of lattice vectors up to
some appropriately chosen bound; this computation is fast, and for small level
one should choose the bound such the computed numbers determine the theta
series completely; see above. Further invariants which we use by default are
the successive minima, which, if properly implemented, produce hardly any extra
costs, and the orders of the automorphism groups. The latter are more expensive,
and the time needed depends strongly on the respective lattice.
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Parameter (2b) comes up as follows: The already known lattices are kept in
an ordered list, where the ordering comes from a total (lexicographic) order of
the invariants. This list is naturally subdivided into “clusters”, where a cluster
consists of all lattices with the same invariants. For every candidate L , one first
has to find the position of its invariants in the list. This happens by ordinary
binary search, the time needed for this can be neglected. If the invariants are
new, L becomes a new lattice. Otherwise, the isometry of L with all lattices L′

with the same invariants must be tested one by one. The number of these tests
is equal to the size of the respective cluster of lattices if L is new, and otherwise
about half of this number.

As for Parameter (2c): every single isometry test is about as expensive as com-
puting the invariants of one lattice, including the automorphism group. Therefore
it is of crucial importance that the clusters are as small as possible, i.e. that the
lattices in the genus are well separated by the invariants. In very large genera,
this is not possible any more: the “random” or “generic” lattices in a very large
genus all look similar, with about the same theta series (see subsection 3.1), about
the same successive minima (subsection 3.3), and very small, eventually trivial
automorphism group (subsection 3.2).

In the genus II14(7
+7), the separation by invariants can be summarized as fol-

lows. The total number of different (tuples of) invariants is 14553. Most of the
clusters are small: 8845 invariants determine their lattice uniquely, for 10802
invariants, there are at most two lattices, for 12525 there are at most five. For
the complexity of the computation, however, the relatively few large clusters and
their sizes matter. The ten largest clusters of lattices with equal invariants are
as follows:

frequency theta series succ. minima aut. order

599 1 0 34 424 2428 41262 2

579 1 0 36 416 2430 41262 2

552 1 0 32 432 2426 41163 2

529 1 0 38 408 2432 41262 2

523 1 0 34 424 2428 41163 2

517 1 0 32 432 2426 41262 2

492 1 0 36 416 2430 41163 2

462 1 0 30 440 2424 41163 2

423 1 0 38 408 2432 41163 2

407 1 0 40 400 2434 41262 2

Table 7: The most frequent invariants of lattices in II14(7+7)

In this small table, only the trivial automorphism group occurs. This is slightly
misleading: if we look for example at all clusters of size at least 50, there are
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303 of them, and groups of orders 4, 8, 16 (and some others) do play a role.
Similarly, further successive minima occur. See [Data] for the complete table
of all invariants and their frequencies. Comparing these frequencies with the
figures presented above in 3.1, we can summarize the discussion by stating that
the use of successive minima and automorphism orders brings down the size
of the large clusters of lattices with equal theta series to roughly one fifth of
their size. The successive minima and the automorphism orders are sufficiently
independent of the theta series, and independent of each other, to achieve this
significant improvement.

The average computing time used per candidate (Parameter (2) as described
above) is about 0.17 seconds. The computation of one automorphism group in
almost all cases takes less than 0.01 seconds, only in very few, exceptional cases
more than 0.1 seconds are needed.

We now come to parameter (1) which is of a different nature. Optimizing (i.e.
minimizing) it amounts to set up a good search strategy: how should one choose
the next “father” on order to exhaust the whole neighbor graph as quickly as
possible. The term “father” refers to the general strategy that for some chosen
lattice from the list of already known lattices (the current “father”), one “ex-
pands” this father completely, that is, one computes all its neighbors and uses
them as candidates for new lattices, before one selects the next father. From
a theoretical point of view, the question of how to chose the next father (tak-
ing into account the history of the computation up to this point) is wide open.
On the other hand, as experiments show, it is of great significance for the ac-
tual computing time. We shall report about recent progress on this question in
[ScHe12]. Concerning our present case, 1537 fathers were needed, giving rise to
about 1.8 · 106 candidates (roughly all neighbors of all fathers), until the last lat-
tice was found. This means that less than 2 % of the total number of nodes of the
neighbor graph were needed so that their neighborhoods cover the whole graph.
We have achieved this by using a search strategy of the type “next-lattice-fewest-
neighbors”. Another search option favors lattices with large minimum. It leads
to a completely different behavior of the program with the advantage that the
extremal lattice is found as lattice #999 in less than half a minute, starting from
the unique lattice which is fully decomposable into binary lattices as a natural
representative of the genus. On the other hand, this strategy is not suitable to
enumerate the whole genus in acceptable time.

We close with some technical details. The computer job that actually led to
the published data was executed on a compute server with AMD Opteron Type
8220 processors, base speed 2800 Mhz, operating under Linux Ubuntu 10.04.4 64-
bit, using our own C-source code compiled with gcc 4.3 / 4.4. The total running
time was just under 88 hours. Only 426 MB of main memory were used; here we
see one major advantage of self-programmed stand-alone programs, as compared
to the use of general algebra systems. In our present computation, we used the
original autom and isom by B. Souvignier [PlSo97] with depth-parameter 1; it
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would certainly be rewarding to incorporate also into tn the recent advances
in isometry testing that have been introduced into Magma in Version V2.18-2,
December 2011.
Acknowledgment. I am indebted to all people involved in the computer administration and
maintenance of our department. Special thanks go to Sven Buijssen for continuous support and
immediate response to all kinds of questions.

4. Weakening the condition of extremality

The notion of extremality of modular forms and lattices recalled in Section
1 leaves some degree of freedom since it is relative to a space of modular forms
M⊆Mk(`, ε) which has to be specified. Since we are always dealing with lattices
in a fixed genus G, it is natural to require that the space S :=M∩Sk(`, ε) of cusp
forms inM should be of codimension 1 inM. Assuming this, it is a property of
S, rather than M, whether extremality is definable or not. The largest possible
choice would be S = Sk(`, ε) and correspondinglyM =MG = CθG +Sk(`, ε) the
genus space introduced above. Although this space often has the desired property,
it is in general not a good choice since it does not reflect the determinant of the
genus and often would predict a wrong (for instance, for modular genera too
large) minimum. The following results suggest that this drawback of the concept
of extremality can be avoided or at least reduced by explicitly imposing positivity
conditions on the modular forms in question.

4.1. Dimension 14. The uniqueness of the extremal lattice in II14(7
+7) holds

without the assumption of modularity, and moreover only about 8 % of the
lattices in II14(7

+7) are modular. Therefore it is tempting to identify the extremal
modular form inside a larger space of of modular forms, not using the assumption
of modularity. This is indeed possible: independently of the list of lattices from
Theorem 1 one can show the following:

Proposition 2. Any lattice L in the genus II14(7
+7) has minimum at most 6. If

the minimum is equal to 6, then θL is the extremal modular form F7,7 ∈M7(7, ε̃),
that is, as stated in Theorem 1.

Proof: We consider all relevant spaces of modular forms defined over the
rationals, say. The theta series are elements of M := Qθ0 + S7(7, ε), where
θ0 = θL0 for an arbitrary, but fixed L0 ∈ II14(7+7). This space has dimension 4,
since S7(7, ε) has dimension 3 (the group Γ0(7) has two cusps). Let W :M→M
be the linear map inducing θL 7→ θL\ (that is, the Fricke involution multiplied
with the appropriate factor, see Section 1). For the following computation, one
chooses (more or less randomly) two lattices L1, L2 with W (θLi

) = θLi
(e.g.

modular lattices), and two further lattices L3 and L4 = L\
3, such that the theta

series of the Li, i = 1, . . . , 4 are linearly independent and thus form a basis of
M. The theta series of lattices with minimum ≥ 6 lie in the 2-dimensional
subspace defined by a1(F ) = a2(F ) = 0 (coefficients of the q-expansion); in fact
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they lie in a one-dimensional affine subspace. Moreover, they must satisfy the
linear inequalities ai(W (F )) ≥ 0 for all i. Using these inequalities for i = 1, 2, 3, 4
together with a1 = a2 = 0 gives a unique solution, namely the extremal modular
form F7,7. The computations are conveniently carried out with [Magma]. �

In M, extremality is definable, and the proof in particular shows that the
extremal modular form in M cannot be a theta series. It is anyway clear that
no lattice with minimum 8 can exist in II14(7

+7), since its sphere packing density
(center density) would exceed the existing bound.

The above result, as well as the analogous proposition in the next subsection,
has been partly inspired by a paper of Nebe and Venkov [NeVe96], where for the
first time the non-existence of certain extremal lattices had been proved without
the assumption of modularity.

4.2. Dimension 16. Going up from dimension 14 to dimension 16, the mass of
the genus of 7-modular lattices is

mass(II16(7
+8)) =

1363705009757984914228549111

970864271032320000
∼ 1404629926.599 ∼ 1.4 · 109.

We do not expect to ever see the full classification of this genus. Therefore, it is
essential to have a priori restrictions on the lattices, derived from the theory of
modular forms. In this spirit, we prove the following:

Proposition 3. The largest possible minimum of a lattice in the genus II16(7
+8)

is 6. The theta series of such a lattice is uniquely determined and equal to the
extremal modular form

F8,7 = 1 + 480q3 + 3360q4 + 15840q5 + 55200q6 + . . . .

The proof is completely analogous to the proof of Proposition 2. Here the sit-
uation is technically even simpler, since both characters ε and ε̃ are trivial, so we
have ordinary modular forms, and we can directly use existing implementations
of the Fricke involution on spaces Mk(`). The dimensions 5, 3 (cusp forms) and
4 (genus space) are as above.

Notice that the center density of a lattice of dimension 16, minimum 8 and
determinant 78 would be (2/

√
7)8 ≈ 0.1066, which is larger than the center

density 2−4 of the Barnes Wall lattice, but still below the current bound 0.11774.
So we really have to use modular forms to exclude the possibility of such a lattice.

In the 4-dimensional genus space M = M8(7
8), extremality is definable, and

the extremal modular form is

FM = 1 + 2400q4 + 144000q5 + 60000q6 + 168480q7 + · · · .

As we have just seen, this form is not a theta series, but it has non-negative
coefficients “as far as one can see”. One could ask for a proof, and then for an
interpretation of this property; see [BoSc12] for the somewhat similar case of
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the Fricke group of level 2. See [CLR97] for a direct computational approach to
modular forms with non-negative integral coefficients.
Acknowledgment. The results of this section, and the results mentioned at the end of section
2, are joint work with Michael Jürgens and will be pursued further in his own work.
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Software and data

[Data] R. Scharlau: The lattices in the genus II14(7+7)
www.mathematik.tu-dortmund.de/∼scharlau/tables-and-data

[GSL] GSL - GNU Scientific Library,
www.gnu.org.de/software/gsl

[Lattices] G. Nebe, N.J.A. Sloane: A Catalogue of Lattices,
www.math.rwth-aachen.de/∼Gabriele.Nebe/LATTICES

[Magma] W. Bosma, J. Cannon, C. Playoust, The Magma algebra system I: The user language,
J. Symbolic Comput. 24 no. 3/4 (1997), 235–265. www.maths.usyd.edu.au/magma

[Sage] www.sagemath.org

[tn] B. Hemkemeier et. al.: Twoneighbors.
Available from the author.
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mund, Germany
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