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Chapter 1
Getting Started

In this chapter, we start with a brief introduction to numerical simulation of transport
phenomena. We consider mathematical models that express certain conservation
principles and consist of convection-diffusion-reactionequations written in integral,
differential, or weak form. In particular, we discuss the qualitative properties of
exact solutions to model problems of elliptic, hyperbolic,and parabolic type. Next,
we review the basic steps involved in the design of numericalapproximations and
the main criteria that a reliable algorithm should satisfy.The chapter concludes with
an outline of the rationale behind the scope and structure ofthe present book.

1.1 Introduction to Flow Simulation

Fluid dynamics and transport phenomena, such as heat and mass transfer, play a
vitally important role in human life. Gases and liquids surround us, flow inside our
bodies, and have a profound influence on the environment in which we live. Fluid
flows produce winds, rains, floods, and hurricanes. Convection and diffusion are re-
sponsible for temperature fluctuations and transport of pollutants in air, water or soil.
The ability to understand, predict, and control transport phenomena is essential for
many industrial applications, such as aerodynamic shape design, oil recovery from
an underground reservoir, or multiphase/multicomponent flows in furnaces, heat ex-
changers, and chemical reactors. This ability offers substantial economic benefits
and contributes to human well-being. Heating, air conditioning, and weather fore-
cast have become an integral part of our everyday life. We take such things for
granted and hardly ever think about the physics and mathematics behind them.

The traditional approach to investigation of a physical process is based on ob-
servations, experiments, and measurements. The amount of information that can
be obtained in this way is usually very limited and subject tomeasurement errors.
Moreover, experiments are only possible when a small-scalemodel or the actual
equipment has already been built. An experimental investigation may be very time-
consuming, dangerous, prohibitively expensive, or impossible for another reason.

1



2 1 Getting Started

Alternatively, an analytical or computational study can beperformed on the basis
of a suitable mathematical model. As a rule, such a model consists of several differ-
ential and/or algebraic equations which make it possible topredict how the quanti-
ties of interest evolve and interact with one another. A drawback to this approach is
the fact that complex physical phenomena give rise to complex mathematical equa-
tions that cannot be solved analytically, i.e., using paperand pencil.

The most detailed models of fluid flow are based on ‘first principles’, such as the
conservation of mass, momentum, and energy. Mathematical equations that embody
these fundamental principles have been known for a very longtime but used to be
practically worthless until numerical methods and digitalcomputers were invented.
The second half of the twentieth century has witnessed the advent ofComputational
Fluid Dynamics(CFD), a new branch of applied mathematics that deals with numer-
ical simulation of fluid flows. Nowadays, computer codes based on CFD models are
used routinely to predict a variety of increasingly complexflow phenomena.

The quality of simulation results depends on the choice of the model and on the
accuracy of the numerical method. In spite of the inevitablenumerical and modeling
errors, approximate solutions may provide a lot of valuableinformation at a fraction
of the cost that a full-scale experimental investigation would require. Moreover, the
sampling of relevant data is free of errors due to a flow disturbance caused by probes.
A further advantage of the computational approach is the fact that it can be applied to
flows in domains with arbitrarily large or small dimensions under realistic operating
conditions. High pressures, toxic chemicals or hot temperatures pose no hazard to
a CFD practitioner. Last but not least, simultaneous computation of instantaneous
density, velocity, pressure, temperature, and concentration fieldsis feasible. Clearly,
no experimental technique can capture the evolution of all flow variables throughout
the domain. However, experiments are still required to determine the values of input
parameters for a mathematical model and to validate the computational results.

The choice of a CFD model is dictated by the nature of the physical process to be
simulated, by the objectives of the numerical study, and by the available resources.
As a rule of thumb, the mathematical model should be as detailed as possible with-
out making the computations too expensive. The use of a universally applicable
model makes it difficult to develop and implement an efficientnumerical algorithm.
In many cases, the desired information can be obtained usinga simplified version
that exploits somea priori knowledge of the flow pattern or incorporates empiri-
cal correlations supported by theoretical or experimentalstudies. Thus, a hierarchy
of fundamental, phenomenological, and empirical models isusually available for
particularly difficult problems, such as the numerical simulation of turbulence.

Over the past three decades, the market for CFD software has expanded rapidly,
and remarkable progress has been made in the development of numerical algo-
rithms. An astonishing variety of finite difference, finite element, finite volume, and
spectral schemes were developed for the equations of fluid mechanics and applied
to virtually every flow problem of practical importance. Modern CFD codes are
equipped with automatic mesh generation/adaptation tools, reliable error control
mechanisms, and efficient iterative solvers for sparse linear systems. Unstructured
mesh methods are available for flows in complex geometries. Problems with moving
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boundaries and free interfaces can be solved in a fixed or moving reference frame.
Parallelization and vectorization make it possible to perform large-scale computa-
tions with more than a billion of degrees of freedom. The rapid growth of comput-
ing power has stimulated implementation of sophisticated models and extended the
range of possible applications to problems as complex as turbulent multiphase flows
and fluid-structure interaction. Nowadays, 3D simulationsof unsteady transport pro-
cesses can be performed on a laptop or desktop computer, whereas supercomputers
were required to simulate steady 2D problems a couple of decades ago.

If something sounds too good to be true, it probably is. In spite of the above-
mentioned recent advances, there is still a lot of room of improvement when it
comes toreliable simulation of transport phenomena. The user of a commercial
CFD code might be unaware of the numerous subtleties, trade-offs, compromises,
andad hoctricks involved in the computation of beautiful colorful pictures. Usu-
ally, there is no guarantee that these pictures are quantitatively correct. If the same
problem is solved using another mesh, another time step, and/or another numerical
scheme, then a qualitatively different solution may be obtained. Hence, the results of
a CFD simulation should not be taken at their face value even if they look ‘nice’ and
plausible. In other cases, the approximate solution may exhibit spurious oscillations
and/or assume nonphysical negative values. This behavior is typical of problems
with discontinuities and steep fronts that cannot be resolved properly on a given
mesh. Therefore, it might be necessary to refine the mesh and/or adjust the coeffi-
cients of the numerical scheme if nonphysical solution behavior is detected. Ideally,
the numerical algorithm should do it automatically by adapting itself to the nature
of the problem at hand so as to compute accurate solutions in an efficient way. The
goal of this book is to present a general approach to the design of such algorithms.

1.2 Mathematics of Transport Phenomena

In Part I, we dwell on the numerical treatment of differential equations that govern
the evolution of scalar fluid properties. The derivation of these equations is usually
based on certain conservation principles, as applied to an arbitrary control volume
V ⊂ R

d, whered = 1,2, or 3 is the number of space dimensions. If the fluid is in
motion, it may flow in and out across thecontrol surface Swhich forms the boundary
of V, see Fig. 1. Individual molecules may travel across the interface even if the fluid
is at rest. Therefore, the physical and chemical propertiesof the fluid insideV are
influenced by those of the surrounding medium. Moreover, some quantities, such
as mass, momentum, and energy, areconserved. That is, they may move from one
place to another but cannot emerge out of nothing or disappear spontaneously. The
physical forces that transport, produce or destroy these quantities are well-known,
and reliable mathematical models are available. Thus, conservation principles can
be expressed in terms of differential equations that describe all relevant transport
mechanisms, such asconvection(also calledadvection), diffusion, anddispersion.
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1.2.1 Conservation Principles

Letc(x, t)∈R denote the concentration (amount per unit mass) of a scalar conserved
quantity at pointx ∈V and timet ≥ 0. The corresponding concentration per unit
volume is given byu = ρc, whereρ is the density of the carrier fluid. The total
amount of the conserved variable insideV is given by the volume integral

∫

V
u(x, t)dx =

∫

V
ρ(x, t)c(x, t)dx. (1.1)

We will call this integral themassand speak of mass conservation even ifc repre-
sents the energy, a single velocity component, or another dimensional quantity.

Obviously, the variation of (1.1) depends on the rate at which c enters or leaves
V through the boundaryS. This rate is called thefluxand denoted by

f(x, t) = ( f 1, . . . , f d),

where f k corresponds to the rate of transport in thek−th coordinate direction, per
unit area and time. Ifds= nds is an infinitesimally small patch ofS with the unit
outward normaln, then the mass crossing this patch per unit time isf ·nds.

In the simplest case, the flux vectorf is a linear function ofu and/orρ∇c, where

∇ =

(

∂
∂x1

, . . . ,
∂

∂xd

)T

is the vector of partial derivatives that defines the gradient and divergence operators.
Chemical reactions, heating, cooling, and similar processes give rise to interior

sources or sinks that generates(x, t) units of mass per unit volume and time. Thus,
the temporal variation of (1.1) satisfies an integral conservation law of the form

∂
∂ t

∫

V
u(x, t)dx+

∫

S
f ·nds=

∫

V
s(x, t)dx. (1.2)

Fig. 1.1 A fixed control volumeV bounded by the control surfaceS.
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The surface integral is the mass that leavesV per unit area and time, whereas the
right-hand side of (1.2) corresponds to the mass produced insideV per unit time.

If the functionsu(x, t) andf(x, t) are differentiable, then the divergence theorem,
as applied to the surface integral in (1.2), yields the identity

∫

V

[

∂u(x, t)
∂ t

+∇ · f(x, t)−s(x, t)
]

dx = 0.

Since the choice ofV is arbitrary, the expression in the square brackets must vanish,
so the evolution ofu(x, t) is governed by the partial differential equation (PDE)

∂u(x, t)
∂ t

+∇ · f(x, t) = s(x, t). (1.3)

If the divergence theorem is applicable, thisdifferential formof the conservation
law is equivalent to the underlyingintegral form(1.2). However, the latter is more
fundamental since it does not contain any space derivatives. If the flux f(x, t) does
not depend on the gradients ofc, then the generalized solution may exhibit very
steep gradients or even discontinuities. Such solutions satisfy (1.2) but not (1.3)
since discontinuous functions are not differentiable in the classical sense.

1.2.2 Convective and Diffusive Fluxes

The modeling of the flux functionf should reflect the nature of the involved transport
processes. Convective effects arise when fluids flow and transport the quantities
of interest downstream. For example, consider a horizontalpipe filled with water
which flows from left to right at constant speed. In experimental studies, the flow
pattern is commonly visualized by tracking a set of small tracer particles which are
convected with the flow as time goes on. Suppose that some particles are white,
while others are black. The distribution of particles at time t = 0 is displayed in
Fig. 1.2a. Since the water is in motion, it carries the suspension of tracer particles
towards the outlet. If we keep injecting black particles at the left end of the pipe,

(a)

(b)

Fig. 1.2 Transport of tracer particles in a pipe filled with moving water.
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a snapshot of the particle distribution at a later timet > 0 might look as depicted
in Fig. 1.2b. Similarly, if we vary the temperature of the water at the inlet, this will
affect the temperature distribution inside the pipe and, eventually, at the outlet. This
effect is utilized in many heating and cooling devices that we use in everyday life.

Mass and heat may also be transported from one place to another by diffusion or
heat conduction, respectively. Random molecular motion induces diffusive fluxes
even if the fluid is at rest. To illustrate this process, consider a tank filled with liquid
in which two distinct chemical species are dissolved. In Fig. 1.3, the black and
white circles represent the molecules of speciesA andB, respectively. Initially, these
species are separated by a diaphragm that divides the tank into two parts (Fig. 1.3a).
When the diaphragm is removed, some white molecules may crossthe interface
and end up in the left half of the tank. Conversely, black onesmay travel in the
opposite direction and end up in the right half (Fig. 1.3b). After a certain time, the
mixture will become homogeneous, and each half of the tank will contain the same
number of black and white molecules (Fig. 1.3c). In the context of central heating,
convection transports hot water into the radiator but heat transfer inside the room is
of a diffusive nature since it is driven primarily by the temperature gradients.

(a) initial state (b) intermediate state (c) equilibrium state

Fig. 1.3 Random motion of molecules across an interface in a stationary liquid.

In general, the transport of conserved quantities from regions of high concen-
tration into regions of low concentration may be caused by random molecular mo-
tion or turbulence. Molecular diffusion represents the natural tendency of a physical
system towards an equilibrium, whereas turbulent dispersion is due to unresolved
eddies that enhance the macroscopic mixing rate. The corresponding mathematical
models look the same but the coefficients differ by orders of magnitude. In what
follows, both molecular and turbulent mixing will be referred to as ‘diffusion.’

Let us now describe the above transport processes in terms offormulas rather
than words. Assume that the velocity fieldv(x, t) is known. The volume of fluid that
crosses an infinitesimally small patchds= nds during a short time interval dt is

dV = (v ·nds)dt.
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Sinceu= ρc is the mass of a conserved quantity per unit volume, the amount of
mass transported in the normal directionn per unit area and time is given by

udV
dsdt

= (v ·n)u.

If n is taken to be the unit vector along the coordinate directionxd, the above ex-
pression yields thed−th component of the convective flux

fC = v(x, t)u. (1.4)

Since diffusion-like processes are driven by the gradientsof the concentration
field, a typical model for the corresponding flux vector is as follows

fD =−D(x, t)ρ∇c, (1.5)

whereD = {di j } is a symmetric positive definite matrix of diffusion coefficients. If
D = dI, whereI is theD×D identity matrix, then the scalar diffusivityd(x, t)> 0
is the same for all coordinate directions, and the diffusiveflux reduces to

fD(x, t) =−d(x, t)ρ∇c. (1.6)

In the realm of mass and heat transfer, this definition offD follows from Fick’s law
of mass diffusion andFourier’s lawof heat conduction, respectively.

In general, both convective and diffusive effects must be taken into account, so

f(x, t) = v(x, t)u−D(x, t)ρ∇c. (1.7)

However, the rates of convective and diffusive transport may be quite different. For
example, the transport of pollutants in a river is dominatedby convection, whereas
the spreading of pollutants in a lake is dominated by diffusion (dispersion).

The relative strength offC andfD can be expressed in terms of thePeclet number

Pe=
v0L0

d0
, (1.8)

wherev0 is a reference velocity,L0 is a geometric length scale, andd0 is a diffusion
coefficient. The dimensionless Peclet number is infinite in the limit of pure convec-
tion (f = fC, D = 0) and vanishes in the limit of pure diffusion (f = fD, v = 0).

1.2.3 The Generic Transport Equation

Substitution ofu= ρc and (1.7) into (1.3) yields thegeneric transport equation

∂ρc
∂ t

+∇ · (vρc)−∇ · (Dρ∇c) = s. (1.9)



8 1 Getting Started

The terms that appear in this equation admit the following physical interpretation

• the rate-of-change term∂ρc
∂ t is the net gain/loss of mass per unit volume and time;

• the convective term∇ · (vρc) is due to the downstream transport with velocityv;
• the diffusive term−∇ · (Dρ∇c) is due to a nonuniform spatial distribution ofc;
• the source or sink termscombines all other effects that create or destroyρc.

For the time being, we assume that the parametersρ , v, D , andsare known. In real-
life applications, they may depend on the concentrationc and/or other variables.

In particular, conservation laws of the form (1.9) constitute theNavier-Stokes
equations, in which the conserved variables are the mass, momentum, and total
energy. The simplest component of this PDE system is thecontinuity equation

∂ρ
∂ t

+∇ · (ρv) = 0 (1.10)

which is responsible for mass conservation and correspondsto (1.9) withc≡ 1 and
s= 0. Note that the diffusive term vanishes since the gradient of c is zero. If viscosity
and heat conduction are neglected, then the Navier-Stokes equations reduce to the
Euler equationsthat describe inviscid gas flows at high speeds. Advanced CFD
models based on the Euler and Navier-Stokes equations will be treated in Part II.

The common structure of mathematical models which are basedon (systems of)
scalar conservation laws of the form (1.9) suggests a systematic approach to analy-
sis, discretization, and coding. This strategy facilitates the development, implemen-
tation, and testing of numerical methods for advanced CFD applications. In addition
to the conceptual and algorithmic simplicity, it offers a simple way to investigate the
solution behavior in important limiting cases (steady state, pure convection, pure
diffusion etc.) and design simple test problems that can be solved analytically.

The generic transport equation (1.9) can also be written in terms ofu= ρc. If the
densityρ is constant or the velocity is redefined asv := v+(D∇ρ)/ρ , then (1.9) is
aconvection-diffusion-reaction(CDR) equation for the mass variableu

∂u
∂ t

+∇ · (vu)−∇ · (D∇u) = s. (1.11)

This equation and some simplifications thereof will serve asbasic models in Part I.
If the velocity fieldv is incompressible, that is,∇ ·v = 0, then the vector identity

∇ · (vu) = v ·∇u+(∇ ·v)u (1.12)

makes it possible to write the left-hand side of (1.11) in thenondivergent form

∂u
∂ t

+v ·∇u−∇ · (D∇u) = s. (1.13)

Another possibility is to take the average of (1.11) and (1.13), which gives a skew-
symmetric form of the convective term. All three formulations are equivalent for
divergence-free velocity fields but only (1.11) is conservative for ∇ ·v 6= 0.
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1.2.4 Initial and Boundary Conditions

The same differential equation may describe an amazing variety of flow patterns, so
some additional information is required to complete the problem statement. In prac-
tical applications, the processes to be investigated take place in a concrete geometry
(e.g., in turbines, chemical reactors, heat exchangers, car engines etc.) during a finite
interval of time. The choice of the domain and of the time interval to be considered
is dictated by the nature of the problem at hand, by the objectives of the analytical
or numerical study, and by the available resources. Anotherimportant aspect is the
choice of initial and/or boundary conditions that lead to a well-posed problem.

Let Ω ⊂ R
d be a bounded domain and(0,T) be the time interval of interest. In

general, the boundaryΓ of Ω may consist of an inflow partΓ− = {x ∈Γ |v ·n < 0},
an outflow partΓ+ = {x ∈ Γ |v ·n > 0}, and a solid wallΓ0 = {x ∈ Γ |v ·n = 0},
wheren denotes the unit outward normal to the boundary at the pointx ∈ Γ .

Since the CDR equation contains a time derivative, it must besupplemented by
an initial condition that defines the distribution of mass att = 0

u(x,0) = u0(x), ∀x ∈ Ω . (1.14)

Furthermore, the fluid insideΩ interacts with the surrounding medium, so it is also
necessary to prescribe suitable boundary conditions onΓ . If the values ofu are
known onΓD ⊂ Γ , they can be imposed asDirichlet boundary conditions

u(x, t) = uD(x, t), ∀x ∈ ΓD, ∀t ∈ (0,T). (1.15)

As a rule, this boundary condition is used at the inletΓ− and/or on the solid wallΓ0.
Alternatively, a given normal flux may be prescribed on the complementary

boundary partΓN = Γ \ΓD. The so-definedNeumann boundary conditionreads

f ·n = g(x, t), ∀x ∈ ΓN, ∀t ∈ (0,T). (1.16)

The involved fluxf may consist of a convective and/or a diffusive part, depending
on the information available. Iff = fC or the diffusive fluxfD is required to vanish,
then the right-hand side of (1.16) is given byg= (v ·n)u onΓ± andg= 0 onΓ0.

1.2.5 Weighted Residual Formulation

The classical solutionu of the CDR equation must belong to the space of functions
which are continuous with continuous partial derivatives of first and second order.
In other words, it must be very smooth. In order to broaden theclass of admissible
functions, it is worthwhile to consider an integral orweakform of the conservation
law. The corresponding generalized solution is supposed tosatisfy the strong form
of (1.11) for sufficiently smooth data but exist even if the divergence theorem is not
applicable and the underlying conservation law holds only in an integral sense.
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A very general approach to the derivation of weak forms for a given PDE is called
themethod of weighted residuals. The residual of equation (1.11) is defined as

R(ū) =
∂ ū
∂ t

+∇ · (vū)−∇ · (D∇ū)−s (1.17)

so thatR(u) = 0 if u is the exact solution of the CDR equation. Thus, the magnitude
of the residualR(ū) measures the accuracy of an approximate solution ¯u≈ u.

Obviously, a zero residual remains unchanged if we multiplyit by a suitable
weighting(or test) function and integrate over the domain of interest. Hence,

∫

Ω
wR(u)dx = 0, ∀w∈ W , (1.18)

whereW is a space of weighting functions vanishing onΓD. Mathematically speak-
ing, the residualR(u) must be orthogonal to allw∈W . The weak solutionu resides
in a spaceV of functions satisfying the Dirichlet boundary conditions(1.15).

Since the residual of (1.11) is given by (1.17), the associated weak form reads

∫

Ω
w

(

∂u
∂ t

+∇ · (vu)−∇ · (D∇u)−s

)

dx = 0, ∀w∈ W . (1.19)

If the number of test functions is infinite, formulations (1.19) and (1.11) are equiv-
alent. Otherwise, the residualR(u) may be nonzero even ifu satisfies (1.19).

The rationale for the use of a weighted residual formulationis the possibility
to shift some derivatives onto the test functionw using integration by parts. The
Green’s formula, as applied to the diffusive term in (1.19),yields

∫

Ω

(

w
∂u
∂ t

+w∇ · (vu)+∇w · (D∇u)−ws

)

dx−
∫

ΓN

w(D∇u) ·nds= 0. (1.20)

Sincew= 0 onΓD, the surface integral is taken over the boundary partΓN = Γ \ΓD.
The functionsu∈ V andw∈ W are required to possess generalized derivatives

of first order. If the convective term is also integrated by parts, one obtains

∫

Ω

(

w
∂u
∂ t

−∇w · (vu−D∇u)−ws

)

dx+
∫

ΓN

w(vu−D∇u) ·nds= 0. (1.21)

The surface integrals that pop up in (1.20) and (1.21) contain the normal components
of the diffusive and total flux, respectively. Since Neumannboundary conditions of
the form (1.16) are prescribed onΓN, the corresponding integral is given by

∫

ΓN

wf ·nds=
∫

ΓN

wgds. (1.22)

Thus, flux boundary conditions fit naturally into the weak form of the transport
equation. Dirichlet boundary conditions (1.15) are imposed in a strong sense, i.e.,
they are built into the definition of the spacesV andW in whichu andw reside.
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The elegance and generality of the weighted residual methodlies in the choice
of the test functionsw. For example, if we substitutew≡ 1 andΓN = Γ into (1.21),
then the integral form (1.2) of the CDR equation is recovered

∂
∂ t

∫

Ω
udx+

∫

Γ
(vu−D∇u) ·nds=

∫

Ω
sdx. (1.23)

On the other hand, it is possible to enforce (1.11) in a strongsense by setting the
residual to zero at acollocation pointx0 ∈ Ω . To this end, we substitute the Dirac
delta functionw(x) = δ (x−x0) into (1.19) and obtain the pointwise identity

∂u
∂ t

+∇ · (vu)−∇ · (D∇u) = s at x = x0.

Hence, the weighted residual formulation unites the integral, differential, and weak
forms of the conservation law. The existence of several equivalent representations,
as presented above, makes it possible to choose the one whichis easier to handle for
a given choice of functional spaces and boundary conditions. This flexibility turns
out to be very useful when it comes to the design of numerical approximations.

1.3 Taxonomy of Reduced Models

The behavior of analytical and numerical solutions to the strong or weak form
of (1.11) depends on the interplay of the four terms that appear in this equation.
The time derivative may be large for transient transient processes but vanish in the
steady-state limit. The relative importance of convectiveand diffusive effects de-
pends on the Peclet number (1.8). The reactive and diffusiveterms are zero in the
continuity equation (1.10) but may be dominant in other transport models.

Many useful model problems can be constructed on the basis ofthe CDR equa-
tion by omitting some terms and/or making additional assumptions. These simpli-
fications may affect the type of the partial differential equation, the choice of ini-
tial and boundary conditions, the qualitative properties of exact solutions, and the
performance of numerical schemes. A good algorithm must be sufficiently robust,
accurate, and efficient for all possible manifestations of the transport equation.

1.3.1 Elliptic Transport Equations

If the convective and diffusive fluxes are in equilibrium with the source term, then
the time derivative of the transported quantity vanishes, and (1.11) reduces to

∇ · (vu−D∇u) = s in Ω . (1.24)
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This second-order PDE is ofelliptic type provided that the matrix of diffusion coef-
ficientsD(x) is symmetric positive definite for allx∈ Ω . In elliptic problems, infor-
mation propagates in all directions at infinite speed. The variation of u at any point
x1 ∈ Ω may influence the solution at any other pointx2 ∈ Ω and vice versa. Bound-
ary conditions of Dirichlet or Neumann type are to be prescribed onΓ = ΓD ∪ΓN,
whereas no initial conditions are required for stationary problems like (1.24).

Elliptic CDR equations describe equilibrium transport phenomena and may rep-
resent the steady-state limit of a transient process. Indeed, if the velocity field, the
diffusion coefficients, and the boundary conditions do not depend on time, then the
solution of (1.11) will eventually become stationary and satisfy equation (1.24).

Steady diffusion-reaction processes are described by equation (1.24) withv = 0

−∇ · (D∇u) = s in Ω . (1.25)

Elliptic PDEs of this form play an important role, e.g., in mathematical modeling
of flows in porous media. In this context, the relationshipv = −D∇u is called the
Darcy law, in whichv andu represent the velocity and pressure fields, respectively.

If the diffusion tensor is defined asD = dI, whered is a constant diffusion coef-
ficient, then (1.25) divided byd yields the followingPoisson equation

−∆u= f , in Ω , (1.26)

where∆ = ∇2 denotes the Laplacian operator andf = s/d. TheLaplace equation

∆u= 0, in Ω (1.27)

is recovered forf = 0. In particular, it can be used to compute the potential of the
velocity fieldv =−∇u for incompressible irrotational flows (∇ ·v = 0, ∇×v = 0).

1.3.2 Hyperbolic Transport Equations

The next model problem to be considered is that of purely convective transport. For
D = 0, equation (1.24) degenerates into ahyperbolicPDE of first order

∇ · (vu) = s in Ω . (1.28)

In this case, information is transported at finite speeds along the streamlines of
the stationary velocity fieldv(x). The nature of hyperbolic problems requires that
boundary conditions be specified only on the inflow partΓ−, wherev ·n< 0. It would
be inappropriate and incorrect to prescribe any boundary conditions elsewhere.

The unsteady version of the convection-reaction equation (1.28) is given by

∂u
∂ t

+∇ · (vu) = s in Ω × (0,T). (1.29)
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The most prominent example is the continuity equation (1.10) with u= ρ ands= 0.
Like any other PDE of first order, equation (1.29) is of hyperbolic type. The

direction and speed of convective transport depend on the velocity field v(x, t). As
before, boundary conditions are to be prescribed only at theinlet Γ−. The initial
condition is given by (1.14), and information travels forward in time. That is, the
distribution ofu at any time instant̄t depends on the previous evolution history but
only the solution at a later time may be influenced by what happens att = t̄.

Analytical solutions to (1.28) and (1.29) can be constructed by themethod of
characteristicsto be presented in subsequent chapters. Due to the lack of diffusive
effects, hyperbolic conservation laws admit discontinuous and, possibly, nonunique
weak solutions. Such problems are particularly difficult tosolve numerically, al-
though a lot of information about the properties of exact solutions is available.

1.3.3 Parabolic Transport Equations

If the fluid is at rest, then the contribution of the convective term to the CDR equation
(1.11) vanishes, so the evolution ofu is driven by diffusion and reaction

∂u
∂ t

−∇ · (D∇u) = s in Ω × (0,T). (1.30)

If diffusion is isotropic thenD∇u= d∇u and the above equation assumes the form

∂u
∂ t

−d∆u= s in Ω × (0,T). (1.31)

This model describes unsteady transport processes like mass diffusion or heat con-
duction. The redistribution ofu continues until the time derivative vanishes, and the
solution of the elliptic Poisson equation (1.26) is obtained in the steady state limit.

Unsteady partial differential equations of second order are of parabolic type if
their stationary counterparts are elliptic. Both initial and boundary conditions of the
form (1.14)–(1.16) are required for time-dependent transport models based on the
parabolic equations (1.11), (1.30), and (1.31). As in the case of hyperbolic PDEs,
information propagates forward in time, and there is no backward influence.

Steady CDR equations withv 6= 0 can also be parabolic if there is a predominant
flow direction, and the diffusive transport in this direction is neglected. For example,
let v = (1,0,0) andD = diag{0,d,d}. Then equation (1.24) can be written as

∂u
∂x1

−d

(

∂ 2u

∂x2
2

+
∂ 2u

∂x2
3

)

= s, (1.32)

wherex1 represents atime-like coordinatesuch that information is convected down-
stream, and no recirculation takes place. This problem is parabolic and exhibits the
same structure as the unsteady diffusion-reaction equation (1.30)–(1.27) in 2D.
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1.3.4 Summary of Model Problems

As we have seen, the CDR equation (1.11) represents a rich variety of model prob-
lems. If the time derivative, convection, or diffusion are neglected, the resulting
equation looks simpler than (1.11). Ironically, it may be more difficult to treat nu-
merically. In particular, computation of stationary solutions is hard, unless a good
initial guess is available. Therefore, it is common practice to march solutions to
the steady state by solving the corresponding unsteady PDE subject to arbitrary
initial conditions. Similarly, the lack of diffusive termsin hyperbolic models may
adversely affect the performance of a numerical scheme designed to solve (1.11).

Partial differential equations and numerical methods are easier to analyze in one
space dimension. In the 1D case, the operator∇ reduces to the partial derivative
with respect tox, the matrixD degenerates into a scalar diffusion coefficientd, and
the unsteady convection-reaction-diffusion equation (1.11) assumes the form

∂u
∂ t

+v
∂u
∂x

−d
∂ 2u
∂x2 = s.

Again, it can be used to generate model problems for the wholerange of possible
PDE types. The taxonomy of reduced transport models is summarized in Table 1.1.
If reaction is not important, we sets= 0. This does not change the PDE type. The
presented models will help us to develop, evaluate, and compare numerical solution
techniques. A detailed analysis of each model will be performed in Chapter 3.

Table 1.1 Summary of models for convection, diffusion, and reaction processes.

PDE type multidimensional one-dimensional

elliptic ∇ · (vu−D∇u) = s v∂u
∂x −d ∂ 2u

∂x2 = s

−∇ · (D∇u) = s −d ∂ 2u
∂x2 = s

hyperbolic ∇ · (vu) = s v∂u
∂x = s

∂u
∂ t +∇ · (vu) = s ∂u

∂ t +v∂u
∂x = s

parabolic ∂u
∂ t −∇ · (D∇u) = s ∂u

∂ t −d ∂ 2u
∂x2 = s

∂u
∂ t +∇ · (vu−D∇u) = s ∂u

∂ t +v∂u
∂x −d ∂ 2u

∂x2 = s
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1.4 Space Discretization Techniques

Computers are of little help in obtaining closed-form analytical solutions to a PDE
model. However, they can be programmed to solve algebraic equations very fast.
Replacing calculus by algebra, it is possible to compute approximate solutions to
the CDR equation and more advanced mathematical models. To this end, the com-
putational domain, the unknown solution, and its partial derivatives need to bedis-
cretized, so as to obtain a set of algebraic equations for the functionvalues at a
finite number of discrete locations. We will begin with the discretization in space
and discuss time-stepping techniques for unsteady PDEs in Section 1.5.1.

1.4.1 Computational Meshes

Recall that the integral conservation law (1.2) which has led us to (1.9) and (1.11)
was formulated for a fixed control volume (CV) of finite size. Instead of looking at
the whole flow field at once, we have focused our attention on what is happening in a
small subdomain. A similar approach is used to discretize differential equations that
embody physical conservation principles. The unknowns of the discrete problem are
associated with a computationalmeshor grid which represents a subdivision of the
domainΩ ⊂R

d into many small control volumesΩk (e.g., intervals in 1D, triangles
or quadrilaterals in 2D, tetrahedra or hexahedra in 3D) suchthatΩ̄ ≈⋃k Ω̄k.

Many excellent texts are devoted to automatic generation and adaptation of com-
putational meshes, see [55, 115, 118, 226, 318]. Mesh generation is easy for do-
mains of rectangular shape but difficult in the case of curvilinear boundaries, inter-
nal obstacles, and small-scale features. Depending on the geometric complexity of
Ω , the mesh may be structured, block-structured, or unstructured (see Fig. 1.4).

In the one-dimensional case, the computational domainΩ = (a,b) is an interval.
A subdivision of this interval intoN subintervalsΩk = (xk−1,xk) of equal size

∆x=
b−a

N

yields the simplest representative of structured meshes. TheN+1 grid points

xi = i∆x, ∀i = 0,1, . . . ,N (1.33)

are numbered from left to right. Each interior grid pointxi has two nearest neighbors
whose indicesi ±1 and coordinatesxi±1 are known. The spacing∆xk = xk − xk−1

can also be nonuniform if higher mesh resolution is desired in some regions.
In multidimensions, a structured mesh is a net of grid lines (Fig.1.4, a–c) which

can be numbered consecutively. In the simplest case, formula (1.33) is used to dis-
cretize each coordinate axis. Again, the search for nearestneighbors is easy, and
their number is the same for each interior point. The involved data structures and
numerical algorithms are almost as simple as in the one-dimensional case. A nonuni-
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(a) structured, uniform (b) structured, deformed (c) structured, perturbed

(d) block-structured, 2 subdomains

(e) unstructured, triangular (f) unstructured, quadrilateral

Fig. 1.4 Examples of computational meshes for two-dimensional domains.

form body-fitted mesh can be generated and mapped onto a uniform Cartesian grid
[4, 318]. However, since all grid lines must begin and end on the boundary, an
attempt to obtain higher resolution in zones of particular interest may entail unin-
tended and, sometimes, harmful mesh refinement in other parts of the domain [104].

The generation of a block-structured mesh is based on a two-level subdivision,
whereby a number of overlapping or nonoverlapping subdomains (blocks) are dis-
cretized using structured meshes [55, 104]. Figure 1.4 (d) displays such a mesh
that consists of two components. The use of multiple blocks makes it easier to deal
with nonrectangular domains and moving objects. Domain decomposition methods
[55, 143, 209, 210, 277] can be employed to distribute the work between multiple
processors in a parallel computing environment. Local meshrefinement and solu-
tion algorithms tailored to structured meshes can be applied blockwise but special
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care is required to transfer information between the blocksin a conservative man-
ner. It is also possible to use structured grids in some subdomains (e.g., to generate a
Cartesian core[234] or resolve a boundary layer) and unstructured ones elsewhere.

Domains of particularly complex geometric shape call for the use of a fully un-
structured mesh. Recent advances in computational geometry make it possible to
generate such meshes automatically for 2D and 3D problems ascomplex as flow
around a car, a submarine, or a space shuttle [226]. Unstructured mesh methods are
very flexible and well suited for mesh adaptivity. An arbitrary number of elements
are allowed to meet at a single vertex (see Fig.1.4, e–f), so it is easy to insert extra
grid points in regions of insufficient mesh resolution. Conversely, it is possible to
remove points in regions where a coarser mesh would suffice. Since transport pro-
cesses move information from one place into another, it is worthwhile to adjust the
mesh in the course of simulation, so as to achieve high accuracy at a low cost.

Of course, the flexibility offered by unstructured meshes isnot a free lunch since
sophisticated data structures are required to handle the irregular connectivity pat-
tern, and data access is rather slow. Moreover, efficient solution methods are more
difficult to develop and program than in the case of (block-)structured grids. Nev-
ertheless, most successful general-purpose CFD codes are based on unstructured
meshes. We refer to the recent monograph by Löhner [226] for a comprehensive
introduction to this approach and a unique collection of state-of-the-art algorithms.

The nodes of the mesh may be fixed or move in a prescribed fashion. The cor-
responding numerical algorithms can be classified into Eulerian, Lagrangian, and
Arbitrary Lagrangian Eulerian (ALE) ones. An Eulerian method is based on a fixed
mesh, i.e., the positions of mesh points do not change as timegoes on. The nodes of
a Lagrangian mesh move with the flow velocity, so that the convective transport is
built into the mesh motion and only diffusive fluxes need to bediscretized. A major
drawback to this approach is the fact that the shape and size of mesh cells cannot
be controlled. As a consequence, mesh tangling is possible,unless global or local
remeshing is performed on a regular basis. Within the ALE framework, some nodes
may remain fixed, while others may move with arbitrary velocities. This is the most
general formulation which is often used for simulation of flows with free interfaces
and fluid-structure interaction (FSI). Moving meshes are ofvalue for many applica-
tions but, for simplicity, only Eulerian methods will be discussed in this book.

1.4.2 Semi-Discrete Problem

Given a suitably designed computational mesh, the continuous functionu(x, t) is
approximated by a finite number of nodal values{ui} which may be associated with
vertices, edges, faces, cells, or control volumes. Depending on the type of approx-
imation, thesedegrees of freedommay represent, e.g., pointwise function values,
cell averages, or coefficients of piecewise-polynomial basis functions. If the gov-
erning equation models an unsteady process, then the degrees of freedom are time-
dependent and should be updated step-by-step, as explainedin Section 1.5.1.
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The discretization in space is required to obtain a system ofequations for the
nodal values of the approximate solution. Of course, the number of equations should
be the same as the number of unknowns. The only derivative that may still appear
in each equation is the one with respect to time. For example,the semi-discretized
unsteady CDR equation (1.11) for the nodal valueui can be written as

∑
j

(

mi j
du j

dt

)

+∑
j
(ci j +di j )u j = r i , (1.34)

where the coefficientsci j , di j , andr i are due to convection, diffusion, and reaction,
respectively. The use of the total derivative notation in the left-hand side of equation
(1.34) is appropriate since no space derivatives are present anymore. The weights
mi j distribute the gain or loss of mass, if any, between nodei and its neighbors.

If mi j = 0, ∀ j 6= i, (1.34) reduces to the ordinary differential equation (ODE)

mii
dui

dt
+∑

j
(ci j +di j )u j = r i . (1.35)

Since the right-hand sides of (1.34) and (1.35) depend on thesolution values at sev-
eral nodes, the semi-discrete equations must be integratedin time simultaneously.

The matrix form of a space discretization given by (1.34) or (1.35) reads

M
du
dt

+(C+D)u= r, (1.36)

whereu= {ui} denotes the vector of time-dependent nodal values,M = {mi j } is the
mass matrix, C = {ci j } is the discrete transport operator,D = {di j } is the discrete
diffusion operator, andr = {r i} is the vector of discretized source or sink terms.

As a rule, the matricesM, C, andD are sparse. That is, most of their entries are
equal to zero and do not need to be stored. The sparsity pattern of the discrete op-
erators depends on the type of the underlying mesh (structured or unstructured) and
on the numbering of nodes. The mass matrixM is diagonal or symmetric positive
definite. Ideally, the discrete diffusion operatorD should also be symmetric, as re-
quired by the properties of its continuous counterpart [289]. The discrete convection
operatorC is nonsymmetric since the flow direction must be taken into account. For
example, this matrix can be skew-symmetric (C=−CT ) or upper/lower triangular.

In the case of a steady governing equation, such as (1.24), the time derivative
vanishes, so the semi-discrete problem (1.36) reduces to the algebraic system

(C+D)u= r. (1.37)

The space discretization of pure convection, pure diffusion, and zero reaction mod-
els from Table 1.1 corresponds toD = 0,C= 0, andr = 0 respectively.

Polynomials play an important role in the discretization process since they are
easy to differentiate and integrate. The most popular discretization techniques based
on polynomial approximations are the finite difference, finite volume, and finite el-
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ement method. Spectral and boundary element methods are also worth mentioning
but their range of applicability is rather limited, so they will not be discussed in this
book. For a general introduction to numerical methods for differential equations,
we refer to [76, 104, 149, 276]. In this section, we will introduce some basic dis-
cretization concepts and present a concise summary of the approximations involved.
An in-depth presentation of numerical schemes tailored to the convection-diffusion-
reaction equation and other transport models will follow insubsequent chapters.

1.4.3 Finite Difference Methods

The finite difference method (FDM) is the oldest among the discretization tech-
niques for partial differential equations. Many modern numerical schemes for trans-
port phenomena trace their origins to finite difference approximations developed
in the late 1950s through early 1980s. The derivation and implementation of FDM
are particularly simple on structured meshes which are topologically equivalent to a
uniform Cartesian grid. The nodal value of the approximate solution at nodei

ui(t)≈ u(xi , t) (1.38)

is a pointwise approximation to the true solution of the partial differential equation.
Taylor series expansions or polynomial fitting techniques are used to approximate

all space derivatives in terms ofui and/or solution values at a number of neighboring
nodes. For example, if we consider the uniform 1D mesh given by (1.33), then

(

∂u
∂x

)

i
≈ ui+1−ui−1

2∆x

is a second-order approximation to the first derivative ofu at nodei, whereas

(

∂ 2u
∂x2

)

i
≈ ui+1−2ui +ui−1

(∆x)2

is a second-order approximation to the second derivative. On a nonuniform mesh,
the coefficients are different and must be derived individually for each grid point.
Alternatively, a mapping onto a regular Cartesian grid may be employed [4].

After all space derivatives have been approximated by finitedifferences, the
semi-discrete counterpart of the unsteady CDR equation (1.11) can be written in
the generic form (1.35) which determines the relationship betweenui and the solu-
tion values at a certain number of neighboring nodes. The setof all grid points that
make a nonzero contribution to the equation forui is called thestencil.

The resulting finite difference discretization is of the form (1.36), whereM is a
diagonal matrix. The coefficients of the matricesC andD depend on the parameters
of the model, on the choice of finite difference approximations, and on the mesh
size. Global mesh refinement results in higher accuracy but increases the size of the
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algebraic system and, consequently, the computational cost. If the mesh is struc-
tured, then the stencil of each interior point has the same size, and nearest neighbors
are easy to identify provided that the grid lines are numbered consecutively. In the
case of an unstructured mesh, the number of neighbors may vary, and the distribu-
tion of grid points is nonuniform. Fitting a polynomial to scattered data is feasible
but computationally expensive and difficult to implement. For this reason, the use of
unstructured meshes is rather uncommon in the realm of finitedifference methods.

1.4.4 Finite Volume Methods

Due to the growing demand for numerical simulation of transport processes in 2D
and 3D domains of complex shape, the finite difference methodhas eventually lost
its leadership position. Nowadays, general-purpose CFD codes are typically based
on the finite volume method (FVM) which yields a finite-difference like approxima-
tion on a uniform Cartesian grid but is readily applicable tounstructured meshes.

Finite volume methods for the CDR equation (1.11) are based on the underlying
integral conservation law. Inserting the fluxf = vu−D∇u into (1.2), one obtains

∂
∂ t

∫

Vi

u(x, t)dx+
∫

Si

(vu−D∇u) ·nds=
∫

Vi

s(x, t)dx, (1.39)

whereVi is a control volume (CV) bounded by the control surfaceSi , andn is the
unit outward normal. Incell-centeredfinite volume methods,Vi = Ωi is a single cell
of the computational mesh, see Fig. 1.5. Alternatively, a dual tessellation can be used
to defineVi for avertex-centeredfinite volume method. In the two-dimensional case,
the dual cellVi around the vertexxi can be constructed by joining the midpoints of
mesh edges and the centroids of the neighboring cells, as shown in Fig. 1.6.

The outward normals to the interfaceSi j = Si ∩Sj between any pair of adjacent
control volumesVi andVj have opposite signs, so the integrals over internal bound-
aries cancel out if equations (1.39) are summed overi. Hence, the integral conser-
vation law (1.2) holds not only for allVi but also for the whole domainV = Ω

∂
∂ t

∫

Ω
u(x, t)dx+

∫

Γ
(vu−D∇u) ·nds=

∫

Ω
s(x, t)dx. (1.40)

Equations (1.39) and (1.40) express the local and global conservation principles,
respectively. The former implies the latter but the reverseis generally not true.

The degrees of freedom for cell-centered or vertex-centered FVM can be defined
as mean values over the CVs associated with cells and vertices, respectively. Let

ui(t) =
1
|Vi |

∫

Vi

u(x, t)dx, (1.41)
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Fig. 1.5 Control volumes for a cell-centered FVM in two dimensions.
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Fig. 1.6 Control volumes for a vertex-centered FVM in two dimensions.

where|Vi | denotes the volume ofVi . According to (1.39), the evolution of the so-
defined mean valueui is governed by the integro-differential equation

|Vi |
dui

dt
+
∫

Si

(vu−D∇u) ·nds= |Vi |si (1.42)

in whichsi denotes the average rate of production insideVi , that is,

si(t) =
1
|Vi |

∫

Vi

s(x, t)dx. (1.43)

By definition, the boundarySi of the control volumeVi consists of several patches

Si =
⋃

j

Si j . (1.44)

For any indexj 6= i, the patchSi j = Si ∩Sj is the interface betweenVi and one of its
neighborsVj . The indexj = i is reserved for boundary patchesSii = Si ∩Γ .

Splitting the surface integral into a sum over patches, one can write (1.42) as

|Vi |
dui

dt
+∑

j

∫

Si j

(vu−D∇u) ·nds= |Vi |si . (1.45)

If the control volumes for a cell-centered or vertex-centered FVM are defined as
shown in Figs. 1.5–1.6, then the normal toSi j is constant or piecewise-constant.
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The total flux across the patchSi j of the control surfaceSi is given by

fi j =
∫

Si j

(vu−D∇u) ·nds. (1.46)

If the patchSi j is the common boundary ofVi andVj , then j 6= i and f ji = − fi j , so
that the mass leavingVi is equal to the mass enteringVj and vice versa.

Equation (1.45) can be expressed in terms of the integrated fluxes fi j as follows

|Vi |
dui

dt
+∑

j
fi j = |Vi |si (1.47)

and transformed into an equation of the form (1.35) withmii = |Vi | andr i = |Vi |si

|Vi |
dui

dt
+∑

j
(ci j +di j )u j = |Vi |si . (1.48)

To this end, it is necessary to approximate the integrated fluxes fi j in terms of the
mean valuesui . The derivation of (1.48) involves two levels of approximation [104]

• Surface and volume integrals are approximated using numerical quadrature (cu-
bature) which requires evaluation of the integrand at one ormore locations.

• Interpolation techniques are employed to approximate the function values and
derivatives at the quadrature points in terms of the primaryunknownsui .

By the midpoint rule, the mean valuesui(t) andsi(t) represent second-order accurate
approximations tou(x̄i , t) ands(x̄i , t) evaluated at the center of mass

x̄i =
1
|Vi |

∫

Vi

xdx.

The surface integral in the right-hand side of (1.46) can also be evaluated by the
midpoint rule. If the normal to the interfaceSi j is not constant, numerical integra-
tion is performed patchwise. Interpolation is required to approximate the flux func-
tion at the quadrature points, because onlyui(t)≈ u(x̄i , t) are available. If the same
interpolation formula is used on both sides of the interface, then the finite volume
discretization (1.48) is conservative, both locally and globally. Summation overi
yields a discrete counterpart of the integral conservationlaw (1.40) forV = Ω .

The finite volume method is promoted in the majority of introductory courses
and textbooks on numerical methods for CFD. It is relativelyeasy to understand
and implement, especially in the case of first- and second-order approximations on
structured meshes. Higher-order schemes are difficult to derive within the frame-
work of the above-mentioned two-level approximation strategy that involves inter-
polation and integration. Finite volumes lend themselves to the discretization of
hyperbolic equations but the approximation of diffusive fluxes requires numerical
differentiation, which makes it rather difficult to achievehigh accuracy and preserve
the symmetry of the continuous diffusion operator at the discrete level.
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1.4.5 Finite Element Methods

The finite element method (FEM) is a relative newcomer to CFD and a very promis-
ing alternative to finite differences and finite volumes. It is usually used in conjunc-
tion with unstructured meshes and provides thebest approximation propertywhen
applied to elliptic and parabolic problems at relatively low Peclet numbers. The de-
velopment of high-resolution finite element schemes for hyperbolic and convection-
dominated transport equations is a topic of active research. A summary of the au-
thor’s contributions to this field will be the main highlightof the present book.

Finite element approximations to the CDR equation are basedon the weighted
residual method. The weak formulations (1.20) and (1.21) can be written as

(

w,
∂u
∂ t

)

+c(w,u)+d(w,u) = r(w), ∀w∈ W . (1.49)

The operatorsc(·, ·) andd(·, ·) are associated with the weak form of the convective
and diffusive terms, respectively. The reactive partr(·) combines the contributions
of the source/sink termsand of the surface integral (1.22), if any. The scalar product
(·, ·) is defined in the spaceL2(Ω) of functions that are square integrable inΩ

(w,v) =
∫

Ω
wvdx, ∀v,w∈ L2(Ω).

The approximate solutionuh ∈ Vh to problem (1.49) is defined as follows

uh(x, t) = ∑
j

u j(t)ϕ j(x), (1.50)

where{ϕi} is a set of basis functions spanning the finite-dimensional spaceVh. As
a rule, these basis functions are required to possess the following properties [76]

• there exists a set of nodesxi ∈ Ω such thatϕi(xi) = 1 andϕi(x j) = 0, ∀ j 6= i;
• the restriction ofϕi to each cell is a polynomial function of local coordinates.

Due to the first property and (1.50), the nodal values of the approximate solution
are given byuh(xi , t) = ui(t). The pointsxi are usually located at the vertices of the
mesh. Other possible locations are the midpoints/barycenters of edges, faces, and
cells [76]. A typical piecewise-linear basis functionϕi is depicted in Fig. 1.7.

Let Wh be the space of test functions spanned by{ψi}. Usingu= uh andw= ψi

in (1.49), one obtains a semi-discrete equation of the form (1.34), where

mi j = (ψi ,ϕ j), ci j = c(ψi ,ϕ j),

di j = d(ψi ,ϕ j), r i = r(ψi).

The conventionalGalerkin methodtakes the trial functionsϕ j and test functionsψi

from the same spaceWh = Vh. That is,ψi = ϕi , so the number of equations equals
the number of unknowns. Sometimes it is worthwhile to consider test functions
from Wh 6= Vh spanned by the same number of basis functionsψi 6= ϕi . Such finite
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xi
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Fig. 1.7 A piecewise-linear finite element basis function on a triangular mesh.

element approximations are known asPetrov-Galerkin methodsand offer certain
advantages, e.g., in the case of convection-dominated transport problems.

The finite element method is supported by a large body of mathematical theory
that makes it possible to obtain rigorous error estimates and proofs of convergence.
Moreover, it can be combined withh−p adaptivity, whereby the local mesh size and
the order of polynomials are chosen so as to obtain the best possible resolution. The
finite element mesh (also calledtriangulation) is usually unstructured, and the shape
of mesh cells can be fitted to the shape of a curvilinear boundary. Matrix assembly is
performed element-by-element in a fully automatic way. Theremarkable generality
and flexibility of the FEM makes it very powerful. Almost all codes for structural
mechanics problems are based on finite element approximations, and a lot of current
research is aimed at the development of adaptive FEM for fluiddynamics.

Finite elements and finite volumes have a lot in common and arelargely equiv-
alent in the case of low-order polynomials [8, 166, 226, 300]. The traditional
strengths of FVM and FEM, as applied to the CDR equation, are complementary.
Convective terms call for the use of an upwind-biased discretization which is easier
to construct within the finite volume framework. On the otherhand, the finite ele-
ment approach takes the lead when it comes to the discretization of diffusive terms.
Therefore, many hybrid FVM-FEM schemes have been proposed.For example, fi-
nite element shape functions are used to interpolate the fluxes for a vertex-centered
finite volume method [104]. Conversely, FVM-like approximations of convective
terms are frequently employed to achieve the upwinding effect in finite element
codes [11, 322].Fluctuation splitting(aliasresidual distribution) methods [54, 79]
represent another attempt to bridge the gap between the FVM and FEM worlds.

A current trend in CFD is towards the use ofdiscontinuous Galerkin(DG) meth-
ods [66] which represent a generalization of FVM and incorporate some of their
most attractive features, such as local conservation. At the same time, the treatment
of diffusive fluxes is not straightforward and requires special care, as in the case of
classical FVM. We welcome the advent of DG methods but feel that the potential of
continuous finite elements has not yet been exploited to the full extent in the context
of transport equations. This is why the high-resolution finite element schemes to be
presented in this book will be based on conventional Galerkin discretizations.
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1.5 Systems of Algebraic Equations

Space discretization of a stationary problem leads to a set of coupled algebraic equa-
tions which do not contain any derivatives and, therefore, do not require any further
discretization. An algebraic system like (1.37) needs to besolved just once since the
nodal values of the approximate solution are assumed to be independent of time.

If the problem at hand is nonstationary, then semi-discreteequations of the form
(1.34) must be integrated in time using a suitable numericalmethod. To this end, the
time interval(0,T) is discretized in much the same way as the spatial domain for
one-dimensional problems. Consider a sequence of discretetime levels

0= t0 < t1 < .. . < tK = T.

The time step∆ tn = tn+1− tn may be constant or variable. In the former case

tn = n∆ t, ∀n= 0,1, . . . ,K.

The value of the approximate solution at nodei and time leveltn is denoted by

un
i ≈ ui(t

n).

Due to the initial condition (1.14), the value ofu0
i = ui(0) is assumed to be known.

In principle, the time can be treated just like an extra spacedimension. Finite dif-
ference, finite volume, and finite element methods are readily applicable to functions
of x = (x1, . . . ,xd, t) ∈R

d+1 defined in the space-time domainΩ × (0,T). However,
simultaneous computation ofun

i for all nodes and time levels is often too expensive.
Since information propagates forward in time, it is worthwhile to take advantage of
this fact and advance the numerical solution in time step-by-step.

Time-stepping (ormarching) methods initialize the vector of discrete nodal
values byu0 = {u0

i } and useun = {un
i } as initial data for the computation of

un+1 = {un+1
i }. This solution strategy is faster and requires less memory than a cou-

pled space-time discretization. First, the size of the algebraic systems to be solved at
each time step depends only on the number of spatial degrees of freedom and not on
the number of time levels. In other words, a huge system is replaced by a sequence
of smaller ones, which results in considerable savings of computer time. Second,
intermediate data are overwritten as soon as they are not needed anymore. Last but
not least, a nonphysical dependence ofun onun+1 is ruled out by construction.

Regardless of the methods chosen to discretize the continuous problem in space
and time, the result is an algebraic system that can be written in the generic form

Au= b, (1.51)

whereA = {ai j } is a sparse matrix,u = un+1 is the vector of unknowns, andb is
evaluated using the previously computed data from one or more time levels. The
discretization is said to beexplicit if A is a diagonal matrix andimplicit otherwise.
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1.5.1 Time-Stepping Techniques

A semi-discrete system like (1.36) can be discretized in time using a wealth of meth-
ods developed for numerical integration of ODEs and differential algebraic equa-
tions (DAEs). This approach is called themethod of lines(MOL) since the prob-
lem at hand consists of many one-dimensional subproblems for the nodal values
ui(t) to be integrated over the time interval(tn, tn+1) subject to the initial condition
ui(tn) = un

i . The decoupling of space and time coordinates makes it possible to use
any discretization technique applicable to an initial value problem of the form

du
dt

= F(u, t), tn < t ≤ tn+1, u(tn) = un. (1.52)

Within the MOL framework, the solutionu is the vector of time-dependent nodal
values, whereas the vectorF(u, t) contains the discretized space derivatives, sources,
sinks, and boundary conditions. In the case of our DAE system(1.36)

MF(u, t) = r(t)− (C+D)u(t). (1.53)

If the underlying velocity field and/or the diffusion tensordepend ont, then so do
the coefficients of the discrete operatorsC= {ci j } andD = {di j }, respectively.

The simplest time-stepping methods are based on a finite difference discretiza-
tion of the time derivative that appears in (1.36) and (1.52). Let tn+1 = tn+∆ t and

un+1−un

∆ t
= θF(un+1)+(1−θ)F(un), 0≤ θ ≤ 1. (1.54)

This generic formula unites the first-order accurate forward Euler method (θ = 0)

un+1 = un+∆ tF(un), (1.55)

the second-order accurate Crank-Nicolson scheme which corresponds toθ = 1
2

un+1 = un+
∆ t
2
[F(un+1)+F(un)], (1.56)

and the first-order accurate backward Euler method (θ = 1) which yields

un+1 = un+∆ tF(un+1). (1.57)

In general, the right-hand side of (1.54) is a weighted average ofF(u, t) evaluated
at the old and new time level. Depending on the value ofθ , the resulting time dis-
cretization can be explicit or implicit. In an update like (1.55), each nodal valueun+1

i
can be calculated explicitly using the data from the previous time level. In the case
of implicit methods (θ > 0), each algebraic equation contains several unknowns,
whence a simultaneous update of all nodal values is required. Explicit methods are
easier to implement but implicit methods are more stable, asexplained below.
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To obtain a fully discrete counterpart of system (1.36), allwe have to do is to
multiply (1.54) by the mass matrixM and invoke (1.53). The result is an algebraic
system of the form (1.51), where the left-hand side matrixA is given by

A= M+θ∆ t(C+D),

and the right-hand sideb is the sum of all terms that do not depend onun+1

b= [M− (1−θ)∆ t(C+D)]un+∆ t[θ rn+1+(1−θ)rn].

This discretization is fully explicit ifθ = 0 and the mass matrixM is diagonal. The
latter condition holds for any finite difference or finite volume scheme. However,
many finite element approximations produce nondiagonal mass matrices, so that a
linear system needs to be solved even if the forward Euler method is employed.

The genericθ−scheme (1.54) belongs to the family oftwo-levelmethods since
only un is involved in the computation ofun+1. Such time-stepping methods can be
at most second-order accurate. Higher-order approximations must use information
from additional time levels. In Runge-Kutta methods, all time levelstn+α , where
0 ≤ α ≤ 1, belong to the interval[tn, tn+1], and a predictor-corrector strategy is
employed to computeun+1. Another possibility is to integrate a polynomial fitted
to the values ofF(u, t) at tn+α , . . . , tn−β , whereα andβ are nonnegative integers.
Multipoint methods of Adams-Bashforth (explicit) and Adams-Moulton (implicit)
type correspond toα = 0 andα = 1, respectively. Their pros and cons, as compared
to Runge-Kutta time-stepping schemes of the same order, areexplained in [104].

1.5.2 Direct vs. Iterative Solvers

The last step in the development of a numerical algorithm is the solution of the
algebraic system (1.51) that results from the discretization of a continuous problem.
In the case of an explicit scheme, the computation ofu= A−1b is trivial

ui =
bi

aii
, ∀i.

Otherwise, the tools of numerical linear algebra are required to solve (1.51). The
choice of the solution method is largely independent of the underlying discretization
techniques but the size and structure of the matrixA need to be taken into account.

1.5.2.1 Direct Methods

Direct methods for solving linear systems of the form (1.51)accomplish this task in
one step. The input parameters are the matrixA and the right-hand sideb. The result
is the solution vectoru. In the absence of roundoff errors, this solution is exact.
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Direct methods perform well for linear systems of moderate size but the memory
requirements and CPU time increase nonlinearly with the number of unknowns. As
a rule of thumb, direct solvers are not to be recommended for very large systems.

If the sparsity pattern of the matrixA exhibits some regular structure, then this
structure can sometimes be exploited to design a fast directsolver, such as the
Thomas algorithm for tridiagonal matrices. This algorithmcan also be embedded in
Alternating-Direction-Implicit (ADI) solvers for bandedmatrices that result from
2D and 3D discretizations on structured meshes. The multifrontal method imple-
mented in the open-source software package UMFPACK [330] isone of the fastest
direct solvers for nonsymmetric sparse linear systems. Therapid increase in com-
puter memory and the possibility of efficient implementation on parallel supercom-
puters have revived the interest in direct solvers for large-scale applications [226].

1.5.2.2 Iterative Methods

Iterative methods solve linear systems of the form (1.51) using a sequence of ex-
plicit updates starting with an initial guess which must be supplied as another input
parameter. Such an algorithm is said to be convergent if eachupdate brings the so-
lution closer to that of (1.51) which is recovered after sufficiently many iterations.
In practice, it is neither necessary nor wise to iterate until convergence. The iter-
ative process is terminated when certain stopping criteriaare satisfied. As a rule,
these criteria amount to monitoring the differences between two successive iterates
and/or the residuals measured in a suitably chosen norm. Stopping too early gives
rise to large iteration errors; stopping too late results ina waste of CPU time.

Iterative solvers use a rather small amount of computer memory. Many of them
do not even require that the matrixA be available. All they need is a subroutine that
evaluates the residual of the linear system for a given tentative solution. The most
efficient iterative algorithms are based on multigrid methods [131, 345]. If properly
configured, they can solve a system ofN equations using as few asO(N) arithmetic
operations, as compared toO(N3) for direct solvers based on Gaussian elimination
andO(N2) for forward/backward substitution, given a precomputed LUfactoriza-
tion. Clearly, this makes a big difference, especially ifN is as large as 106 and more.
Thus, an iterative solution strategy pays off for large sparse linear systems.

If the system to be solved corresponds to the discretizationof a stationary prob-
lem, a good initial guess is rarely available. The default iszero, and many iterations
are usually required to achieve the prescribed tolerance. The computational effort
associated with advancing the solution of an unsteady problem from one time level
to the next is much smaller. Sinceun provides a relatively good guess forun+1, just
a few iterations per time step are normally required to obtain a sufficiently accurate
solution. Therefore, each update is typically much cheaperthan that performed with
a direct solver. If the time step is very small, then a single iteration may suffice, and
the cost of solving the linear system is comparable to that ofa fully explicit update.
As the time step increases, so does the number of iterations for the linear solver.
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In light of the above, an iterative solver for the discretization of a stationary
problem may be more expensive and/or difficult to implement than a time-stepping
method for the corresponding unsteady problem. It might be easier to march the
solution to the steady state. If we discretize system (1.36)in time by an explicit or
implicit method, prescribe arbitrary initial conditions,and run the code for a suf-
ficiently long time, then we will end up with the solution of (1.37). This popular
approach to steady-state computations is calledpseudo time-steppingsince it repre-
sents an iterative solver in which the time step serves as a relaxation parameter. In
this case, the accuracy of the time discretization is not important, and the artificial
time step should be chosen so as to reach the steady state limit as fast as possible.
Note that the use of excessively large time steps or inappropriate parameter settings
may cause divergence, which makes iterative methods less robust than direct ones.

1.5.2.3 Nonlinear Systems

If the coefficients of the discrete problem depend on the unknown solution, then the
algebraic system (1.51) is nonlinear. In this case, an iterative solution strategy is a
must. Starting with a suitably chosen initial guess, the currently available solution
values are used to update the matrix coefficients and obtain the next guess by solving
a nominally linear system. This process is repeated until the changes and/or the
residual of the nonlinear system become small enough. In principle, both direct and
iterative methods can be used to solve the involved linear systems. However, the use
of direct methods is usually impractical since they spend anexcessive amount of
CPU time on solving linear systems with only tentative coefficients.

Within a fully iterative approach, the coefficients are calculated using the solution
values from the previousouter iteration, and a fewinner iterationsare performed
to obtain an improved solution. Since the coefficients are tentative, the amount of
work spent on the solution of each linear system should not beinordinately large
[268]. As soon as the residuals have decreased by a factor of 10 or so, one may stop
the inner iteration process and proceed to the calculation of the coefficients for the
next outer iteration. Well-balanced stopping criteria make it possible to minimize the
computational cost that depends on the total number of innerand outer iterations.

Of course, an iterative method is of little value if it does not converge. If the
nonlinearity is too strong, the solution may exhibit oscillatory behavior that inhibits
convergence. A possible remedy to this problem is the use of underrelaxation tech-
niques. The basic idea is to take a weighted average of the oldand new data, so as
to slow down the changes of solution values and matrix coefficients [268].

1.5.3 Explicit vs. Implicit Schemes

In the case of an fully explicit scheme, no linear or nonlinear systems need to be
solved. Explicit algorithms are easy to code/parallelize and require a modest amount
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of computer memory. However, the time step may not exceed a certain threshold that
depends on the Peclet number and on the smallest mesh size. Otherwise, the scheme
may become unstable and produce meaningless numbers going to infinity. The lack
of stability is the price to be paid for algorithmic simplicity of explicit schemes. The
cost of a single solution update is minimal but an inordinately large number of time
steps may be required to perform simulation over a given interval of time.

Implicit methods produce nondiagonal matrices, whence each algebraic equation
contains several unknowns and cannot be solved in a stand-alone fashion. The de-
sign of an efficient implicit algorithm is particularly difficult if the underlying PDE
and/or the discretization procedure are nonlinear. The cost per time step is large as
compared to that of an explicit solution update. Also, the programming of iterative
solvers for (1.51) is time-consuming, and their efficiency depends on the parameter
settings, stopping criteria etc. On the other hand, most implicit schemes are uncon-
ditionally stable, and the use of large time steps makes it possible to reach the final
time faster than with an explicit scheme subject to a restrictive stability limit. Of
course, it should be borne in mind that the accuracy of the time discretization and
the convergence behavior of iterative solvers also depend on the time step.

It is essential to distinguish between truly transient problems and the ones in
which the solution varies slowly and/or becomes stationaryin the long run. The
optimal choice of the time-stepping scheme depends on whether the goal is

• to perform a transient computation in which evolution details are important, or
• to predict the long-term flow behavior or to compute a steady-state solution.

Depending on the objectives of the simulation to be performed, an explicit or im-
plicit solution strategy may be preferable. Explicit schemes lend themselves to the
treatment of problems in which the use of small time steps is dictated by accuracy
considerations. If only the steady-state solution is of interest, then it is worthwhile
to uselocal time-stepping(different time steps for different nodes) and/or an uncon-
ditionally stable implicit scheme, such as the backward Euler method (1.57). If it
is not known in advance, whether the transport process to be simulated is steady or
unsteady, it is possible to start with an explicit scheme andswitch to an implicit one
if the ratio (un+1−un)/∆ t becomes small as compared to other terms. Therefore,
both explicit and implicit solvers belong into a general-purpose CFD toolbox.

1.6 Fundamental Design Principles

No numerical method is perfect, and many compromises are involved in the design
process. The quality of numerical approximations to convection-diffusion equations
depends on the underlying mesh, on the properties of the employed discretization
techniques, and on the Peclet number. The mesh size and time step should also be
chosen carefully, especially in the case of conditionally stable explicit schemes. All
of the above-mentioned factors influence the coefficients ofthe algebraic system
(1.51) for the nodal values of the approximate solution. Theproperties of the matrix
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A and of the discrete operators involved in the assembly of theright-hand sideb may
make or break the entire numerical model. The type of the governing equation and
the smoothness of the solution may also play an important role. Some algorithms are
tailored to equations of a certain type and/or perform poorly if the solution exhibits
steep gradients. Other methods do not work at all or produce nice-looking results
which have little in common with the true solution of the mathematical model.

A good numerical method must fulfil a number of prerequisitesdictated by the
physics, mathematical theory, and numerical analysis of the problem at hand. These
criteria lead to a set of rules that guarantee a certain levelof accuracy and robust-
ness for a sufficiently broad range of applications. Some of the fundamental design
principles are summarized in this section, and their implications are explained.

1.6.1 Numerical Analysis

The difference between the exact solutionu of the continuous problem and an ap-
proximate solutionu∆ t

h produced by a computer code is the sum of numerical errors.
Aside from programming bugs, we can distinguish between discretization errors,
roundoff errors, and iteration errors. The discretizationerror ε∆ t

h depends on the
mesh sizeh and time step∆ t. It can be estimated using Taylor series expansions or,
in the case of finite element methods, sophisticated tools offunctional analysis.

Roundoff errors due to the finite precision of computer arithmetics are usually
much smaller thanε∆ t

h , whereas iteration errors depend on the prescribed tolerances
and stopping criteria for linear solvers. A properly designed numerical scheme must
be sufficiently accurate and converge to the exact solution of the differential equa-
tion as the mesh sizeh and time step∆ t are refined. Therefore, it must contain
inherent mechanisms to control the magnitude of the total error in the course of sim-
ulation. A rigorous analysis ofconsistency, stability, and convergenceis required to
evaluate new discretization techniques and identify the range of their applicability.

1.6.1.1 Consistency

A numerical method is said to be consistent if the discretization errorε∆ t
h goes to

zero ash→ 0 and∆ t → 0. Consistency refers to the relationship between the exact
solutions of the continuous and discrete problems. In essence, it guarantees that the
discretization is asymptotically correct. Of course, finite values ofh and∆ t are used
in practice to keep simulations affordable. Since the computational cost increases
rapidly with the number of unknowns, it is natural to requirethat the discretization
error ε∆ t

h become smaller if we take a finer mesh and/or time step. Moreover, it is
desirable to have some idea of how much accuracy we can gain bydoing so. This
information can be inferred from ana priori error estimate of the form

ε∆ t
h = O(hp,∆ tq). (1.58)
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The corresponding discretization is consistent ifp> 0 andq> 0. Its spatial and tem-
poral accuracy is of orderp andq, respectively. This gives an asymptotic estimate
of the rate at whichε∆ t

h shrinks as the mesh and/or time step are refined.
It is worth mentioning that the formal order of approximation is not the sole indi-

cator of accuracy and, in many cases, not even a particularlygood one. The absolute
values of the errors produced by two schemes of the same ordermay differ signif-
icantly, and a low-order scheme might perform better than a high-order one on a
coarse mesh. Strictly speaking,a priori estimates based on Taylor series expansions
are not applicable to discontinuous solutions, Also, the contribution of higher-order
terms may become nonnegligible if the corresponding derivatives are too large. As a
consequence, the errorε∆ t

h might decrease much slower than expected. Last but not
least, even a consistent scheme may fail to converge if it turns out to be unstable.

1.6.1.2 Stability

A numerical method is said to be stable if numerical errors, e.g., due to roundoff, are
not amplified, and the approximate solution remains bounded. This criterion applies
to time-stepping schemes and iterative solvers alike. Stability refers to the relation-
ship between the exact solution of the discrete problem and the actually computed
solution that includes roundoff and iteration errors. Mathematical tools of stabil-
ity analysis are available for linear problems with constant coefficients. The most
popular technique is the von Neumann method. Nonlinear problems are more dif-
ficult to analyze and may require a stronger form of stability, see Chapter 3. Some
approximations enjoy unconditional stability, others arestable under certain condi-
tions for the choice of input parameters. Unstable schemes may be fixed by adding
extra terms provided that the discretization remains consistent. This idea leads to a
rich variety of stabilized schemes to be presented in what follows.

1.6.1.3 Convergence

A numerical method is said to be convergent if the numerical solution of the discrete
problem approaches the exact solution of the differential equation as the mesh size
and time step go to zero. High-order methods converge to smooth solutions faster
than low-order ones. Consistency and stability are the necessary and sufficient con-
ditions of convergence for finite difference approximations to well-posed linear ini-
tial value problems. This statement is known as theLax equivalence theorem. In the
nonlinear case, compactness is the main ingredient of convergence proofs [216].

In practical computations, convergence must be verified numerically by running
the same simulation on a series of successively refined meshes and varying the time
step size. The results of thisgrid convergencestudy can also be used to estimate the
genuine order of accuracy [104, 218, 283]. If the discrepancy between the solutions
obtained with several different meshes and time steps is insignificant, this indicates
that the numerical errors are small, and the results are close enough to the exact
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solution of the differential equation. Otherwise, the refinement process should be
continued to make sure that the method converges to a grid-independent solution.

1.6.2 Physical Constraints

Consistency, stability, and convergence are the three cornerstones of numerical ap-
proximation. A discretization that meets all of these requirements is guaranteed to
produce an accurate solution provided thath and∆ t are sufficiently small. However,
the definition of “sufficiently small” is highly problem-dependent. If a numerical
scheme fails to resolve a small-scale feature properly on a given mesh, it typically
reacts by generating large numerical errors and/or nonphysical side effects, such as
a spontaneous loss/gain of mass or spurious oscillations, also known as ‘wiggles’.

The strongest violation of physical realism is likely to occur in the vicinity of dis-
continuities, moving fronts, interior/boundary layers, and other regions in which the
solution gradients are steep. In many cases, small imperfections may be tolerated but
there are situations in which nonphysical solution behavior is totally unacceptable.
Discretization techniques that may give rise to artificial sources/sinks or negative
concentrations should be avoided. Therefore, certain physical constraints, such as
conservationandboundedness, may need to be enforced at the discrete level [104].

1.6.2.1 Conservation

Since mathematical models of transport phenomena are basedon conservation prin-
ciples, similar principles should apply to the approximatesolution. If the quantity
of interest is conserved, then numerical errors can only distribute it improperly. Dis-
crete conservation is a constraint that forces the numerical algorithm to reproduce
an important qualitative property of the physical system correctly. TheLax-Wendroff
theoremstates that if a consistent and conservative scheme converges, then it con-
verges to a weak solution of the conservation law. Convergence to nonphysical weak
solutions, such as shocks moving at wrong speeds, is ruled out by this theorem.

In the asymptotic limit, even a nonconservative scheme willproduce correct re-
sults if it is consistent and stable. Unfortunately, it is difficult to tell how fine the
mesh and time step must be chosen to keep conservation errorssmall enough. Thus,
even solutions to rather simple problems may behave in an unpredictable manner.

A finite difference scheme proves conservative if it can be written in terms of
numerical fluxes from one grid point into another. Finite volume and discontinu-
ous Galerkin methods are conservative by construction, both globally and locally.
The continuous Galerkin FEM provides global conservation [134] and is claimed
to be locally conservative by some authors [158, 162]. Conservation may be lost if
inaccurate quadrature rules or nonstandard approximations are employed. Any mod-
ification of a conservative scheme is dangerous and must be examined critically.
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1.6.2.2 Boundedness

In many applications, the transported quantity must stay within certain bounds for
physical reasons. For example, densities and temperaturesmust be nonnegative; vol-
ume and mass fractions must be bounded by 0 and 1. Under certain assumptions,
analytical solutions to scalar transport equations are known to attain their maxima
and/or minima on the boundary of the domain. In unsteady problems, the local ex-
trema of initial data may also serve as upper or lower bounds.Maximum and min-
imum principles for PDEs of different types are presented inChapter 3. Similar
constraints can be formulated for the nodal values of the discrete solution.

If a numerical approximation fails to satisfy ana priori bound based on the
known properties of the exact solution, it can easily be repaired by clipping all
undershoots and overshoots. However, pointwise correction of nodal values is a
dangerous practice since the conservation property may be lost. Some low-order
approximations are conservative and bounded but their accuracy leaves a lot to be
desired. High-order schemes perform well for smooth data but may produce un-
bounded solutions in the neighborhood of steep fronts. A conservative and bounded
convergent scheme of high order is rather difficult to designand expensive to run
but the results are usually rewarding. Indeed, if the total amount of the conserved
quantity is correct, its distribution is accurate, and all relevant upper/lower bounds
are satisfied, then the numerical solution must be very closeto the exact one. Bound-
edness implies strong stability, so a consistent and bounded scheme is convergent.

1.6.2.3 Causality

In some situations, it is important to make sure that information travels in the right
direction (downstream and forward in time) and at the right speed. This principle
is known ascasuality[265]. Some algortihms transmit information too far or fast;
others fail to reflect the one-way pattern of wave propagation. The principle of ca-
suality requires that large differences between the analytical and numerical domains
of dependence be avoided, as far as possible. A good numerical method should be
faithful to the nature of the physical and mathematical problem to be solved.

1.6.3 The Basic Rules

Since the end product of the discretization process is an algebraic system, the above
design principles impose certain restrictions on the coefficients of the numerical
scheme. Four basic rules that ensure conservation, boundedness, and physical real-
ism were formulated by Patankar [268] three decades ago. In this section, we restate
these guidelines in a form suitable for our purposes. Later,we will put them on a
firm mathematical basis, explain their far-reaching implications, and use them as a
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design tool. As we will see, Patankar was far ahead of his timein recognizing the
importance of algebraic constraints for the development ofnumerical methods.

1.6.3.1 Mass Balance

The first basic rule is: no mass should be created or destroyedinside the domain by
the discretized convective and diffusive terms. The globalmass balance may only
change due to sources, sinks, and nonzero fluxes across the boundary.

In our systems (1.36) and (1.37), the discrete mass that belongs to nodei is given
by m|i = ∑ j mi j u j , wheremi j is a coefficient of the mass matrixM. The sum of its
coefficients should be equal to the area/volume of the computational domain.

The evolution of massesm|i is governed by (1.34) or, in the case of a diagonal
mass matrix, (1.35). Summing overi, one obtains the global mass balance

dm
dt

= ∑
i

[

r i −∑
j
(ci j +di j )u j

]

, (1.59)

wherem=∑i m|i is the total mass that must satisfy a discrete conservation principle.
Depending on the choice of discretization techniques, the correctness of the mass

balance (1.59) can be checked and maintained in (at least) two different ways:

• Finite volume methods and some of their finite difference counterparts can be
expressed in terms of numerical fluxesfi j defined as suitable approximations to
(1.46). For the scheme to be conservative, each pair of fluxesmust satisfy

f ji =− fi j , ∀ j 6= i. (1.60)

The flux fi j corresponds to the amount of mass transported by convectionand/or
diffusion from nodei into nodej. Since the fluxf ji is the negative offi j , what is
subtracted from one node is added to another. Hence, mass is conserved.

• Finite element methods can also be written in terms of numerical fluxes that
satisfy (1.60), see Chapter 3. Another useful criterion is based on the properties
of the discrete convection and diffusion operatorsC= {ci j } andD = {di j }. Note
that the contribution ofu j to the right-hand side of (1.59) vanishes if

∑
i

ci j = 0, ∑
i

di j = 0. (1.61)

Therefore, the scheme is conservative if the matricesC andD have zero column
sums, except for a small set of nodes located on the boundary or next to it. This
property was mentioned in [43] in the context of finite difference discretizations.

At the stage of testing and debugging, it is useful to check ifthe total mass evolves
in the right way. If this is not the case, the code is likely to contain a pernicious bug.
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1.6.3.2 Zero Row Sums

The second basic rule is: if a continuous operator produces zero when applied to a
constant, so should its discrete counterpart. If we consider (1.13) withs≡ 0, this
equation remains valid if the solution and its boundary values are increased by an
arbitrary constant. For the solution of the discrete problem to possess the same prop-
erty, it is sufficient to require that the matricesC andD have zero row sums

∑
j

ci j = 0, ∑
j

di j = 0. (1.62)

Then the discrete solution is defined up to an additive constant. Uniqueness follows
from the Dirichlet boundary conditions to be prescribed forat least one node.

By definition, the diffusive flux is proportional to the gradient ofu, so the rows
of D should always satisfy the zero-sum rule. However, the row sums ofC may be
nonzero if its continuous counterpart is given by (1.12) andthe velocity field is not
divergence-free. In this case, the governing equation contains a zeroth-order term of
the form(∇ ·v)u, so the rule is not applicable to the discrete convection operator. If
we force the numerical solution to behave in a certain way, then our intention is to
mimic some qualitative properties of the exact solution. The basic rules should not
be used blindly in situations when the underlying assumptions do not hold.

1.6.3.3 Positive Coefficients

The third basic rule is: if convection and diffusion are the only processes to be
simulated, the nodal valueun+1

i should not decrease as result of increasing any other
nodal value that appears in the discretized equation for node i. Conversely, it should
not increase if another nodal value is decreased, all other things being fixed.

In the absence of a reactive term, the fully discrete problemcan be written as

Aun+1 = Bun, (1.63)

whereA= {bi j } andB= {bi j } contain the coefficients of the implicit and explicit
part, respectively. The nodal valueun+1

i satisfies the following algebraic equation

aii u
n+1
i = ∑

j
bi j u

n
j −∑

j 6=i

ai j u
n+1
j . (1.64)

Obviously, the requirements of the third rule are satisfied if the coefficients of all
nodal values that contribute to this equation have the same sign. Following Patankar
[268], we choose them to be positive. Strictly speaking, we require that

aii > 0, bii ≥ 0, ∀i, (1.65)

ai j ≤ 0, bi j ≥ 0, ∀ j 6= i. (1.66)
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In the context of explicit finite difference schemes, positivity constraints of this form
were formulated by Booket al. [43] as early as in 1975. Ifai j = 0 for all j 6= i, then
it is obvious that a scheme of the form (1.64) ispositivity preserving, i.e.,

un ≥ 0 ⇒ un+1 ≥ 0, ∀n. (1.67)

In the implicit case, a proof of this property is based on theM-matrix property ofA
which ensures that all coefficients ofA−1 are nonnegative, see Chapter 3.

As we will see, conditions (1.65)–(1.66) and similar algebraic constraints can be
used to achieve many favorable properties, such as positivity, monotonicity, nonin-
creasing total variation, and the discrete maximum principle, to name just a few.

1.6.3.4 Negative Slopes

The fourth basic rule is: if the discretization of convective and diffusive terms is
positivity-preserving, inclusion of a reactive part should not destroy this property.

Sources and sinks may reverse the sign of analytical and numerical solutions
alike. It is not unusual that they trigger numerical instabilities, cause divergence of
iterative solvers, or give rise to nonphysical artifacts. Hence, the treatment of zeroth-
order terms requires special care. Assume that a nonlinear reactive termr i can be
split into a (positive) source and a (negative) sink proportional toui as follows

r i = βi −αiui . (1.68)

The linearization parametersαi andβi may depend on the unknown solution values.
It is instructive to consider the extreme situation in whichr i is very large as

compared to other terms and, therefore, equation (1.34) reduces tor i = 0 or

αiui = βi . (1.69)

To secure convergence and keep the numerical solution positive, the splitting of the
reactive term should be designed so thatαi ≥ 0 andβi ≥ 0 for all i, see [268].

Even if the contribution of other terms to the discretized equation cannot be ne-
glected, it is worthwhile to express the reactive termr i into the form (1.68) with
nonnegative coefficientsαi andβi . Thisnegative-slope linearizationtechnique was
invented by Patankar [268] to preserve the sign of inherently positive variables.
Guidelines for constructing splittings of the form (1.68) can be found in his book.

The aspects of positivity preservation for linearized reactive terms of the form
(1.68) withβi = ciui ≥ 0 were also analyzed by MacKinnon and Carey [246] who
mentioned that such a splitting is possible, e.g., for zeroth-order kinetics (radiative
decay:r = −cu ⇒ α = c ≥ 0, β = 0), a combination of first- and second-order
kinetics (population growth:r = c1u− c2u2 ⇒ α = c2u ≥ 0, β = c1u ≥ 0), and
reactions of fractional order (for instance:r =−cu3/2 ⇒ α = cu1/2 ≥ 0, β = 0).
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1.7 Scope of This Book

The models, techniques, and concepts presented so far were chosen so as to get
started with numerical simulation of transport phenomena without going too much
into detail. The range of topics we have covered is certainlyeclectic and incom-
plete. Other texts should be consulted for an in-depth introduction to the field of
Computational Fluid Dynamics.

This book is concerned with the numerical treatment of transport equations that
cannot be handled using conventional discretization techniques, or the results are
unsatisfactory. If the solution of the continuous problem varies on a length scale
shorter than the mesh size, small-scale features cannot be captured accurately by
any numerical scheme. Thus, insufficient mesh resolution gives rise to large errors
that may result in an incorrect qualitative behavior of approximate solutions.

Each scheme reacts in its own way when it encounters an unresolvable subgrid-
scale feature. Typical side effects are strong numerical diffusion and/or spurious
oscillations (wiggles, ripples). Arguably, an overly diffusive scheme is the lesser of
the two evils if it is guaranteed to be bounded. Another arguable viewpoint is [128]:
“don’t suppress the wiggles — they’re telling you something!” We take the liberty
to formulate another rule: a good algorithm must contain just as much numerical
dissipation as is necessary to avoid nonphysical artifacts. Moreover, the mesh should
be refined adaptively in troublesome regions where small-scale effects are present.

In most cases, the bizarre behavior of numerical solutions is due the fact that

• the model is dominated by convection, anisotropic diffusion, or stiff reaction;
• discontinuities, steep gradients, and/or interior/boundary layers are involved;
• the employed numerical scheme violates at least one of the four basic rules.

A possible remedy is to take a suitable high-order discretization and constrain it
at the algebraic level so as to enforce desirable propertieswithout losing too much
accuracy. This is the approach that we will pursue and promote in this book.

Most of the material presented in this text is not really new.Many excellent books
and review articles have been written about numerical methods for convection-
diffusion equations and hyperbolic conservation laws. Themain reasons that have
led the author to retell the story are as follows:

• useful techniques are scattered over a vast body of literature and difficult to find;
• many algorithms are inherently explicit or require the use of structured meshes;
• texts overloaded with complex mathematical theory are unreadable to engineers;
• rigorous convergence proofs may disguise the fact that the method does not really

work when applied to problems in which subgrid-scale effects are important.

In the introductory part, we select a number of particularlygood and relatively sim-
ple methods. We analyze the properties of these methods and put them in a uni-
fied framework so as to highlight existing similarities. Also, we present some well-
known concepts in a new light and interpret them from the algebraic viewpoint. This
preliminary study is intended to pave the way for various generalizations.
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The algebraic flux correctionparadigm [200] to be introduced in Chapter 4 is
the methodology developed by the author and his coworkers toenforce bounded-
ness in a conservative manner. It will be explained in the context of scalar transport
equations discretized by explicit and implicit finite element methods on arbitrary
meshes. Special-purpose algorithms will be presented for the numerical treatment
of stationary and time-dependent problems alike. However,our main goal is to show
how the underlying design philosophy works and to equip the reader with tools that
make it possible to fix a given discretization building on thefour basic rules and
similar algebraic constraints.

A large share of CFD research is performed by people living inthe parallel
worlds of ‘viscous incompressible’ or ‘inviscid compressible’ flows. The former
is populated by practitioners who are interested primarilyin elliptic/parabolic prob-
lems. People from this group typically favor implicit algorithms, finite element dis-
cretizations, and unstructured meshes. Inviscid flows are governed by hyperbolic
conservation laws, and the traditional solution strategy relies on explicit finite differ-
ence or finite volume discretizations. Of course, there are many notable exceptions
to this rule, and some diffusion of ideas takes place at the interface between the two
worlds. In our experience, a lot can be gained by looking at what is going on both
sides of this interface.

Space and time do not permit a comprehensive review of all promising numerical
schemes and discretization concepts. We will not discuss the recent developments
in the realm of finite volume and discontinuous Galerkin methods. These two main-
stream trends are covered in many texts and research papers.Instead, we focus on
continuous Galerkin methods and make them fit for the numerical treatment of trans-
port equations at arbitrary Peclet numbers. Many methods presented in this book
were chosen with this objective in mind. Of course, this choice has been influenced
by the author’s personal preferences, views, and research objectives. However, the
results of recent comparative studies [174, 175] indicate that it is a fairly good one.





Chapter 2
Finite Element Approximations

This chapter presents a self-contained review of some promising discretization and
stabilization techniques for multidimensional transportequations in two and three
space dimensions. The methods to be discussed do not requiredirectional split-
ting and are readily applicable to unstructured meshes. Thegroup finite element
interpolation of the flux function provides a handy link between finite element and
finite volume approximations. The existence of a conservative flux decomposition
paves the way to various extensions of one-dimensional algorithms. Also, it leads
to efficient edge-based data structures that offer a number of significant advantages
as compared to the traditional element-based implementation. In this chapter, we
consider unstructured grid methods for convection-diffusion equations and discuss
relevant algorithmic details, such as matrix assembly. Furthermore, we analyze the
properties of discrete operators and describe some popularapproaches to the design
of stabilized finite element methods for stationary and time-dependent problems.

2.1 Discretization on Unstructured Meshes

Unstructured grid methods are commonly employed if the domain of interest has
a complex geometrical shape. The finite element approach provides a particularly
convenient framework for the development of general-purpose software packages.
Its advantages include but are not limited to the flexible choice of basis functions,
simple treatment of natural boundary conditions, fully automatic matrix assembly,
and the possibility of mesh adaptation backed by rigorous mathematical theory.

The roots and the traditional strength of finite element methods lie in the field of
elliptic problems and applications to structural engineering, whereas finite volumes
lend themselves to numerical simulation of transport phenomena. One of the reasons
for this state of affairs is that many one-dimensional concepts and geometric design
criteria introduced in the context of finite difference schemes are relatively easy to
extend to finite volume discretizations on unstructured meshes, while an extension
to finite elements is often nontrivial or even impossible. Inthe case of low-order

41
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approximations, it turns out that finite element and finite volume schemes are largely
equivalent, although their derivation is based on entirelydifferent premises.

The existing similarities between the two approaches to discretization of trans-
port equations on unstructured meshes have been recognized, documented, and ex-
ploited by many authors [8, 56, 166, 300, 301]. In particular, edge-basedfinite ele-
ment methods have been formulated in terms of numerical fluxes that move the mass
from one node into another without changing the global balance [226, 239, 259].
This formulation is particularly well suited for compressible flows. In spite of its
enormous potential, as demonstrated by spectacular simulation results for aerody-
namic applications [22, 23, 226], many finite element practitioners are unaware of
its existence or reluctant to use an unconventional methodology. It is hoped that the
present book will provide additional evidence in favor of edge-based algorithms.

The most general model problem to be dealt with in the presentchapter is a scalar
transport equation to be solved in a domainΩ with boundaryΓ = ΓD ∪ΓN

∂u
∂ t

+∇ · f = s in Ω , (2.1)

whereu is a conserved scalar quantity,s is a source term, andf is a generic flux
function that consists of a diffusive and/or convective part. We will also consider the
steady-state counterpart of equation (2.1) in which the time derivative is omitted.

A typical set of initial and boundary conditions for problem(2.1) is as follows

u= u0, at t = 0,
u= g, onΓD,
f ·n = h, onΓN,

(2.2)

wheren denotes the unit outward normal. The appropriate choice of initial/boundary
conditions depends on the problem at hand and on the available information.

In what follows, we consider continuous (linear or multilinear) finite element dis-
cretizations and illustrate their relationship to finite volumes. Starting with a weak
form of (2.1), we derive the coefficient matrices and examinetheir properties. We
revisit the aspects of conservation, upwinding, and artificial diffusion in the FEM
context. Also, we split the contributions of discrete convection and diffusion oper-
ators into skew-symmetric numerical fluxes that represent the rate of bilateral mass
transfer between two neighboring nodes. The use of edge-based data structures is
feasible but not mandatory. Furthermore, it is possible to assemble matrices element-
by-element but define extra stabilization terms in terms of numerical fluxes associ-
ated with edges of the sparsity graph. This approach simplifies the implementation
of edge-based artificial diffusion methods in an existing finite element code.

The presentation is focused on simple stabilization mechanisms suitable for mul-
tidimensional transport problems at moderately large Peclet numbers. Moreover, it
is assumed that the computational mesh is sufficiently regular and does not contain
inordinately stretched/deformed elements. Advanced mathematical theory and non-
linear high-resolution schemes for computing nonoscillatory solutions to problems
with steep fronts on arbitrary meshes will be developed in the next two chapters.
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2.1.1 Group Finite Element Formulation

The starting point for a finite element discretization of thescalar conservation law
(2.1) is its weak form that corresponds to the weighted residual formulation

∫

Ω
w

(

∂u
∂ t

+∇ · f
)

dx =
∫

Ω
wsdx. (2.3)

This relation must hold for any test functionw vanishing on the boundary partΓD,
see Section 1.2.5. To get started, consider a linear flux function of the form

f = vu− ε∇u, (2.4)

wherev is the velocity vector andε is a constant diffusion coefficient. After substi-
tution of the so-defined fluxf and integration by parts, equation (2.3) becomes

∫

Ω

(

w
∂u
∂ t

+w∇ · (vu)+∇w · (ε∇u)

)

dx =
∫

Ω
wsdx+

∫

ΓN

w(ε∇u) ·nds. (2.5)

The integral overΓN is evaluated using the diffusive flux given by the Neumann
boundary conditions. If the total flux is prescribed onΓN, then integration by parts
should also be applied to the convective term. The corresponding weak form is

∫

Ω

(

w
∂u
∂ t

−∇w · (vu− ε∇u)

)

dx =
∫

Ω
wsdx−

∫

ΓN

w(vu− ε∇u) ·nds. (2.6)

The next step is to represent the approximate solutionuh as a linear combination
of piecewise-polynomial basis functions{ϕi} spanning a finite-dimensional space

uh = ∑
j

u jϕ j . (2.7)

This definition yields a convenient separation of variables, such that the spatial and
temporal variations ofuh are associated withu j(t) andϕ j(x), respectively.

In the course of differentiation, time derivatives are applied to the nodal values
u j , whereas gradient and divergence operators are applied to the basis functionsϕ j .
For example, the approximate diffusive flux at a given pointx is proportional to

∇uh = ∑
j

u j∇ϕ j . (2.8)

The conventional approximation of the convective flux involves the multiplication
of (2.7) by the instantaneous velocity that can be interpolated in the same way

vh = ∑
j

v jϕ j . (2.9)
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For the time being, the nodal valuesv j are assumed to be known. In real-life appli-
cations, they are computed numerically from a momentum balance equation.

The straightforward product rule is not the only and often not the best way to ap-
proximate the convective flux that appears in (2.5) and (2.6). Instead of introducing
separate trial solutions for each variable, it is possible to interpolate the nodal values
of a function that depends on a group of variables. This approximation technique is
known as thegroup finite element formulation[109, 110, 111]. It eliminates the need
for dealing with products of basis functions and leads to simpler discretized equa-
tions, which results in significant savings especially in the case of highly nonlinear
problems. In particular, this kind of approximation provides a natural treatment of
inviscid fluxes in conservation laws. In many situations, itturns out to be more ac-
curate than the independent approximation of the involved variables [109, 110].

The group finite element approximation of the convective fluxis given by

(vu)h = ∑
j
(v ju j)ϕ j . (2.10)

Obviously, this function is easier to differentiate than the productvhuh. In particular,
the divergence of the convective flux in equation (2.5) is approximated by

∇ · (vu)h = ∑
j

u j(v j ·∇ϕ j). (2.11)

That is, the conservative semi-discrete form of the convective term is the sum of
nodal values multiplied by the convective derivatives of the basis functions.

If formulation (2.5) is adopted, the resultant semi-discrete problem is as follows

∫

Ω
wh

∂uh

∂ t
dx +

∫

Ω
(wh∇ · (vu)h+∇wh · (ε∇uh)) dx

=
∫

Ω
whsdx+

∫

ΓN

wh(ε∇uh) ·nds, (2.12)

where the weighting functionwh is taken from a suitable finite-dimensional space.
The finite element discretization based on alternative weakform (2.6) reads

∫

Ω
wh

∂uh

∂ t
dx −

∫

Ω
∇wh · ((vu)h− ε∇uh) dx

=
∫

Ω
whsdx−

∫

ΓN

wh ((vu)h− ε∇uh) ·nds. (2.13)

Remark 2.1.In the casewh ≡ 1 andΓN = Γ , the divergence theorem can be used to
show that both discretizations reduce to the integral form of the conservation law

∂
∂ t

∫

Ω
uhdx+

∫

Γ
((vu)h− ε∇uh) ·nds=

∫

Ω
sdx,

which proves that the group finite element formulation is globally conservative.
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In the Galerkin method, the weighting functionswh are taken from the same finite-
dimensional space as the basis functions. Substitution of (2.7), (2.8), and (2.11) into
(2.12) withwh = ϕi yields the following equation for nodal valueui

∑
j

[

∫

Ω
ϕiϕ j dx

]

du j

dt
+ ∑

j

[

∫

Ω
(ϕi(v j ·∇ϕ j)+∇ϕi · (ε∇ϕ j))dx

]

u j

=
∫

Ω
ϕisdx−

∫

ΓN

ϕihds. (2.14)

The value of the fluxh = −(ε∇u) ·n is furnished by the Neumann boundary con-
ditions prescribed onΓN. If the nodal valueui is associated with a point lying on
ΓD =Γ \ΓN, then equation (2.14) should be replaced by the algebraic relationui = gi

that follows from the Dirichlet boundary conditions. In a practical implementation,
it is convenient to do so after the matrix assembly process has been fully completed.
Therefore, we will first consider the discretized equationsbefore the imposition of
Dirichlet boundary conditions but bear in mind that some of these equations are ac-
tually redundant and need to be eliminated to obtain a well-posed discrete problem.

The system of equations (2.14) for all nodes can be written inmatrix form as

MC
du
dt

= Ku+ r, (2.15)

whereMC = {mi j } is the consistent mass matrix,K = {ki j } is the negative of the
discrete transport operator, andr = {r i} is given by the right-hand side of (2.14)

r i =
∫

Ω
ϕisdx−

∫

ΓN

ϕihds. (2.16)

The coefficients of the matricesMC andK can also be inferred from (2.14)

mi j =
∫

Ω
ϕiϕ j dx, ki j =−ci j ·v j − εdi j , (2.17)

where the nodal velocitiesv j may vary with time, the diffusion coefficientε is con-
stant by assumption, and the value ofki j depends on the discretized derivatives

ci j =

∫

Ω
ϕi∇ϕ j dx, di j =

∫

Ω
∇ϕi ·∇ϕ j dx. (2.18)

For the discretization based on (2.13), the values ofmi j anddi j are the same but

ki j = c ji ·v j − εdi j (2.19)

and the contribution of the surface integral to (2.16) should be assembled using the
total fluxh= (vu− ε∇u) ·n prescribed on the Neumann boundary partΓN.

Remark 2.2.If the boundary valueu= g rather than the flux is available, it can be
treated as Neumann boundary condition withh= (v ·n)g. The advantages of weakly
imposed Dirichlet boundary conditions have been explored in [25, 176, 212, 293].
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In the notation of definitions (2.16)–(2.19) thei−th equation assumes the form

∑
j

mi j
du j

dt
= ∑

j
ki j u j + r i , (2.20)

where the actual values ofki j andr i depend on whether (2.12) or (2.13) is employed.
At the initialization stage, the coefficientsmi j , ci j , anddi j need to be evaluated

using numerical integration. In finite element codes, the matrix assembly process is
fully automatic and involves transformations to a reference element on which the
local basis functions are defined [76, 176]. In the case of a time-dependent velocity
field, the convective part of the discrete operatorK must be updated at each time
step. On a fixed Eulerian mesh, this can be accomplished in a very efficient way
since the coefficientsci j anddi j do not change as time evolves. If they are stored, the
computation ofki j from the above formulas can be performed at a fraction of the cost
that the repeated use of element-by-element matrix assembly would require. This is
one of the remarkable features peculiar to the group finite element formulation.

The above derivation of the semi-discrete equations is valid for Lagrangian ele-
ments of arbitrary shape and order. Traditionally, linear and bilinear approximations
have been the workhorse of finite element methods for the equations of fluid dynam-
ics. In many cases, the lack of coercivity or the presence of unresolvable small-scale
effects makes the use of higher-order basis functions impractical. Also, the intri-
cate coupling between the degrees of freedom makes it more difficult to control the
behavior of numerical solutions than in the case of linear orbilinear elements.

2.1.2 Properties of Discrete Operators

Consistency requires that approximations (2.7) and (2.8) be exact at least for con-
stant functions. To this end, the sum of basis functions mustequal 1 everywhere

∑
j

ϕ j ≡ 1. (2.21)

Differentiating (2.21), we deduce that the gradients ofϕ j must sum to zero

∑
j

∇ϕ j ≡ 0. (2.22)

This property ensures that the gradient ofuh is zero ifuh is a constant function

u j = c, ∀ j ⇒ uh ≡ c, ∇uh ≡ 0.

Due to (2.21), thei−th row sum of the consistent mass matrixMC = {mi j } is

∑
j

mi j =
∫

Ω
ϕi ∑

j
ϕ j dx =

∫

Ω
ϕi dx.
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Furthermore, summation over all indices yields the volume (area) of the domainΩ

∑
i

∑
j

mi j =
∫

Ω
∑
i

ϕi dx = |Ω |. (2.23)

The discrete LaplacianD = {di j } is symmetric with zero row and column sums

∑
j

di j =
∫

Ω
∇ϕi ·∑

j
∇ϕ j dx = 0, (2.24)

∑
i

di j =
∫

Ω
∑
i

∇ϕi ·∇ϕ j dx = 0. (2.25)

The discrete gradient/divergence operatorC = {ci j } is nonsymmetric and

∑
j

ci j =
∫

Ω
ϕi ∑

j
∇ϕ j dx = 0, (2.26)

∑
i

ci j =
∫

Ω
∑
i

ϕi∇ϕ j dx =
∫

Ω
∇ϕ j dx. (2.27)

The zero row sum property ofC andD is dictated by the second basic rule from
Section 1.6.3. It ensures that the result of numerical differentiation equals zero if all
nodal values of the numerical solution coincide and define a constant field.

By definition, finite element basis functions have compact support. That is,ϕi

and all of its derivatives are zero outside the set of elements which contain node
xi . Likewise, products of basis functions and/or their derivatives are nonvanishing
only on a small patchΩi j of elements, as shown in Fig. 2.1 for a triangular mesh.
Hence, all volume and surface integrals shrink to those overΩi j and its boundary
Γi j , respectively. This property guarantees that the resulting matrices are sparse.

For example, the assembly of the mass matrixMC involves the computation of

mi j =
∫

Ω
ϕiϕ j dx =

∫

Ωi j

ϕiϕ j dx

which can be performed element-by-element using numericalor exact integration.
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Fig. 2.1 Integration regions for linear basis functions on a triangular mesh.
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Assume that at least the mean values ofϕiϕ j are continuous across interelement
boundaries. Then integration by parts within each cellΩk ∈ Ωi j reveals that

ci j +c ji =
∫

Ωi j

(ϕi∇ϕ j +ϕ j∇ϕi)dx =
∫

Γi j∩Γ
ϕiϕ j nds. (2.28)

The integrals ofϕiϕ j over an interface between any pair of cells that belong to
Ωi j cancel out due to continuity. The integral over the outer boundary of Ωi j is
nonvanishing only onΓi j ∩Γ since the product of the two basis functions is zero
elsewhere. In the case of linear and bilinear elements, formula (2.28) implies that
c ji =−ci j unless both nodes lie on the boundaryΓ and belong to the same element.
In particular,cii = 0 for any interior nodei due to the fact thatϕi vanishes on the
whole outer boundaryΓii of the integration regionΩii , as depicted in Fig. 2.1.

Due to the local support property, relation (2.28) can be reformulated as follows

ci j +c ji = bi j , bi j =
∫

Γ
ϕiϕ j nds. (2.29)

The vector-valued weightsbi j distribute the surface area between pairs of nodes in
much the same way as the coefficientsmi j distribute the volume of the domainΩ .

By virtue of (2.29) and (2.26), the column sums (2.27) ofC are equal to

∑
i

ci j = ∑
i

bi j = b j , b j =

∫

Γ
ϕ j nds. (2.30)

If the basis functionϕ j is associated with an internal node, then it vanishes on the
boundaryΓ and thej−th column sumb j equals zero. Otherwise the result is

b j = n jsj , n j =
1
sj

∫

Γ
ϕ j nds, sj =

∫

Γ
ϕ j ds, (2.31)

wheresj is the surface area associated with a boundary nodej andn j is the corre-
sponding unit outward normal vector. Since the basis functions sum to unity

∑
j

sj =
∫

Γ
∑

j
ϕ j ds= |Γ |.

The above properties of the coefficient matricesMC, C andD are not only of purely
theoretical interest. As we will see shortly, they are of fundamental importance for
the analysis and design of finite element approximations on unstructured meshes.

2.1.3 Conservation and Mass Lumping

The fact that the finite element discretization (2.20) of thetransport equation is
globally conservative can be easily inferred from the aboveproperties of coefficient
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matrices. The total ‘mass’ of the numerical solutionuh is defined as the integral

m(t) =
∫

Ω
uh(x, t)dx = ∑

i
miui , (2.32)

where the row summi represents the share of the domainΩ associated with nodei

mi =
∫

Ω
ϕi dx = ∑

j
mi j . (2.33)

Summing equations (2.20) overi, one obtains the global mass balance equation

dm
dt

= ∑
j
∑
i

ki j u j +∑
i

r i .

If the coefficientski j are defined by (2.19), then the properties ofC andD imply

∑
j
∑
i

ki j u j = ∑
j
(v ju j) ·∑

i
c ji −∑

j
u j ∑

i
εdi j = 0.

Thus, only source terms and fluxes across the boundary may affect the total mass.

The semi-discrete scheme withki j defined by (2.17) is also conservative since

∑
j
∑
i

ki j u j = −∑
j
(v ju j) ·∑

i
(bi j −c ji )−∑

j
ui ∑

i
εdi j

= −∑
j
(v ju j) ·∑

i
bi j =−∑

j
(v ju j) ·b j . (2.34)

By definition of the convective flux (2.11) and of the integrated normal vectorb j

∑
j
(v ju j) ·b j =

∫

Γ
(vu)h ·nds.

Again, the total mass may change only due to internal sourcesand boundary fluxes.

Remark 2.3.The imposition of Dirichlet boundary conditions in the strong sense
may apparently invalidate the proof of global conservation. Indeed, the elimination
of the corresponding equations from the algebraic system means thatwh = ∑i ϕi ≡ 1
is no longer an admissible test function, and the column sumsof the resultant co-
efficient matrices are different. This problem can be rectified by including a set of
equations for the boundary fluxes weighted by the omitted basis functions [158].

Remark 2.4.Clearly, the global conservation statement remains valid for Dirichlet
boundary conditions imposed in a weak sense, e.g., as proposed in Remark 2.2.

It is common practice to approximate the consistent mass matrix MC by a diago-
nal matrixML, so as to update the solution in a fully explicit way or make animplicit
algorithm more robust and efficient. This trick is particularly useful in steady-state
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computations since the approximation of the time derivative has no influence on
the final solution. In the case of time-dependent problems, mass lumping is usually
undesirable since it may adversely affect the phase accuracy of the finite element
scheme. Moreover, it may result in a loss of the intrinsic conservation property.

In general, a diagonal mass matrixML is a conservative approximation toMC if

∑
i
(MLu)i = ∑

i
(MCu)i (2.35)

for an arbitrary vectoru. In particular, the sum of its elements should be equal to
the volume/area of the computational domain, as required by(2.23) and (2.35) with
u≡ 1. These requirements are clearly satisfied by therow-summass lumping tech-
nique, wherebyML is defined as a diagonal matrix of weights given by (2.33)

ML = diag{mi}, mi = ∑
j

mi j . (2.36)

By definition, the sum of all nodal values multiplied by the diagonal coefficients of
the so-defined lumped mass matrixML is equal to the total mass (2.32).

Mass lumping can also be performed using diagonal scaling orinexact evaluation
of the coefficientsmi j by a nodal quadrature rule that produces a diagonal matrix. In
fact, the integrals given by (2.33) can be interpreted as weights of a Newton-Cotes
numerical integration scheme. This observation makes it possible to estimate the
quadrature error and quantify the loss of accuracy due to mass lumping [134].

The quadrature-based approach to mass lumping is attractive from the viewpoint
of analysis but a word of caution is in order. It turns out thatonly the row-sum
formula (2.33) conserves mass in the above sense [134]. Indeed, if we suppose that
there is another diagonal mass matrixM̃L = diag{m̃i} satisfying (2.35) then

∑
i
(MLu)i −∑

i
(M̃Lu)i = ∑

i
(mi − m̃i)ui = 0.

Sinceu is arbitrary, this means thatmi = m̃i for all i, which proves the uniqueness
of the lumped mass matrixML that enjoys the global conservation property.

Linear and bilinear finite element approximations give riseto mass matrices with

mi j ≥ 0, mi > 0, ∀i, j

since the basis functions are nonnegative everywhere. In higher-order approxima-
tions, the off-diagonal entries ofMC are of variable sign, so row-sum lumping may
produceML with zero or negative diagonal entries. For example, the lumped mass
matrix for the six-node quadratic finite element approximation on a triangular mesh
assigns zero masses to all vertex-based degrees of freedom [73]. Such a lumped-
mass Galerkin discretization can be interpreted as a finite volume method with edge-
centered degrees of freedom [271]. A possible remedy is to enrich the finite element
basis by adding a bubble function associated with the centerof gravity [73].
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2.1.4 Variational Gradient Recovery

In many situations, numerical differentiation of the approximate solution is required
to calculate certain derived quantities such as fluxes or curvatures. By definition,
the first derivatives ofuh are given by (2.8) but the so-defined gradient∇uh is
a piecewise-constant function which is discontinuous at interelement boundaries.
Therefore, a direct evaluation of the derivatives at nodes is not feasible, and some
kind of postprocessing is needed to extract information from the available data.

A continuous approximation to the gradient of the solutionuh can be defined as

gh = ∑
j

g jϕ j , (2.37)

whereg j is a suitable approximation to the vector of first derivatives at nodej. It can
be determined, for example, by fitting a polynomial to the values of the piecewise-
constant consistent gradient∇uh evaluated at a set of points surrounding nodej.
These points can be placed so as to exploit thesuperconvergencephenomenon [190]
and increase the accuracy of approximation by orders of magnitude [362, 363, 364].
Superconvergent postprocessing techniques are frequently employed for purposes
of a posteriorierror estimation and adaptive mesh refinement, see Chapter 7.

Another way to determine the nodal values ofgh is to perform theL2-projection
∫

Ω
ϕighdx =

∫

Ω
ϕi∇uhdx, ∀i. (2.38)

This approach is a classical example ofvariational gradient recoverywhich can be
used repeatedly to calculate the nodal values of higher-order space derivatives.

Remark 2.5.The L2-projection can also be carried out using a different set of ba-
sis/test functions{ψi} for the representation of the averaged gradientgh. However,
the choiceψi = ϕi is usually the most natural and economical one [3, 261].

Substitution of (2.8) and (2.37) into (2.38) yields a linearsystem of the form

MCg= Cu, (2.39)

whereMC = {mi j } is the consistent mass matrix andC = {ci j } is the discrete gradi-
ent operator analyzed in the previous sections. As usual, the boldface notation means
that the number on unknowns per mesh node equals that of spacedimensions.

The linear system (2.39) can be solved, e.g., using Richardson’s iteration precon-
ditioned by the lumped mass matrixML which is a usable approximation toMC

ĝ(m+1) = ĝ(m)+M−1
L [Cu−MCĝ(m)], m= 0,1,2, . . . . (2.40)

SinceML is a diagonal matrix, its inversion is trivial. Due to the diagonal dominance
and positive-definiteness ofMC, convergence is typically fast. In practical calcula-
tions, a fixed number (up to 3) of iterations are usually performed. A single iteration
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with initial zero guess corresponds to the lumped-mass version of system (2.39)

g= M−1
L Cu. (2.41)

This kind of gradient reconstruction is very cheap and its accuracy is sufficient for
most practical purposes. Also, the lumped-massL2-projection (2.41) is less likely
to generate undershoots and overshoots than gradient recovery based on (2.39).

Due to the zero row sum property, the diagonal coefficients ofC are given by

cii =−∑
j 6=i

ci j .

Hence, the equation for the nodal gradientgi admits the following representation

gi =
1
mi

∑
j

ci j u j =
1
mi

∑
j 6=i

ci j (u j −ui).

Variational gradient recovery, such as the above lumped-mass L2-projection, can
also be used to approximate the divergence of a vector field. For example

(∇ ·g)i =
1
mi

∑
j

ci j ·g j =
1
mi

∑
j 6=i

ci j · (g j −gi) (2.42)

yields an approximate value of the Laplacian∆u at nodei. As an alternative, second-
order derivatives can be recovered directly using integration by parts [226]

∫

Ω
ϕi(∆u)hdx =

∫

Γ
ϕi(n ·∇uh)ds−

∫

Ω
∇ϕi ·∇uhdx, ∀i. (2.43)

After row-sum mass lumping, thei−th equation in this system can be written as

(∆u)i =
1
mi

∑
j

hi j u j −
1
mi

∑
j 6=i

di j (u j −ui),

wheredi j andhi j represent the contributions of the volume and surface integrals to
the right-hand side of (2.43), respectively. Neumann boundary conditions (if any)
can be built into the integral overΓN. This approach to recovery of(∆u)i is faster
and typically more accurate than repeated application of first derivatives.

The divergence of the velocity fieldvh can be approximated in the same way
as that of the averaged gradient in equation (2.42). Interestingly enough, the result
is proportional to the row sums of the discrete transport operator K = {ki j } with
coefficientski j =−ci j ·v j − εdi j . Indeed, using property (2.24) one obtains

∑
j

ki j =−∑
j

ci j ·v j ≈−mi(∇ ·v)i .

Loosely speaking, the velocity field is discretely divergence-free if the group finite
element approximation (2.10) of the convective flux leads toK with zero row sums.
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It is instructive to decompose thei−th component of the vectorKu as follows

∑
j

ki j u j = ∑
j 6=i

ki j (u j −ui)+ui ∑
j

ki j . (2.44)

In light of the above, the following approximations are associated with each term

∑
j

ki j u j ≈−mi(∇ · (vu))i −mi(ε∆u)i , (2.45)

∑
j 6=i

ki j (u j −ui)≈−mi(v ·∇u)i −mi(ε∆u)i , (2.46)

ui ∑
j

ki j =−ui ∑
j

ci j ·v j ≈−miui(∇ ·v)i . (2.47)

In conclusion, the sum overj 6= i is the ‘incompressible’ part of the discrete transport
operatorK. The ‘compressible’ part (2.47) vanishes ifK has zero row sums.

2.1.5 Treatment of Nonlinear Fluxes

In many practical applications, the diffusive terms can be neglected, while the flux
function f(u) depends on the unknown solutionu in a nonlinear way. In this case,
equation (2.1) represents a hyperbolic conservation law which can be discretized in
much the same way as the convective part of a linear transportequation. Let

fh = ∑
j

f jϕ j , f j = f(u j) (2.48)

be the group finite element approximation of the inviscid fluxto be inserted into

∫

Ω
wh

∂uh

∂ t
dx+

∫

Ω
wh∇ · fhdx =

∫

Ω
whsdx. (2.49)

Remark 2.6.As before, the global balance equation can be inferred from (2.49) with
wh = ∑i ϕi ≡ 1 by applying the divergence theorem element-by-element

∂
∂ t

∫

Ω
uhdx+

∫

Γ
fh ·nds=

∫

Ω
sdx.

The semi-discrete Galerkin equation that corresponds towh = ϕi is given by

∑
j

mi j
du j

dt
=−∑

j
ci j · f j + r i . (2.50)

Note that the right-hand side of this equation contains a linear combination of nodal
fluxesf j = f(u j) that depend on the solution valuesu j at the corresponding nodes.
If an explicit time-stepping strategy is adopted, the fluxescan be evaluated using
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the available solution from the previous time level. The matrix assembly process for
implicit algorithms involves a suitable linearization of the discretized fluxes.

Due to the zero row sum property (2.26) of the matrixC = {ci j }, we have

∑
j

mi j
du j

dt
=−∑

j 6=i

ci j · (f j − f i)+ r i . (2.51)

Furthermore, it is possible to transform this equation intothe quasi-linear form

∑
j

mi j
du j

dt
=−∑

j
ci j ·vi j (u j −ui)+ r i , (2.52)

wherevi j is a characteristic velocity such that (2.51) and (2.52) areequivalent

vi j =

{

f(u j )−f(ui)
u j−ui

, if u j 6= ui ,

f′(ui), if u j = ui .
(2.53)

As in the one-dimensional case, this definition guarantees that shocks, if any, move
at correct speed satisfying the Rankine-Hugoniot condition (see Chapter 3).

In fact, the analytical derivativef′(ui) with respect tou can be replaced by zero.
The following equivalence relation holds no matter howvi j is defined foru j = ui

ci j ·vi j (u j −ui) = ci j · (f j − f i).

To convert (2.52) into the usual form (2.20), the entries ofK = {ki j } are defined as

kii =−∑
j 6=i

ki j , ki j =−ci j ·vi j , ∀ j 6= i. (2.54)

Remark 2.7.Sincevi j = v ji , the relationship between the off-diagonal entries ofK
follows from (2.29). For any pair of internal nodes,c ji = −ci j implies k ji = −ki j .
Likewise, the symmetric boundary partbi j makes a symmetric contribution toK.

Remark 2.8.For a linear convective fluxf = vu, the coefficientski j =−ci j ·vi j may
differ from those given by (2.17) withε = 0. On the one hand, the above-mentioned
preservation of (skew-)symmetry speaks in favor of definition (2.54). On the other
hand, the formulaki j =−ci j ·v j is certainly more economical for linear problems.

2.1.6 Conservative Flux Decomposition

In finite difference and finite volume methods for conservation laws, the distribu-
tion of mass inside the domain satisfies local balance equations formulated in terms
of numerical fluxes that transport the mass from one node intoanother. The mass
associated with a given node depends on the sum of incoming and outgoing fluxes.
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The advantages of a flux-based formulation are twofold. First, it is guaranteed to be
conservative and reflects the physical nature of convectionand diffusion processes.
Second, the rules of the game are remarkably simple: (i) eachpair of neighboring
nodes may trade mass, (ii) the mass added to one node is subtracted from another,
(iii) mass can be imported or exported across the boundariesof the domain.

The integral nature of the finite element method makes it difficult to ascertain
how the mass exchange between individual nodes takes place.Due to global conser-
vation, a decomposition of the residual into numerical fluxes is possible. However,
their definition is not as obvious as in the case of finite differences or finite volumes.
The discretized convective and/or diffusive terms represent the net amount of mass
received by nodei from its neighbors. Unfortunately, it is difficult to identify the
contribution of each neighbor, and multiple solutions to this problem may exist.

In the early 1990s, a proper definition of numerical fluxes wasfound for continu-
ous piecewise-linear Galerkin approximations on triangular and tetrahedral meshes
[17, 18, 22, 269, 300]. This was a major breakthrough in the development of edge-
based finite element methods for compressible flows [225, 226, 239, 259]. Most of
such algorithms are fully explicit and rely heavily on certain properties of linear
basis functions. As a consequence, they are not suitable forbilinear approximations
and other finite elements. This lack of generality rules out the use of quadrilateral,
hexahedral, and hybrid meshes which might be desirable for various reasons.

A very useful flux decomposition technique was introduced bySelmin et al.
[300, 301, 302] who developed a unified framework for the implementation of un-
structured grid methods based on finite element and finite volume discretizations. It
provides a simple way to generate numerical fluxes and artificial diffusion operators
for Galerkin approximations based on Lagrangian finite elements of various shape
and order. Furthermore, element-based data structures areonly needed to assemble
the matrices of coefficients involved in the computation of numerical fluxes. The
transition to a flux-based representation leads to efficientalgorithms that operate
with node pairs, as in the case of finite difference and finite volume schemes.

Following Selmin et al. [300, 301, 302] and Löhner [226], we consider a fi-
nite element approximation to equation (2.1) and define the corresponding fluxes in
terms of the off-diagonal coefficientsci j anddi j associated with the discretization
of first-order and second-order derivatives, respectively. The flux decomposition to
be presented can serve as a vehicle for extending classical high-resolution schemes
to unstructured meshes. Many examples of such generalizations can be found in
[239, 243], where the edge-based data structure of Peraire et al. [269] was used to
perform upwinding and flux limiting on a triangular mesh of linear finite elements.

2.1.6.1 Inviscid Fluxes

For any linear or nonlinear flux functionf(u), the group finite element discretization
of the conservation law (2.1) yields an equation of the form (2.50). The task is
to express the right-hand side of this semi-discrete equation in terms of internodal
fluxes that take the mass from one node and give it to another node without changing
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the global balance. The zero row sum property (2.26) leads tothe representation

∑
j

ci j · f j = f i ·∑
j

ci j +∑
j

ci j · f j = ∑
j

ci j · (f i + f j). (2.55)

Furthermore, the coefficientci j can be decomposed into the symmetric internal part
ai j and the skew-symmetric boundary partbi j given by formula (2.29)

ci j =
ai j +bi j

2
, ai j = ci j −c ji , bi j = ci j +c ji . (2.56)

The sum of terms proportional toai j admits the following flux decomposition

∑
j

ai j ·
f i + f j

2
= ∑

j 6=i

fi j , fi j = ai j ·
f i + f j

2
, ∀ j 6= i. (2.57)

The average off j andf i indicates that this formula is a finite element counterpart of
the central difference approximation. Sincea ji = −ai j , the flux f ji = − fi j has the
same magnitude and opposite sign. This property guaranteesmass conservation.

According to (2.29) and (2.48), the contribution ofbi j to (2.55) is represented by

∑
j

bi j ·
f i + f j

2
= fii , fii =

∫

Γ
ϕi

f i + fh

2
·nds, ∀i. (2.58)

Here and below, the indexj = i is reserved for boundary fluxes. On the Neumann
boundary partΓN, integration should be performed usingh= f ·n in place offh ·n.
On the Dirichlet boundary partΓD, thei−th equation is overwritten by the constraint
ui = gi which should be used to calculatef i = f(gi) in (2.57) and elsewhere.

Remark 2.9.The boundary fluxfii can also be evaluated using inexact nodal quadra-
ture or approximationfh ≈ f i which has the same effect as mass lumping [301]

fii ≈ bi · f i , bi = ∑
j

bi j = nisi , (2.59)

where the unit outward normal vectorni and the surface areasi are defined by (2.31).
In the worst-case scenario, approximation (2.59) generates an error of orderh. On
the other hand, the unique definition of the normal at boundary nodes makes the
numerical treatment of boundary conditions remarkably simple and natural [301].

Summarizing the results, the sum of internal and boundary fluxes is given by

∑
j

ci j · f j = ∑
j

fi j . (2.60)

The same flux decomposition is obtained if integration by parts is performed to shift
the derivatives onto the test function. Indeed, property (2.29) confirms that

∑
j

bi j · f j −∑
j

c ji · f j = ∑
j

fi j . (2.61)
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Remark 2.10.Another possibility to define the fluxfi j is to take [200, 201, 203]

fi j = ai j ·
f i + f j

2
−bi j ·

f j − f i

2
= ci j · f i −c ji · f j , ∀ j 6= i. (2.62)

The difference between the fluxes (2.57) and (2.62) forj 6= i implies that

fii = ∑
j

bi j ·
f i + f j

2
+∑

j
bi j ·

f j − f i

2
= ∑

j
bi j · f j , ∀i.

The so-defined boundary fluxfii represents the first term in the left-hand side of
(2.61) and approximates the surface integral that results from integration by parts

∑
j

bi j · f j =
∫

Γ
ϕi fh ·nds.

In the interior of the domain, the two definitions offi j are equivalent sincebi j = 0.

Remark 2.11.Flux decompositions (2.60) and (2.61) are valid not only forlinear and
bilinear basis functions but also for higher-order (quadratic, cubic) finite elements.
However, the straightforward two-point flux approximationmay cease to reflect the
physical nature of transport processes. As the polynomial order increases, so does
the number of nonzero matrix entries and possible flux decompositions. Ideally,
the definition of numerical fluxes for higher-order FEM should (i) involve solution
values at more than two nodes and (ii) allow mass exchange only between nearest
neighbors, as in the case of finite difference and finite volume schemes [193].

2.1.6.2 Viscous Fluxes

Several alternative approaches to the numerical treatmentof diffusive fluxes such as

g=−ε∇u

have been explored by finite element practitioners [226, 239, 300, 301]. The first
possibility is to determine the nodal valuesgi ≈−(ε∇u)i using theL2-projection

gi =− ε
mi

∑
j

ci j u j =− ε
mi

∑
j 6=i

(

ai j
u j +ui

2
+bi j

u j +ui

2

)

(cf. Section 2.1.4) or another gradient recovery technique. The corresponding fluxes
gi j can be derived in the same way as their inviscid counterparts, that is,

gii ≈ bi ·gi , gi j = ai j ·
(

gi +g j

2

)

, ∀ j 6= i. (2.63)

The use of gradient recovery makes such a formulation akin tofinite difference and
finite volume schemes. The combined treatment of convectiveand diffusive terms
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leads to conceptually simple and computationally efficientalgorithms. A potential
drawback to this approach is that the evaluation ofgi j involves information from
two layers of points [239, 301]. The consistent Galerkin approximation achieves su-
perior accuracy with a compact stencil, i.e., using data from nearest neighbors only.
The result is a sparse matrixD which contains the coefficients of diffusive fluxes.

A symmetric matrixD= {di j } is called adiscrete diffusion operatorif it has zero
row and column sums [205, 200]. That is, its entries should satisfy the relations

∑
j

di j = ∑
i

di j = 0, di j = d ji , ∀i, j. (2.64)

For example, consider the standard Galerkin discretization of the diffusive term

−
∫

Ω
w∇ · (ε∇u)dx =

∫

Ω
∇w · (ε∇u)dx−

∫

ΓN

wn · (ε∇u)ds.

If the diffusion coefficientε is constant, this weak statement leads to the formula
∫

Ω
∇ϕi · (ε∇uh)dx = ε ∑

j
di j u j , di j =

∫

Ω
∇ϕi ·∇ϕ j dx.

Due to (2.24) and (2.25) the resultant matrix is a typical representative of discrete
diffusion operators. The contribution of the surface integral vanishes if homoge-
neous Neumann boundary conditions are imposed. In general,it can be evaluated
using the known value ofn · (ε∇u) or the compact approximation [301]

gii =−
∫

ΓN

ϕin · (ε∇u)hds≈ gi ·ni ,

whereni denotes the outward normal vector defined in the same way as in(2.59).

Remark 2.12.Interestingly enough, the difference between the consistent mass ma-
trix MC = {mi j } and its lumped counterpartML = diag{mi} is also a discrete diffu-
sion operator in the above sense. By definition,mi j = mji andmi = ∑ j mi j so that

∑
j
(mi j −mi) = ∑

i
(mi j −mi) = 0.

The diffusive nature ofMC −ML is well known [134] and has been exploited to
design various stabilization terms for finite element schemes [26, 87, 232, 301, 302].

Any discrete diffusion operatorD defines the conservative flux decomposition

(Du)i = ∑
j

di j u j = ∑
j 6=i

gi j , gi j = di j (u j −ui). (2.65)

For any pair of nodesi and j, the skew-symmetric fluxesgi j andg ji =−gi j are pro-
portional to the difference between the two nodal values, which results in smoothing
or steepening of solution profiles depending on the sign of the coefficientdi j . As we



2.1 Discretization on Unstructured Meshes 59

will see later, these properties make it possible to adjust the magnitude of the flux
gi j so as to enforce monotonicity or remove excessive numericaldiffusion.

2.1.7 Relationship to Finite Volumes

To illustrate the relationship between finite element and finite volume discretiza-
tions of a conservation law like (2.1), consider an arbitrary control volumeVi with
boundarySi =

⋃

j Si j which consists of several patchesSi j . For all j 6= i, the inter-
face between the control volumesVi andVj is denoted bySi j = Si ∩Sj . The notation
Sii = Si ∩Γ refers to the union of boundary patches that belong toΓ , if any.

The local mass balance for an arbitrary control volumeVi can be written as

∂
∂ t

∫

Vi

udx+
∫

Si

f ·nds=
∫

Vi

sdx. (2.66)

The volume of the integration regionVi and the mean value ofu are given by

mi =
∫

Vi

dx = |Vi |, ui =
1
mi

∫

Vi

udx.

Let r i denote the right-hand side of (2.66). Splitting the surfaceintegral, one obtains

mi
dui

dt
+∑

j

∫

Si j

f ·nds= r i .

In finite volume methods, numerical integration and interpolation are employed to
approximate the integral over each portionSi j of the control surfaceSi by

fi j ≈
∫

Si j

f ·nds.

A second-order approximation of central difference type isbased on the definition

fii = bi · f i , fi j = ai j ·
f j + f i

2
, ∀ j 6= i.

The so-defined numerical fluxesfi j are of the same form as those for the group finite
element formulation but the metric vectorsni andai j are defined as

bi =
∫

Sii

nds, ai j =
∫

Si j

nds, ∀ j 6= i. (2.67)

It is easy to verify that these quantities possess the following properties [301]

∑
j 6=i

ai j +bi = 0, a ji =−ai j , ∀ j 6= i. (2.68)
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The first property reflects the fact that a constant flux cannotchange the value ofui

at an interior node. It can be readily inferred from (2.67) and the integral relation
∫

Si

nds=
∫

Vi

∇1dx = 0, Si =
⋃

j

Si j .

The second property in (2.68) is a consequence of the fact that the ‘outward’ normal
for Vi is the negative of that forVj . The skew-symmetry of the coefficient vectorsai j

anda ji ensures thatf ji =− fi j , as required by local and global conservation.

Remark 2.13.So far no restrictions have been imposed on the shape ofVi . The de-
grees of freedomui are typically associated with cells or vertices of the underlying
mesh. In the latter case, a dual mesh of control volumes covers the whole domain.

Remark 2.14.The original and/or dual mesh are only needed to identify theconnec-
tions between nodes and generate coefficients that depend onthe geometric proper-
ties of control volumes. These coefficients are assigned to nodes or node pairs which
participate in the mass exchange. A typical implementationinvolves visiting each
pair of nodes and sending the fluxesfi j to the corresponding equations [300].

On an unstructured triangular mesh, the control volumeVi can be built around
each nodei as sketched in Fig. 2.2. First, each triangle is subdivided into six subele-
ments delimited by the medians whose intersection lies at the center of gravity. Then
Vi is defined as the union of subelements having the pointxi as a vertex. This yields
a median dual meshwhich represents a subdivision of the computational domain
into nonoverlapping polygonal cells. The area of each cellVi equals the diagonal
entrymi of the lumped mass matrixML = diag{mi} for a piecewise linear Galerkin
discretization on a triangulation with the same vertices [8, 300]. Moreover, it turns
out that the corresponding metric quantitiesai j andni are identical [226, 301]. The
same relationship between linear finite elements and vertex-centered finite volume
approximations holds for tetrahedral meshes in the three-dimensional case [301].

xj

xi

Vi
Vj

Fig. 2.2 Control volumeVi for a vertex-centered FVM on a triangular mesh.
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The bridge between the finite element and finite volume approaches makes it
possible to combine their advantages and develop a unified framework for the dis-
cretization of transport equations on arbitrary meshes [301]. The flux for a finite el-
ement scheme can be manipulated in the same way as that in finite volume methods.
Conversely, the consistent mass matrix and the Galerkin approximation of diffusive
terms become portable to a finite volume code. Furthermore, the metric coefficients
ai j , bi , andmi can be calculated using element-by-element matrix assembly or the
alternative geometric approach. In the case of bilinear finite elements, there is no
equivalent finite volume representation since it is impossible to construct a dual
mesh with the same connectivity pattern. However, a conservative flux decomposi-
tion and the use of data structures that operate with node pairs are still feasible.

2.1.8 Edge-Based Data Structures

One of the basic tasks involved in the practical implementation of an unstructured
grid method is the assembly of sparse matrices and/or matrix-vector products that
constitute the algebraic system to be solved. A lion’s shareof computer time is spent
on retrieving information from large arrays and locating array elements which need
to be updated. The search process depends on the links between individual elements,
nodes, fluxes, and other data items. Hence, the overall performance of the code is
strongly influenced by the choice of data structures and storage techniques.

In most finite element codes, global matrices likeMC, C, andD are assembled by
visiting all elements sequentially and collecting their contributions to the integrals
that define the coefficients of discrete operators. The threebasic operations are:
gatheringnodal data pertaining to each element,processingthis data, andscattering
the results back to nodes ([226], p. 187). To perform numerical integration, one
needs to know the numbers and locations of nodes that belong to a given element.
Thus, a typical element-based data structure includes arrays in which the Cartesian
coordinates of each node and the connectivity list of each element are stored.

After the matrix assembly, all information about the geometrical and topological
properties of the underlying mesh can be discarded. Furthermore, the evaluation
of right-hand sides and matrix-vector products can be performed using an edge-
based data structure which operates with pairs of nodes, as in the case of finite
volume schemes. Such data structures offer algorithmic simplicity, low memory
requirements, and a major reduction in indirect addressing[22, 229, 225, 269, 301].
Moreover, they are amenable to large-scale parallel computing [56, 226, 245].

Throughout this book, the term ‘edge’ refers to a pair of nodes associated with
a pair of nonzero off-diagonal matrix entries, i.e., with anedge−→i j of the graph
that represents the sparsity pattern (stencil) of the numerical scheme. In the finite
element context, any pair of basis functions with overlapping supports defines such
an edge. On a simplex mesh, the number of internodal links forlinear finite elements
equals the number of physical mesh edges. Bilinear approximations on rectangular
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Fig. 2.3 Internodal links for linear and bilinear finite elements.

or mixed meshes give rise to extra diagonal links, see Fig. 2.3. Hence, there is no
one-to-one correspondence between the graph of the matrix and that of the mesh.

To get started with edge-based data structures, consider a sparse matrixA= {ai j }
with neq rows/columns andnnz entries that may assume nonzero values. If storage
is allocated forai j and/ora ji with j > i, then the node pair{i, j} defines an edge in
the above algebraic sense. The list of edges is stored in a two-dimensional connec-
tivity arraykedge(1 : 2,1 : nedge) with two rows andnedge columns such that the
two node numbers associated with the edge numberiedge= 1, . . . ,nedge are

i = kedge(1,iedge),
j = kedge(2,iedge).

Remark 2.15.The columnwise storage of edge data is adopted since matrices are
stored by columns in MATLAB , FORTRAN, and other programming environments.

Another arrayaedge(1 : 2,1 : nedge) is used to store the off-diagonal matrix entries

ai j = aedge(1,iedge),
a ji = aedge(2,iedge).

The first row ofaedge is associated with the upper triangular part (j > i), while
the second row contains the nonzero entries of the lower triangular part (j < i).
For symmetric matrices, a one-dimensional arrayaedge is enough. A matrix with
zero row/column sums is completely defined by the contents ofkedge andaedge.
Otherwise, an extra arrayadiag(1 : neq) is used to store the diagonal entries

aii = adiag(i).

This one-dimensional array is sufficient to represent a diagonal matrix such asML.
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In summary, an elementary edge-based data structure includes the edge connec-
tivity list and arrays that store the diagonal and/or off-diagonal part of a matrix with
up tonnz= neq+2∗nedge nonzero entries. In what follows, this representation of
sparse matrices will be referred to as the Compressed Edge Storage (CES) format.

The following examples illustrate some possibilities to evaluate the matrix-vector
productAu and add the result to the residual or right-hand side vectorb. Here and
below, pseudo-code segments are written in the FORTRAN 90 terminology which we
believe is self-explanatory and readily portable to other programming languages.

Example 2.1.Given a nonsymmetric matrixA= {adiag,aedge,kedge} with non-
vanishing row sums, its diagonal entries are processed in a loop over nodes

do i= 1,neq
b(i) = b(i)+adiag(i)∗u(i)

end do

while the contribution of off-diagonal entries is includedin a loop over edges

do iedge= 1,nedge
i= kedge(1,iedge)
j= kedge(2,iedge)
b(i) = b(i)+aedge(1,iedge)∗u(j)
b(j) = b(j)+aedge(2,iedge)∗u(i)

end do

Example 2.2.If the matrixA has zero row sums, then a loop over edges is enough

do iedge= 1,nedge
i= kedge(1,iedge)
j= kedge(2,iedge)
diff= u(j)−u(i)
b(i) = b(i)+aedge(1,iedge)∗diff
b(j) = b(j)−aedge(2,iedge)∗diff

end do

Example 2.3.If the matrixA is symmetric with zero row sums, then it represents a
discrete diffusion operator. Hence, a conservative flux decomposition is feasible

do iedge= 1,nedge
i= kedge(1,iedge)
j= kedge(2,iedge)
flux= aedge(iedge)∗ (u(j)−u(i))
b(i) = b(i)+flux

b(j) = b(j)−flux

end do

Other kinds of internodal fluxes can be inserted into the vector b in the same way.
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The edge-based formulation offers an efficient way to perform sparse matrix-
vector multiplications in explicit algorithms and iterative solvers. In the latter case,
preconditioners should also be applied edge-by-edge if theCES format is adopted.
The design of such preconditioners is addressed in [57, 58].Reportedly, they are
more efficient than their element-by-element counterparts. A further reduction in
indirect addressing can be achieved using advanced concepts like stars, superedges,
and chains which represent extensions of the single-edge data structure [56, 225].

2.1.9 Compressed Row Storage

A complete transition to an edge-based data structure mightbe impractical in an ex-
isting finite element code that employs a different format for storage of sparse ma-
trices in assembly routines and/or linear solvers. However, the edge-by-edge evalu-
ation of internodal fluxes is nontrivial if the coefficientsci j anddi j are not available
in the CES format. Moreover, the entries of global matrices may depend on edge
data, such as the mean velocityvi j in definition (2.54). Therefore, some parts of the
code call for an edge-based implementation and it is essential to have fast access to
all matrix entries associated with a given edge. Alternatively, element matrices can
be disassembled into edge contributions and combined to form edge matrices [56].

The Compressed Row Storage (CRS) and Compressed Column Storage (CCS)
formats are often used in unstructured mesh codes. In eithercase, all nonzero entries
of a matrix A are packed into a one-dimensional arrayaval(nnz). This array is
filled row-by-row or column-by-column in the CRS and CCS versions, respectively.
In other words, the CRS form of a matrixA is equivalent to the CCS form ofAT .
Hence, the decision as to which format is better suited for a given application is
a matter of whether the matrix itself or its transposed is needed more frequently.
Without loss of generality, we assume the former and discussthe CRS format as
implemented in the open-source finite element software library FEAT2D [40].

Given the arrayaval(nnz) of nonzero entries stored row-by-row, two auxiliary
integer arrays,kcol(1 : nnz) andkptr(1 : neq+ 1), make it possible to find an
entry with given row and column numbers. The value ofj = kcol(ij) is the col-
umn number ofai j = aval(ij) for any index from the rangeij = 1, . . . ,nnz. The
beginning of thei-th row is indicated byii= kptr(i). That is, ifi= 1, . . . ,neq is
the row number ofai j = aval(ij), thenkptr(i)≤ ij≤ kptr(i+1)−1. The last
elementkptr(neq+1) = nnz+1 of the row pointer arraykptr corresponds to the
position where the next row would begin. This entry is introduced for programming
convenience in order to avoid treating the last row differently from the others.

For our purposes, it is worthwhile to store the diagonal entry of each row first
[40] so thatkcol(ii) = i if ii = kptr(i). This convention provides fast access
to the diagonal part. The remaining column indices are stored in ascending order
so thatkptr(i)+1 ≤ ij < ik ≤ kptr(i+1)−1 implieskcol(ij) < kcol(ik).
While this restriction is not a part of the standard CRS format, it plays a pivotal role
in the development of the edge-based assembly algorithms tobe presented below.
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Example 2.4.Consider the following square matrix withnnz= 12 nonzero entries

A=









1 2 0 7
2 4 3 0
0 3 6 5
7 0 5 8









.

In the sorted CSR format, this 4×4 matrix is represented by the three arrays

aval = (1,2,7,4,2,3,6,3,5,8,7,5),
kcol = (1,2,4,2,1,3,3,2,4,4,1,3),
kptr = (1,4,7,10,13).

(2.69)

Note that the underlined diagonal entries ofA are stored in positions indicated by
kptr and followed by other elements of the same row traversed fromleft to right.

Example 2.5.Given a matrixA = {aval,kcol,kptr} in the CSR format, the fol-
lowing algorithm returns the sum of the matrix-vector product Auand a vectorb

do i= 1,neq
do ij= kptr(i),kptr(i+1)−1

j= kcol(ij)
b(i) = b(i)+aval(ij)∗u(j)

end do

end do

(2.70)

Example 2.6.If A has zero row sums, an alternative way to evaluate and addAu is

do i= 1,neq
do ij= kptr(i)+1,kptr(i+1)−1

j= kcol(ij)
b(i) = b(i)+aval(ij)∗ (u(j)−u(i))

end do

end do

(2.71)

The edge-by-edge assembly/modification of the matrixA= {aval,kcol,kptr}
or its conversion into the CES formatA= {adiag,aedge,kentry} involves visiting
all node pairs{i, j} with j > i and searching for elements ofaval that correspond to
matrix entries with row/column indicesi and j. The positions of the diagonal entries
aii = aval(ii) anda j j = aval(jj) are given byii= kptr(i) andjj= kptr(j),
respectively. Let all node pairs{i, j} be processed in the same order in which they
are encountered in (2.70) and (2.71). Then the off-diagonalentry ai j = aval(ij)
is readily available but the location ofa ji = aval(ji) is more difficult to find. In
principle, it can be determined by jumping to the beginning of row j and checking
if kcol(ji) = i for ji= kptr(j)+1, . . . ,kptr(j+1)−1. However, the fact that
the elements ofkcol are sorted makes it possible to get the value ofji for free.
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Let ksep(1 : neq) be an integer array that will serve as a pointer to the position
of a ji for the current node pair. The edge-by-edge processing of a matrix and its
storage in the CES format can be performed by the following algorithm [254]

iedge= 0

ksep(1 : neq) = kptr(1 : neq)
do i= 1,neq
ii= kptr(i); adiag(i) = aval(ii)
do ij= ksep(i)+1,kptr(i+1)−1

j= kcol(ij); ksep(j) = ksep(j)+1

ji= ksep(j); jj= kptr(j)
. . .
iedge= iedge+1

kedge(1,iedge) = i

kedge(2,iedge) = j

aedge(1,iedge) = aval(ij)
aedge(2,iedge) = aval(ji)
. . .

end do

end do

(2.72)

Initially, the separator arrayksep points to the beginning of each row, where the
diagonal entry is stored. Fori = 1, the next row element (if any) belongs to the upper
triangular matrix since there is noj < 1. All rows are visited sequentially in the
outer loop. First, the value ofaii = aval(ii) is retrieved and packed intoadiag(i).
Then the lists of edges and off-diagonal entries with row or column indexi are
extruded in the inner loop. Due to the above sorting convention, the column indices
j = kcol(ij) increase withij. When a new entryai j = aval(ij) with j > i is
encountered, the edge counteriedge and the entryksep(j) are incremented by 1.
The new value ofji= ksep(j) marks the position ofa ji = aval(ji). When row j
is reached in the outer loop, all rows withi < j have already been processed, so that
ksep(j)+1 is the position of the first row element from the upper triangular part.

Remark 2.16.As an exercise that illustrates howksep evolves, it is instructive to
consider the sample matrix (2.69) and unroll the loops usingpaper and pencil.

Remark 2.17.Algorithm (2.72) differs from the original version proposed by the
author and cited in [254] in that it operates with the upper triangular rather than
lower triangular part. This eliminates the need for an extraauxiliary array.

The body of the inner loop may include further statements that involve manipula-
tions with matrix entries indexed byi and j. In particular, the edge-by-edge assem-
bly of aval for a discrete transport operator of the form (2.54) and/or the evaluation
of numerical fluxes like (2.57) and (2.65) can be performed inthis way. Since the
valuesai j anda ji are not stored contiguously inaval, the permanent ‘jumping’ may
incur a high overhead cost due to slow memory access. Therefore, it is advisable to
use the CES format for storage and edge-by-edge processing of sparse matrices.
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2.2 Stabilization of Convective Terms

The standard Galerkin method produces accurate solutions to elliptic and parabolic
transport equations as long as the Peclet number is relatively small (some notable
exceptions to this rule are considered in Section 4.5). However, the presence of
convective terms deprives the Galerkin FEM of thebest approximation property
which it is known to possess in the case of self-adjoint (symmetric) operators.

At high Peclet numbers, the discrete transport operatorK is dominated by the
nonsymmetric convective part and exhibits very unfavorable properties. Since the
Galerkin discretization of convective terms is akin to a central difference approxi-
mation, it tends to produce spurious oscillations, also known aswiggles. Moreover,
an iterative algorithm or an explicit time integration scheme may become unstable.

The lack of robustness can be rectified by adding some artificial diffusion or
using modified test functions to construct an upwind-biasedfinite element scheme.
In either case, the Galerkin operatorK is replaced by its stabilized counterpartK̄
which may or may not be associated with a continuous bilinearform. The difference
between the two matrices represents a stabilization operator D = {di j }. That is,

K̄ = K+D, k̄i j = ki j +di j . (2.73)

Of course, it is essential to ensure that the modified scheme remains consistent and
conservative. Furthermore, the application ofD should not make it too diffusive.

In this section, we review some traditional stabilization tools developed in an at-
tempt to suppress the wiggles or, at least, to keep them small(bounded). The presen-
tation of linear stabilized FEM is followed by a brief introduction to residual-based
shock-capturing techniques for problems with discontinuities and steep fronts. Last
but not least, a prototype of nonoscillatory finite element schemes to be presented
in Chapter 6 is constructed building on the concept ofmodulated dissipation.

2.2.1 First-Order Upwinding

In one space dimension, the first-order upwind difference scheme (UDS) consti-
tutes a nonoscillatory, albeit inaccurate, alternative tothe second-order central dif-
ference (CDS) and Galerkin finite element methods (GFEM) which are plagued by
numerical instabilities at mesh Peclet numbers greater than 2. The 1D examples in
Chapter 2 illustrate the relationship between these basic discretization techniques.

In an unstructured mesh environment, the design of UDS-likefinite element
methods is typically based on a vertex-centered finite volume approach to the dis-
cretization of convective terms [8, 11, 167, 288, 322]. Instead, the inviscid flux
(2.57) associated with the standard Galerkin approximation can be replaced by [300]

fi j = ai j ·
f i + f j

2
− |ai j ·vi j |

2
(u j −ui), ∀ j 6= i, (2.74)
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wherevi j is the averaged velocity defined by (2.53). Substitution into (2.74) yields

fi j =

{

ai j · f i , if ai j ·vi j > 0,
ai j · f j , if ai j ·vi j < 0,

∀ j 6= i.

The so-defined multidimensional generalization of UDS proves nonoscillatory for
arbitrary Peclet numbers [300]. Due to the equivalence between linear finite ele-
ments and vertex-centered finite volume CDS, it leads to the same set of discrete
equations as the geometric approach based on the construction of a dual mesh.

It is worth mentioning that the practical implementation offirst-order upwinding
in a finite element code does not require a reformulation of the discrete problem in
terms of numerical fluxes. In fact, the replacement of (2.57)by (2.74) is equivalent
to adding a discrete diffusion operatorD = {di j } with coefficients given by

dii =−∑
j 6=i

di j , di j =
|ai j ·vi j |

2
, ∀ j 6= i.

Note that the matrixD is symmetric with zero row and column sums, as required by
(2.64). A general approach to the design of such artificial diffusion operators and to
‘discrete upwinding’ for FEM on unstructured meshes is presented in Chapter 6.

2.2.2 Artificial Diffusion

First-order upwinding is rarely used in the realm of finite elements because it results
in strong smearing and does not fit into the usual variationalframework. Instead, the
Galerkin transport operatorK is typically stabilized by manipulating the bilinear
form a(·, ·) that defineski j =−a(ϕi ,ϕ j) for any pair of nodesi and j. Consider

ā(w,u) := a(w,u)+b(w,u), (2.75)

whereb(u,v) represents a linear or nonlinear stabilization term. Ideally, this part
should vanish ifu is the exact solution of the continuous problem. For practical
purposes, it is sufficient to make sure thatb(u,v)→ 0 as the meshh goes to zero.

The matrixK̄ with coefficients̄ki j =−ā(ϕi ,ϕ j) assumes the form (2.73), where

di j =−b(ϕi ,ϕ j).

In a classical artificial diffusion method, the stabilization operator is defined by

b(w,u) = ∑
k

∫

Ωk

∇w · (D∇u)dx, (2.76)

whereD denotes a tensor diffusivity. Typically, the amount of artificial diffusion
depends on the local mesh sizeh and on the magnitude of the velocity vectorv.
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The simplest way to offset the intrinsic negative diffusionof the Galerkin scheme
is to applyisotropicbalancing dissipation of the formD = δI , where

δ = α
|v|h
2

, (2.77)

is a scalar diffusion coefficient andI is the identity tensor. The free parameterα
determines the magnitude ofδ and that of the additional discretization error.

Using a constant valueα ∈ [0,1] is feasible but the resulting scheme is at most
first-order accurate, no matter how high the degree of basis functions{ϕi} is. This
dramatic loss of accuracy is clearly undesirable. Therefore, the parameterα is typi-
cally defined as a monotonically increasing function of the mesh Peclet number

Peh =
|v|h

ε

and evaluated separately for each elementΩk. The local mesh sizeh may refer, e.g.,
to the longest edge or to the diameter of the area/volume equivalent circle (sphere).

As a rule of thumb, the solution is well-resolved and no stabilization is required
for Peh ≤ 2. A larger value of Peh indicates that the flow is too fast or the mesh is too
coarse. Hence, it is necessary to refine the mesh or apply someartificial diffusion.

Example 2.7.Consider the steady one-dimensional convection-diffusion equation

v
du
dx

+ ε
d2u
dx2 = 0 (2.78)

discretized by linear finite elements on a uniform mesh of sizeh= ∆x. The artificial
diffusion method withα ≡ 1 corresponds to the first-order upwind approximation of
the convective term. On the other hand, the solution to equation (2.78) with constant
coefficients is nodally exact ifα is defined by [86]

α = coth

(

Peh

2

)

− 2
Peh

. (2.79)

To reduce the computational cost associated with repeated evaluation ofα, it is
common practice to replace (2.79) by the ‘doubly asymptotic’ approximation

α = min

{

1,
Peh

6

}

. (2.80)

Neither (2.79) nor (2.80) is guaranteed to be a perfect choice in the case of mul-
tidimensional transport equations, variable coefficients, and unstructured meshes.
Still, these definitions of the parameterα are frequently used by default in FEM
codes [86]. Many other formulas have been proposed but the optimal value ofα is
highly problem-dependent and difficult to determine froma priori considerations.

In advanced artificial diffusion methods, the definition ofα may depend not only
on the local Peclet number Peh but also on the derivatives of the velocity or pressure
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fields, on the residuals of the continuous problem, and on other quantities that mea-
sure the smoothness of a given solution [170, 172, 226]. The design of such schemes
can be based on empirical principles or backed by solid mathematical theory. Both
approaches have been employed in CFD computations with considerable success.

2.2.3 Streamline Upwinding

In multidimensional problems, both convection and diffusion transport information
in certain directions. The velocity fieldv determines the direction and speed of con-
vective transport, whereas the net diffusive flux depends onthe definition ofD . In
the above example, the stabilization termb(w,u) consists of element contributions
associated with a weak form ofδ∆u. The results are frequently polluted by numeri-
cal crosswind diffusion that could be removed without making the scheme unstable.
This has led the developers of stabilized FEM to introduceanisotropic balancing
dissipationthat acts along the streamlines ofv but not transversely [157, 181].

A family of widespread streamline upwind (SU) finite elementmethods is based
on (2.76) with an anisotropic tensor diffusivity of the form[47, 86, 176, 322]

D = τv⊗v = {Dξ η}, (2.81)

whereτ is the so-calledintrinsic time. The componentwise form of (2.81) reads

Dξ η = τvξ vη , ∀ξ ,η ∈ {x,y,z}.

After some rearrangements, the corresponding stabilization term (2.76) becomes

b(w,u) = ∑
k

∫

Ωk

τ(v ·∇w)(v ·∇u)dx. (2.82)

Since the integrand represents a weak form of the second convective derivative

(v ·∇)2u= v ·∇(v ·∇u),

the termb(w,u) incorporatesstreamline diffusion(SD) into the Galerkin scheme.

The stabilization parameterτ for the streamline upwind method is defined as

τ =
δ
|v|2 =

αh
2|v| ,

whereδ is given by (2.77) and depends on the choice ofα. The default is (2.79) or
(2.80), whileα ≡ 1 corresponds to first-order upwinding along the streamlines.

The lack of crosswind diffusion results in a smaller deviation from the origi-
nal Galerkin scheme than the use ofD = δI . However, the SD stabilization fails
to remove undershoots and overshoots in the vicinity of steep layers [172]. Some
remedies to this deficiency of streamline upwinding are discussed in Section 2.2.6.
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2.2.4 Petrov-Galerkin Methods

Instead of modifying the Galerkin bilinear forma(·, ·), streamline diffusion can be
introduced within the framework of a consistent Petrov-Galerkin method. Let

L u= v ·∇u−∇ · (ε∇u)+σu= s in Ω (2.83)

be the conservative (σ = ∇ · v) or nonconservative (σ = 0) form of a stationary
convection-diffusion equation. Using the usual notation for theL2 scalar product

(w,u) =
∫

Ω
wudx,

the Galerkin weak form of the above model problem can be written as follows

a(w,u) = (w,s).

For a pure Dirichlet problem,w= 0 onΓ and the bilinear forma(·, ·) reads

a(w,u) = ∑
k

∫

Ωk

(wv ·∇u+∇w · (ε∇u)+wσu) dx. (2.84)

The inclusion of a SU stabilization term (2.82) transforms this integral form into

ā(w,u) = a(w,u)+∑
k

∫

Ωk

τ(v ·∇w)(v ·∇u)dx

= ∑
k

∫

Ωk

(w̄v ·∇u+∇w · (ε∇u)+wσu) dx,

where the convective term is multiplied by the nonconforming test function

w̄= w+ τv ·∇w. (2.85)

In thestreamline upwind / Petrov-Galerkin(SUPG) method [47], this test func-
tion is applied to all components ofL u and the bilinear form is redefined as

ā(w,u) = a(u, w̄). (2.86)

Unlike classical SU methods, this approach to stabilization of convective terms en-
sures that the residual of the associated weak form vanishesif u is the exact solution
of (2.83). This desirable property is calledstrong consistencyand can be exploited
to maintain optimal accuracy in a given finite-dimensional space ([276], p. 269).

The advent of SUPG was followed by the development of other Petrov-Galerkin
methods that differ in the definition of the operatorP for the stabilization term

b(w,u) = ∑
k

∫

Ωk

τ(Pw)(L u−s)dx. (2.87)
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In unsteady problems, the transport operatorL includes the contribution of a (dis-
cretized) time derivative. The original SUPG formulation corresponds to

Pw= v ·∇w.

The resulting stabilization termb(w,u) is nonsymmetric, unlessL = P. The sym-
metry can be restored by using theGalerkin / least squares(GLS) method [159]

Pw= L w.

Reportedly, a better weighting of the reactive termσu is offered by the formula

Pw=−L
∗w,

whereL ∗ stands for the adjoint ofL . In this basicsubgrid scale(SGS) method
[86] and in its predecessors [92, 113] the sign of the symmetric terms is reversed.

Remark 2.18.All of the above Petrov-Galerkin methods reduce to the classical
SUPG stabilization ifσ = 0 and the test functionw is linear inside each element.

Many other definitions of the operatorP are possible. In most cases, the differences
between the resulting solutions are marginal. For a comprehensive review and a
detailed comparative study of stabilized FEM based on various generalizations or
modifications of SUPG, we refer to [70, 86, 172, 276] and references therein.

Remark 2.19.The use of edge-based data structures in the context of SUPG is ad-
dressed in [56]. It is shown that element matrices and residuals associated with the
stabilized bilinear form can be decomposed into edge contributions. Hence, global
matrix assembly and the computation of matrix-vector products can be performed in
a loop over edges rather than elements. This approach to implementation of SUPG
offers significant savings in terms of the CPU time and memoryrequirements [56].

2.2.5 Taylor-Galerkin Methods

A major drawback of SU methods and their Petrov-Galerkin counterparts is the
uncertainty regarding the choice of the stabilization parameter. The default setting
given by formula (2.79) is designed to produce a nodally exact solution to (2.78) but
might be inappropriate for more involved convection-diffusion-reaction equations.
Guessing the right value ofα for time-dependent problems is particularly difficult
since both amplitude and phase errors must be taken into account. Fortunately, there
is a conceptually simple and parameter-free alternative tostreamline upwinding.

An accurate and stable finite element approximation to the transport equation

∂u
∂ t

+L u= s in Ω (2.88)
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can be constructed within the framework of Taylor-Galerkin(TG) methods [85, 86,
90, 275]. The main advantages of these finite element schemesare their inherent
stability, improved phase accuracy, and the absence of freeparameters.

2.2.5.1 Second-Order TG Approximation

In Taylor-Galerkin methods, the time discretization playsa pivotal role. Instead of
manipulating the Galerkin space discretization, the time-stepping method is chosen
so as to stabilize it in natural way, perhaps, under a certaintime step restriction. TG
algorithms do not contain free parameters and are directly applicable to multidimen-
sional transport problems. To give a simple example that illustrates their relationship
to SU/SD methods, consider the second-order accurate approximation [70, 74]

un+1−un

∆ t
=

(

∂u
∂ t

)n

+
∆ t
2

(

∂ 2u
∂ t2

)n+θ

(2.89)

which leads to the explicit (θ = 0) or semi-implicit (θ = 1) Lax-Wendroff / TG2
method. The stability limit (if any) for the time step∆ t depends on the structure of
the spatial differential operatorL and on the number of space dimensions [89].

Invoking the governing equation (2.88) and assuming that all of its coefficients
are independent oft, the involved time derivatives are expressed as follows

∂u
∂ t

= s−L u,
∂ 2u
∂ t2 =−L

∂u
∂ t

= L (L u−s) (2.90)

and plugged into equation (2.89). Next, the residual of the semi-discrete scheme

un+1−un

∆ t
+L un+

∆ t
2

L (s−L un+θ ) = s (2.91)

is multiplied by the test functionw and integrated over the domainΩ . This yields

(

w,
un+1−un

∆ t

)

+a(un,w)+b(un+θ ,w) = (w,s), (2.92)

where the contributions of the time derivatives (2.90) are represented by the terms

a(w,u) = (w,L u−s), b(w,u) =
∆ t
2
(w,L (s−L u)).

The latter represents an explicit or implicit correction tothe forward Euler / Galerkin
discretization which makes it more stable and second-orderaccurate in time.

After integration by parts, the following representation of b(w,u) is obtained

b(w,u) =
∆ t
2
(L ∗w,s−L u) =

∆ t
2

∫

Ω
(L ∗w)(s−L u)dx (2.93)
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for a pure Dirichlet problem such thatw= 0 on the boundaryΓ . This term is iden-
tical to (2.87) withτ = ∆ t/2 andP =−L ∗. Like many other stable FEM approx-
imations, (2.92) turns out to be a disguised Petrov-Galerkin method [70, 290].

Remark 2.20.The equivalence between Taylor-Galerkin and SUPG-like discretiza-
tions can be exploited to define the stabilization parameterτ for transient computa-
tions, or the local time step∆ t for marching the solution to a steady state [38, 74].

2.2.5.2 Linear Hyperbolic Equations

A standard model problem is the linear hyperbolic equation given by (2.88) with

L u= v ·∇u.

Substitution of the streamline diffusion operatorL 2 for ∂ 2

∂ t2
in (2.89) leads to

b(w,u) =
∆ t
2

[

∫

Ω
∇ · (vw)(v ·∇u)dx−

∫

Γ
wv ·n(v ·∇u)ds

]

.

In incompressible flow problems, the velocity field is divergence-free (∇ ·v= 0) and
the volume integral reduces to the SU stabilization term (2.82) with τ = ∆ t/2

b(w,u) =
∆ t
2

[

∫

Ω
(v ·∇w)(v ·∇u)dx−

∫

Γ
wv ·n(v ·∇u)ds

]

.

When a Dirichlet boundary condition is imposed at the inletΓ− = {x∈Γ |v ·n< 0},
as required by the nature of hyperbolic problems, the surface integral reduces to that
overΓ+ = {x ∈ Γ |v ·n > 0}. Such boundary terms are missing in the original SU
formulation (2.82) but have been incorporated into the GLS method [95]. The failure
to include them might cause spurious reflections at outflow boundaries [38, 89].

2.2.5.3 Nonlinear Hyperbolic Equations

Next, consider a generic conservation law of the form (2.1) which corresponds to

L u= ∇ · f(u)

with a nonlinear inviscid fluxf(u). Invoking approximation (2.89), one obtains

un+1 = un+∆ t(s−∇ · fn)+
(∆ t)2

2
∇ · fn+θ

t , (2.94)

wherefn = f(un) andfn
t is the corresponding time derivative. By the chain rule

ft =
(

df
du

)

∂u
∂ t

=−a∇ · f, a=

(

df
du

)

. (2.95)
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Again, the Galerkin weak form of the semi-discrete scheme (2.94)–(2.95) admits
representation (2.92). Integration by parts in the bilinear form a(·, ·) yields

a(w,u) =
∫

Γ
wf(u) ·nds−

∫

Ω
∇w · f(u)dx. (2.96)

By virtue of (2.95), the bilinear formb(·, ·) for the second-order term is given by

b(w,u) =
∆ t
2

[

∫

Ω
(a·∇w)∇ · f(u)dx−

∫

Γ
w(a·n)∇ · f(u)ds

]

. (2.97)

In an implicit TG algorithm, the termb(un+θ ,w) may be linearized using [226]

fn+θ ≈ fn+θan(un+1−un).

For θ = 0, the contribution ofa(un,w) andb(un,w) to (2.92) can be written as [87]

ā(un,w) =
∫

Γ
wfn+1/2 ·nds−

∫

Ω
∇w · fn+1/2dx, (2.98)

where the fluxfn+1/2 represents a second-order accurate approximation tof(un+1/2)

fn+1/2 = fn+
∆ t
2

fn
t = fn− ∆ t

2
an∇ · fn. (2.99)

Note that there is no need to differentiate the (possibly discontinuous) flux function
in (2.96) and (2.98). However, the evaluation of (2.97) and (2.99) might be cumber-
some and expensive, especially in the case of nonlinear hyperbolic systems in which
the scalar characteristic speeda is replaced by a Jacobian matrix [230]. This is why
a fractional-step approach to the treatment of such problems is frequently adopted.

2.2.5.4 Two-Step Implementation

An alternative implementation [6, 231] of the explicit second-order Taylor-Galerkin
method for (2.1) is based on the two-step Runge-Kutta time-stepping scheme

un+1/2 = un+
∆ t
2

(

∂u
∂ t

)n

= un+
∆ t
2
(s−∇ · fn), (2.100)

un+1 = un+∆ t

(

∂u
∂ t

)n+1/2

= un+∆ t(s−∇ · fn+1/2). (2.101)

In contrast to (2.99), the fluxfn+1/2 is evaluated using the intermediate solution

fn+1/2 = f(un+1/2). (2.102)
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The finite difference discretization of (2.100)–(2.101) isknown as theRichtmyer
scheme. In the 1980s, a finite element version of this popular predictor-corrector
algorithm was developed [6, 7, 231] and combined with the flux-corrected transport
(FCT) methodology to enforce monotonicity on unstructuredmeshes [232, 233].

The weak form of the midpoint rule corrector (2.101) can be written as follows

(

w,
un+1−un

∆ t

)

+ ā(un,w) = (w,s), (2.103)

whereā(·, ·) is the bilinear form defined by (2.98). The only difference ascompared
to the one-step TG2 method (2.92) is that the intermediate flux fn+1/2 is defined
by (2.102) rather than (2.99). Donea and Huerta ([86], p. 158) perform matrix as-
sembly for the discrete counterpart of (2.103) using the strong form of (2.100) to
calculate the divergence offn+1/2 at the numerical integration points. Furthermore,
they illustrate the influence of various flux representations by numerical examples.

Alternatively, the Richtmyer-TG scheme can be implementedusing a usual finite
element discretization for the first step. The corresponding weak form reads

(

w,
un+1/2−un

∆ t/2

)

+a(un,w) = (w,s), (2.104)

wherea(·, ·) is the Galerkin bilinear form (2.96). The second step is given by

(

w,
un+1−un

∆ t

)

+a(un+1/2,w) = (w,s). (2.105)

The approximate solutionsun+1/2 andun+1 may belong to different finite dimen-
sional spaces. The use of equal-order interpolations widens the stencil of the dis-
crete scheme and is not suitable for steady-state computations since the standard
Galerkin approximationa(w,u) = (w,s) is recovered foru = un = un+1/2 = un+1.
Therefore, it is common practice to use piecewise-constantbasis/test functions for
un+1/2 and (multi-)linear elements forun+1 [87, 231]. This strategy eliminates the
need for extra stabilization at steady state [226]. For the linear convection equation
in 1D, it leads to the same algebraic system as the TG scheme based on (2.99).

The reader is referred to Löhner et al. [226, 231, 232] for a detailed presentation
of the two-step Taylor-Galerkin method (2.104)–(2.105) including practical imple-
mentation details and examples that demonstrate the advantages of this approach.

2.2.5.5 Edge-Based Formulation

In an edge-based finite element code, the Richtmyer-TG scheme can be formulated
in terms of numerical fluxes. The discrete counterpart of (2.102) is [226, 228]

f n+1/2
i j = ai j · f(un+1/2

i j ), (2.106)
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whereai j denotes the vector of weights given by (2.56) andun+1/2
i j is defined by

un+1/2
i j =

un
i +un

j

2
+

∆ t
2

(

∂u
∂ t

)n

i j
.

The value of the time derivative at the edge midpoint can be approximated, e.g., by
(

∂u
∂ t

)

i j
=

si +sj

2
− (∇ · f)i +(∇ · f) j

2
,

where(∇ · f)i and(∇ · f) j are obtained using (2.42) withf in place ofg. Note that
the resulting flux (2.106) depends on the solution values at more than two nodes.

As a cheap alternative, the following simplification can be envisaged [226, 228]
(

∂u
∂ t

)

i j
=

si +sj

2
− (xi −x j) · (f i − f j)

|xi −x j |2
. (2.107)

This definition involves a straightforward extension of the1D approximation
(

∂ f
∂x

)

i j
≈ f j − fi

∆x
, j = i +1.

While the use of formula (2.107) in two or three dimensions seems to lack a theo-
retical justification, it makes the edge-based TG algorithmvery efficient [226].

2.2.6 Discontinuity Capturing

Linear stability of a numerical scheme is insufficient to guarantee that discontinu-
ities and fronts are resolved in a nonoscillatory fashion. All finite element methods
that rely on streamline diffusion (SD) stabilization of convective terms are known
to produce undershoots and overshoots in regions where the solution gradients are
steep and not aligned with the flow direction. In some situations, imperfections are
small in magnitude and can be tolerated. In other cases, it isessential to ensure that
the numerical solution remains nonnegative and/or devoid of spurious oscillations.

Nonoscillatory finite element approximations can be constructed by increasing
the amount of numerical dissipation in regions where linearstabilization is insuf-
ficient. This process is commonly referred to asdiscontinuity-capturingor shock-
capturing [69, 161, 290] even if the solution is differentiable but exhibits abrupt
changes across thin layers. Since the location of layers is generally unknown, it must
be determined using suitable smoothness sensors such as gradients or residuals.

Discontinuity capturing (DC) involves the construction ofa nonlinear artificial
diffusion operator and adding its contribution to the stabilization term

b̄(w,u) = b(w,u)+c(w,u).
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The extra dissipationc(w,u) should be designed so as to control the solution gradient
∇u not only along the streamlines but in all relevant directions. Consider [86]

c(w,u) = ∑
k

∫

Ωk

τ̂(v̂ ·∇w)R(u)dx, (2.108)

whereτ̂ is another free parameter,v̂ is a solution-dependent vector function, and

R(u) = L u−s

is the residual of the governing equation. Obviously, an additional term of the form
(2.108) does not destroy the strong consistency of a Petrov-Galerkin formulation.

The definition ofv̂ proposed by Hughes and Mallet [161] for|∇u| 6= 0 reads

v̂ =

(

v ·∇u
|∇u|2

)

∇u, (2.109)

which corresponds to a projection of the velocityv onto the gradient ofu. The
resultant vector field̂v is called theeffective transport velocity[290] since

v̂ ·∇u= v ·∇u. (2.110)

Of course, there is no need for any discontinuity capturing if the solutionu is con-
stant. Therefore,̂v = 0 is the natural setting for the degenerate case|∇u|= 0.

The combination of (2.108) and (2.109) gives rise to isotropic artificial dissipa-
tion, as shown by the following representation of the nonlinear DC term

c(w,u) = ∑
k

∫

Ωk

ν(u)∇w ·∇udx, (2.111)

where the coefficientν(u) depends on the gradient and residual ofu as follows

ν(u) =

{

τ̂
(

v·∇u
|∇u|2

)

R(u), if |∇u| 6= 0,

0, if |∇u|= 0.

An obvious drawback to this kind of artificial viscosity is the fact that it becomes
negative and may destabilize the finite element discretization if (v ·∇u)R(u)< 0.

To ensure that the sign ofν(u) is correct, the corresponding vectorv̂ can be
redefined using the residual instead of the convective derivative [117, 136, 177]

v̂ =

(

R(u)
|∇u|2

)

∇u.

Substitution into (2.108) yields a dissipative term of the form (2.108), where

ν(u) =

{

τ̂
(

R(u)
|∇u|

)2
, if |∇u| 6= 0,

0, if |∇u|= 0.
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As before, the nonlinearity ofν(u) stems from the definition of̂v in terms of∇u.
In the context of SUPG methods, a reasonable value ofτ̂ is even more difficult

to find than that of the linear stabilization parameterτ. A typical setting is [160]

τ̂ = max{0,τ(v̂)− τ(v)},

where the dependence ofτ(v) on v is the same as in the linear termb(w,u). Thus,
no extra numerical diffusion is added in the case whenv̂ = v is parallel to∇u.

Alternatively, an anisotropic DC operator can be designed to act in the crosswind
direction only. The removal of streamline diffusion from (2.111) leads to [69]

c(w,u) = ∑
k

∫

Ωk

ν(u)
(

∇w ·∇u− (v ·∇w)(v ·∇u)
|v|2

)

dx.

This nonlinear crosswind diffusion term is equivalent to (2.76) withD given by

D = ν(u)
(

I − v⊗v
|v|2

)

,

whereI denotes the unit tensor and it is tacitly assumed that|v| 6= 0. The use of
anisotropic artificial diffusion makes it possible to avoidexcessive damping.

De Sampaio and Coutinho [290] combine the streamline diffusion and discon-
tinuity capturing operators within the framework of Petrov-Galerkin and Taylor-
Galerkin methods for unsteady convection-diffusion equations. To this end, they
blend the flow velocityv and effective transport velocitŷv as follows

v̄ = γv+(1− γ)v̂, 0≤ γ ≤ 1.

To ensure that̂v is well defined, the settingγ = 1 is used whenever|∇u| = 0. The
dissipative term̄b(w,u) differs from its linear counterpartb(w,u) in that the con-
vective derivatives are evaluated using the abovecombined velocitȳv rather thanv.
This replacement is consistent sincev̄ ·∇u= v ·∇u at the continuum level [290].

Many alternative definitions of̄b(w,u) and of the involved parameters can be
found in the literature. We refer to John et al. [172, 174] fora comprehensive review
of the state of the art and a detailed comparative study of available techniques.

2.2.7 Interior Penalty Methods

A promising new approach to linear stabilization and discontinuity capturing in-
volves the addition ofinterior penaltyterms that control the jumps of the solution
gradient. This far-reaching idea was originally proposed by Douglas and Dupont
[91] and recently revived by Burman and Hansbo [49, 50] who called it edge stabi-
lizationand put it on a firm theoretical basis. In recent years, the finite element com-
munity has come to recognize and explore the potential of such schemes [293, 327].
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Edge stabilization methods penalize the jumps of the normalderivative via [50]

b(w,u) = ∑
k6=l

∫

Γkl

γh2[n ·∇w] [n ·∇u]ds, (2.112)

whereγ is a free parameter and[q] denotes the jump of a given quantityq across the
common boundaryΓkl = Ω̄k∪ Ω̄l of two adjacent mesh elementsΩk andΩl .

In 3D problems, the interfaceΓkl is not an edge but a face of the computational
mesh. Hence,continuous interior penalty(CIP) is a more appropriate name for sta-
bilization via jump terms of the form (2.112). It is also worth mentioning that the
(geometric) definition of an edge differs from that given earlier in this section.

In contrast to Petrov-Galerkin and Taylor-Galerkin methods, the symmetric CIP
term (2.112) is independent of the underlying equation and vanishes if[n ·∇u] = 0.
The amount of stabilization is determined solely by the smoothness of the numerical
solution and the results are typically rather insensitive to the choice ofγ. The price
to be paid for these benefits is a denser matrix with a nonstandard sparsity pattern.

The discontinuity capturing term for a CIP method can be defined as follows [52]

c(w,u) = ∑
k6=l

δ (u) ∑
E∈Γkl

∫

E

(e·∇w)(e·∇u)
|e·∇u| de, (2.113)

wheree is a vector parallel to an edgeE of Γkl . In two space dimensions, the second
sum consists of a single term that represents a line integraloverΓkl = E.

Burman and Ern [52] employ the following definition of the smoothness sensor

δ (u) = γ̂h
∫

Γkl

|[n ·∇u]|ds (2.114)

and prove that no spurious maxima/minima are generated ifγ̂ is sufficiently large.

Remark 2.21.The edge/face integrals that appear in (2.112)–(2.114) arecommonly
evaluated by the midpoint rule which is exact in the case of linear finite elements.

2.2.8 Modulated Dissipation

In the late 1980s, the diffusive nature of row-sum mass lumping for (multi-)linear
finite elements was exploited to construct explicit Taylor-Galerkin schemes that in-
troducemodulated dissipationin the vicinity of discontinuities and steep fronts.
In these methods, the addedmass diffusionadmits a conservative flux decompo-
sition which facilitates an extension of flux-corrected transport (FCT) algorithms
and total variation diminishing (TVD) schemes to finite elements [87, 298, 299].
As explained in Chapter 4, the basic idea behind such high-resolution schemes is
to suppress dispersive ripples using a combination of (linear) first-order numerical
diffusion and (nonlinear) balancingantidiffusion. The latter must be controlled by a
suitable sensor/limiter capable of detecting discontinuities and steep gradients.
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2.2.8.1 High-Order Scheme

Consider a time-dependent conservation law (2.1) and its weak form associated with
a linearly stable (Taylor-Galerkin or Petrov-Galerkin) finite element scheme

(

w,
un+1−un

∆ t

)

+ ā(w,un) = (w,s).

Inserting the finite-dimensional (linear or multilinear) counterparts ofu andw, one
ends up with a linear system that relates the vectors of new and old nodal values

MCun+1 = MCun+∆ trn, (2.115)

whereMC is the consistent mass matrix andr is the vector of nodal increments

mi j = (ϕi ,ϕ j), r i = ∑
j

k̄i j u j , k̄i j = ā(ϕi ,ϕ j).

The replacement ofMC by its lumped counterpartML, as defined in (2.36), is feasi-
ble but degrades the phase accuracy of FEM for transient problems. Note that the use
of MC in the left-hand side of (2.115) results in an implicit coupling of the degrees
of freedom, although the underlying time discretization isfully explicit. However,
the symmetry and diagonal dominance ofMC make it possible to solve (2.115) effi-
ciently by the following iterative algorithm proposed by Donea et al. [85]

MLu(m+1) = MCun+∆ trn+(ML −MC)u
(m), m= 0, . . . ,L−1. (2.116)

The first and last iterate are given byu(0) = un andun+1 = u(L), respectively. The
derivation of this preconditioned Richardson’s scheme is based on an approximate
factorization of the consistent mass matrix [85, 275]. In the context of explicit
Taylor-Galerkin schemes, the three-pass solver (L = 3) was found to be optimal.

2.2.8.2 Low-Order Scheme

Next, consider (2.116) withL= 1 andu(0) = 0. The resulting explicit approximation

MLun+1 = MCun+∆ trn (2.117)

corresponds to the original finite element scheme (2.115) with mass lumping in the
left-hand side only. For our purposes, it is worthwhile to write (2.117) in the form

MLun+1 = MLun+∆ trn+(MC−ML)u
n. (2.118)

As already mentioned in Section 2.1.6.2, the matrixMC −ML represents a discrete
diffusion operator. Its contribution renders the solutionto problem (2.118) nonoscil-
latory (for sufficiently small time steps) but results in a dramatic loss of accuracy.
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Remark 2.22.For 1D hyperbolic problems, the low-order counterpart (2.118) of the
TG2 scheme corresponds to the Lax-Wendroff method with added dissipation. It is
stable and monotone [140, 298] for Courant numbersν in the range|ν | ≤

√

2/3.

2.2.8.3 Selective Mass Lumping

As explained in Section 2.1.6.2, the explicit mass diffusion built into the right-hand
side of (2.118) can be expressed as a conservative sum of internodal fluxes

(MCu−MLu)i = ∑
j

mi j u j −miui = ∑
j 6=i

mi j (u j −ui). (2.119)

The amount of numerical diffusion can be reduced usingmodulation coefficients
αi j ∈ [0,1] to replaceMC−ML by another symmetric matrixD = {di j } such that

dii =−∑
j 6=i

di j , di j = (1−αi j )mi j , ∀ j 6= i.

The settingαi j ≡ 0 corresponds toD = MC−ML, while the use of 0< αi j ≤ 1 leads
to a less diffusive approximation. The matrix form of the resulting scheme reads

MLun+1 = MLun+∆ trn+Dun. (2.120)

The last term vanishes forαi j ≡ 1, which corresponds to standard mass lumping

MLun+1 = MLun+∆ trn. (2.121)

Varying the modulation coefficientsαi j between 0 and 1, it is possible to switch be-
tween (2.117) and (2.121) in a conservative fashion. This strategy can be interpreted
as selective mass lumping in the right-hand side of the low-order scheme (2.117).

2.2.8.4 Two-Stage Implementation

If the problem at hand is truly time-dependent, it is advantageous to split a finite
element scheme with modulated dissipation into two stages,so as to separate con-
vective transport from added mass diffusion as follows [298, 299, 87]

MCuH = MCun+∆ trn, (2.122)

MLun+1 = (ML +D)uH . (2.123)

The first stage corresponds to (2.115) and inherits its superb phase accuracy. The
superscriptH stands for “high-order.” At the second stage, the amplitudes are cor-
rected by adding a certain amount of mass diffusion in regions where steep gradients
are detected by the smoothness sensor built into the definition of the coefficientsαi j .
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The high-order solutionun+1 = uH is obtained forD = 0. The associated low-
order scheme corresponds toD = MC −ML and un+1 = M−1

L MCuH . Importantly,
neither first-order nor modulated dissipation introduces any phase errors. That is,
the predictoruH is smeared but not displaced. This is what makes (2.122)–(2.123)
more attractive than the one-step implementation (2.120) of selective mass lumping.

2.2.8.5 Modulation Coefficients

In essence, the use of modulated mass diffusion is a discontinuity capturing tech-
nique that operates at the fully discrete level. The overallcomplexity and perfor-
mance of the resulting scheme depend on the philosophy behind the computation
of the modulation coefficientsαi j . First or second derivatives of flow variables can
be used to construct empirical smoothness sensors but the presence of a free pa-
rameter undermines the practical utility of such schemes. Alternatively, the values
of αi j can be determined using Zalesak’s fully multidimensional FCT algorithm
[226, 232, 299] or symmetric TVD limiters [87, 299]. Below weoutline the former
approach since it is easier to implement and more accurate for unsteady problems.

Explicit FCT algorithms add limited antidiffusion to a nonoscillatory low-order
solutionuL. In the present context, this “transported and diffused” solution is com-
puted from (2.120) or (2.123) withD = MC−ML. It follows thatun+1 is given by

miu
n+1
i = miu

L
i +∑

j 6=i

αi j mi j (ui −u j). (2.124)

The last term consists of limited antidiffusive fluxes whichare evaluated using the
solutionu = un for (2.120) andu = uH for (2.123). The correction factorsαi j are
chosen so thatun+1

i is bounded by the local extremaumax
i andumin

i defined by

umax
i = max

j∈Si

uL
j , umin

i = min
j∈Si

uL
j ,

whereSi = { j |mi j 6= 0} is the stencil of nodei. The definition ofαi j for (2.124) is
based on the following algorithm [226, 355] which is known asZalesak’s limiter

1. Compute the sums of positive/negative raw antidiffusivefluxes fi j = mi j (ui −u j)

P+
i = ∑

j 6=i

max{0, fi j }, P−
i = ∑

j 6=i

min{0, fi j }.

2. Define the upper/lower bounds such that no spurious maxima/minima can emerge

Q+
i = mi(u

max
i −uL

i ), Q−
i = mi(u

min
i −uL

i ).

3. Evaluate the correction factorsαi j andα ji for each pair of antidiffusive fluxes

R±
i = min

{

1,
Q±

i

P±
i

}

, αi j =

{

min{R+
i ,R

−
j }, if fi j ≥ 0,

min{R−
i ,R

+
j }, if fi j < 0.
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This parameter-free definition ofαi j gurantees thatun+1 given by (2.124) satisfies

umin
i ≤ un+1

i ≤ umax
i , ∀i.

We refrain from going into detail at this point because an in-depth presentation of
finite element FCT schemes based on Zalesak’s limiter will follow in Section 4.4.

2.3 Discontinuous Galerkin Methods

Discontinuous Galerkin (DG) methods [66, 67, 108, 147] represent one of the most
promising current trends in computational fluid dynamics. The frequently men-
tioned advantages of this approach include local conservation and the ease of con-
structing high-order approximations on unstructured meshes. Moreover, DG meth-
ods are well suited forhp-adaptivity and parallelization.

One of the major bottlenecks in the design of high-order DG methods for
convection-dominated transport problems is the lack of reliable mechanisms that
ensure nonlinear stability and effectively suppress spurious oscillations. A number
of successful discontinuity capturing and slope limiting techniques are available for
DG finite element methods [37, 48, 68, 154, 186, 188, 320] and their finite dif-
ference/volume counterparts [19, 251, 350, 342]. However,no universally applica-
ble methodology has been developed to date. Since the accuracy of monotonicity-
preserving schemes degenerates to first order at local extrema, free parameters or
heuristic indicators are frequently employed to distinguish between troubled cells
and regions where the solution varies smoothly. In some cases, the results leave a
lot to be desired. Also, the use of limiters may cause severe convergence problems
in steady state computations [342].

In this section, we present a parameter-free, non-clippingslope limiter [195] for
high-resolution DG-FEM on arbitrary meshes. A hierarchical approach to adaptive
p-coarsening is pursued. The Taylor series form [237, 251, 350] of a polynomial
shape function is considered, and the involved derivativesare limited so as to con-
trol the variations of lower-order terms. The corresponding upper and lower bounds
are defined using the data from elements sharing a vertex. This strategy yields a re-
markable gain of accuracy, as compared to traditional compact limiters that search
the von Neumann (common face) neighbors of a given element [19, 68, 188].

2.3.1 Upwind DG Formulation

A simple model problem that will serve as a vehicle for our presentation of slope-
limited DG approximations is the linear convection equation

∂u
∂ t

+∇ · (vu) = 0 in Ω , (2.125)
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whereu(x, t) is a scalar quantity transported by a continuous velocity field v(x, t).
Let n denote the unit outward normal to the boundaryΓ of the domainΩ . The initial
and boundary conditions are given by

u|t=0 = u0, u|Γin = g, Γin = {x ∈ Γ |v ·n < 0}.

Multiplying (2.125) by a sufficiently smooth test functionw, integrating overΩ ,
and using Green’s formula, one obtains the following weak formulation

∫

Ω

(

w
∂u
∂ t

−∇w ·vu

)

∆x+
∫

Γ
wuv ·nds= 0, ∀w. (2.126)

In the discontinuous Galerkin method, the domainΩ is decomposed into a finite
number of cellsΩe, and a local polynomial basis{ϕ j} is employed to define the
restriction of the approximate solutionuh ≈ u to Ωe via

uh(x, t)|Ωe = ∑
j

u j(t)ϕ j(x), ∀x ∈ Ωe. (2.127)

The globally defineduh is piecewise-polynomial and may have jumps at interele-
ment boundaries. The meaning of the coefficientsu j depends on the choice of the
basis functions. A local version of (2.126) can be formulated as

∫

Ωe

(

wh
∂uh

∂ t
−∇wh ·vuh

)

∆x+
∫

Γe

whûhv ·nds= 0, ∀wh, (2.128)

wherewh is an arbitrary test function from the DG space spanned byϕi . Sinceuh is
multiply defined onΓe, the surface integral is calculated using the solution value ûh

from the upwind side of the interface, that is,

ûh(x, t)|Γe =















lim
δ→+0

uh(x+δn, t), v ·n < 0, x ∈ Ω̄\Γin,

g(x, t), v ·n < 0, x ∈ Γin,

lim
δ→+0

uh(x−δn, t), v ·n ≥ 0, x ∈ Ω̄ .

(2.129)

In the case of a piecewise-constant approximation, the result is equivalent to the
first-order accurate upwind finite volume scheme. The DG formulation for general
conservation laws and systems thereof is described, e.g., in [67, 68].

2.3.2 Taylor Basis Functions

In a discontinuous Galerkin method of degreep ≥ 0, the shape functionuh|Ωe is
given by (2.127), where the number of basis functions depends onp. Clearly, many
alternative representations are possible, and some choices are better than others. For
accuracy and efficiency reasons, it is worthwhile to consider an orthogonal basis
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such thatM is a diagonal matrix and its inversion is trivial. For example, tensor
products of Legendre polynomials are commonly employed on quadrilaterals and
hexahedra [37]. The Gram-Schmidt orthonormalization procedure [108, 365], Du-
biner’s basis functions [48, 147], and Bernstein-Bézier [102] polynomials are suit-
able for the construction of hierarchical approximations on triangular meshes. In
general, one set of basis functions may be used for matrix assembly and another for
limiting or visualization purposes. Due to the local natureof DG methods, conver-
sion between a pair of alternative bases is straightforwardand relatively efficient.

Following Luoet al. [237], we restrict our discussion to quadratic polynomials
uh|Ωe ∈ P2(Ωe) and consider the 2D Taylor series expansion

uh(x,y) = uc+
∂u
∂x

∣

∣

∣

c
(x−xc)+

∂u
∂y

∣

∣

∣

c
(y−yc)+

∂ 2u
∂x2

∣

∣

∣

c

(x−xc)
2

2

+ ∂ 2u
∂y2

∣

∣

∣

c

(y−yc)
2

2 + ∂ 2u
∂x∂y

∣

∣

∣

c
(x−xc)(y−yc)

(2.130)

about the centroid(xc,yc) of a cellΩe. Introducing the volume averages

ūh =
1

|Ωe|

∫

Ωe

uh∆x, xnym =
1

|Ωe|

∫

Ωe

xnym∆x,

the quadratic functionuh can be expressed in the equivalent form [237, 251, 350]

uh(x,y) = ūh+
∂u
∂x

∣

∣

∣

c
(x−xc)+

∂u
∂y

∣

∣

∣

c
(y−yc)

+ ∂ 2u
∂x2

∣

∣

∣

c

[

(x−xc)
2

2 − (x−xc)2

2

]

+ ∂ 2u
∂y2

∣

∣

∣

c

[

(y−yc)
2

2 − (y−yc)2

2

]

+ ∂ 2u
∂x∂y

∣

∣

∣

c

[

(x−xc)(y−yc)− (x−xc)(y−yc)
]

.

(2.131)

This representation has led Luoet al. [237] to consider the local Taylor basis

ϕ1 = 1, ϕ2 =
x−xc
∆x , ϕ3 =

y−yc
∆y , ϕ4 =

(x−xc)
2

2∆x2 − (x−xc)2

2∆x2 ,

ϕ5 =
(y−yc)

2

2∆y2 − (y−yc)2

2∆y2 , ϕ6 =
(x−xc)(y−yc)−(x−xc)(y−yc)

∆x∆y .

(2.132)

The scaling by∆x=(xmax−xmin)/2 and∆y=(ymax−ymin)/2 is required to obtain a
well-conditioned system [237]. The normalized degrees of freedom are proportional
to the cell mean value ¯uh and derivatives ofuh at (xc,yc)

uh(x,y) = ūhϕ1+
(

∂u
∂x

∣

∣

∣

c
∆x
)

ϕ2+
(

∂u
∂y

∣

∣

∣

c
∆y
)

ϕ3+
(

∂ 2u
∂x2

∣

∣

∣

c
∆x2

)

ϕ4

+
(

∂ 2u
∂y2

∣

∣

∣

c
∆y2

)

ϕ5+
(

∂ 2u
∂x∂y

∣

∣

∣

c
∆x∆y

)

ϕ6.

(2.133)

Note that the cell averages are decoupled from other degreesof freedom since
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∫

Ωe

ϕ2
1∆x= |Ωe|,

∫

Ωe

ϕ1ϕ j∆x= 0, 2≤ j ≤ 6.

On a uniform mesh of rectangular elements, the whole Taylor basis (2.132) is or-
thogonal, as shown by Cockburn and Shu [68]. On a triangular mesh, this is not
the case even for the linear part{ϕ1,ϕ2,ϕ3} since theL2 inner product ofϕ2 and
ϕ3 is nonvanishing. However, the consistent mass matrixM may be ‘lumped’ by
setting all off-diagonal entries equal to zero. In contrastto the case of a typical
Lagrange basis, this modification is conservative because it does not affect the de-
coupled equation for the mean value ofuh in Ωe.

2.3.3 The Barth-Jespersen Limiter

The above Taylor series representation is amenable top-adaptation and limiting.
In the context of finite volume and DG finite element methods, aslope limiter is
a postprocessing filter that constrains a polynomial shape function to stay within
certain bounds. Many unstructured grid codes employ the algorithm developed by
Barth and Jespersen [19] for piecewise-linear data. Given acell average ¯uh = uc and
the gradient(∇u)c, the goal is to determine the maximum admissible slope for a
constrained reconstruction of the form

uh(x) = uc+αe(∇u)c · (x−xc), 0≤ αe ≤ 1, x ∈ Ωe. (2.134)

Barth and Jespersen [19] define the correction factorαe so that the final solution
values at a number of control pointsxi ∈ Γe are bounded by the maximum and min-
imum centroid values found inΩe or in one of its neighborsΩa having a common
boundary (edge in 2D, face in 3D) withΩe. That is,

umin
e ≤ u(xi)≤ umax

e , ∀i. (2.135)

Due to linearity, the solutionuh attains its extrema at the verticesxi of the cellΩe.
To enforce condition (2.135), the correction factorαe is defined as [19]

αe = min
i















min
{

1, umax
e −uc
ui−uc

}

, if ui −uc > 0,

1, if ui −uc = 0,

min
{

1, umin
e −uc
ui−uc

}

, if ui −uc < 0,

(2.136)

whereui = uc+(∇u)c · (xi −xc) is the unconstrained solution value atxi .

The above algorithm belongs to the most popular and successful limiting tech-
niques, although its intrinsic non-differentiability tends to cause severe convergence
problems at steady state [251, 342]. Another potential drawback is the elementwise
definition ofumax

e andumin
e which implies that
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xi

Ωa

Ωe

Fig. 2.4 Vertices and neighbors ofΩe on a triangular mesh.

• the bounds foru(xi) satisfying (2.135) at a vertexxi depend on the element num-
bereand may be taken from neighbors that do not containxi ,

• no constraints are imposed on the difference between the solution values in ele-
ments meeting at a vertex but having no common edge/face,

• the results are rather sensitive to the geometric properties of the mesh.

In particular, problems are to be expected ifΩe has sharp angles, as in Fig. 2.4.

2.3.4 The Vertex-Based Limiter

In light of the above, the accuracy of limited reconstructions can be significantly im-
proved if the bounds for variationsui −uc at the vertices ofΩe are constructed using
the maximum and minimum values in the elements containing the vertexxi . The so-
definedumax

i andumin
i may be initialized by a small/large constant and updated in a

loop over elementsΩe as follows:

umax
i := max{uc,u

max
i }, umin

i := min{uc,u
min
i }. (2.137)

The elementwise correction factorsαe for (2.134) should guarantee that

umin
i ≤ u(xi)≤ umax

i , ∀i. (2.138)

This vertex-based condition can be enforced in the same way as (2.135)

αe = min
i















min
{

1,
umax

i −uc
ui−uc

}

, if ui −uc > 0,

1, if ui −uc = 0,

min
{

1, umin
i −uc
ui−uc

}

, if ui −uc < 0.

(2.139)

Obviously, the only difference as compared to the classicalBarth-Jespersen (BJ)

limiter is the use ofu
max
min
i in place ofu

max
min
e . This subtle difference turns out to be the

key to achieving high accuracy withp-adaptive DG methods.
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In fact, the revised limiting strategy resembles the elementwise version of the
finite element flux-corrected transport (FEM-FCT) algorithm developed by L̈ohner
et al. [232]. In explicit FCT schemes,umax

i andumin
i represent the local extrema of

a low-order solution. In accordance with the local discretemaximum principle for
unsteady problems, data from the previous time level can also be involved in the
estimation of admissible upper/lower bounds.

2.3.5 Limiting Higher-Order Terms

The quality of the limiting procedure is particularly important in the case of a high-
order DG method [186]. Poor accuracy and/or lack of robustness restrict the practi-
cal utility of many parameter-dependent algorithms and heuristic generalizations of
limiters tailored for piecewise-linear functions.

Following Yang and Wang [350], we multiply all derivatives of order p by a

common correction factorα(p)
e . The limited counterpart of (2.131) becomes

uh(x,y) = ūh+α(1)
e

{

∂u
∂x

∣

∣

∣

c
(x−xc)+

∂u
∂y

∣

∣

∣

c
(y−yc)

}

+α(2)
e

{

∂ 2u
∂x2

∣

∣

∣

c

[

(x−xc)
2

2 − (x−xc)2

2

]

+ ∂ 2u
∂y2

∣

∣

∣

c

[

(y−yc)
2

2 − (y−yc)2

2

]

+ ∂ 2u
∂x∂y

∣

∣

∣

c

[

(x−xc)(y−yc)− (x−xc)(y−yc)
]}

.

(2.140)

In our method, the values ofα(1)
e andα(2)

e are determined using the vertex-based or
standard BJ limiter, as applied to the linear reconstructions

u(2)x (x,y) =
∂u
∂x

∣

∣

∣

∣

c
+α(2)

x

{

∂ 2u
∂x2

∣

∣

∣

∣

c
(x−xc)+

∂ 2u
∂x∂y

∣

∣

∣

∣

c
(y−yc)

}

, (2.141)

u(2)y (x,y) =
∂u
∂y

∣

∣

∣

∣

c
+α(2)

y

{

∂ 2u
∂x∂y

∣

∣

∣

∣

c
(x−xc)+

∂ 2u
∂y2

∣

∣

∣

∣

c
(y−yc)

}

, (2.142)

u(1)(x,y) = ūh + α(1)
e

{

∂u
∂x

∣

∣

∣

∣

c
(x−xc)+

∂u
∂y

∣

∣

∣

∣

c
(y−yc)

}

. (2.143)

The last step is identical to (2.134). In the first and second step, first-order derivatives
with respect tox andy are treated in the same way as cell averages, while second-
order derivatives represent the gradients to be limited.

Since the mixed second derivative appears in (2.141) and (2.142), the correction

factorα(2)
e for the limited quadratic reconstruction (2.140) is definedas

α(2)
e = min{α(2)

x ,α(2)
y }. (2.144)

The first derivatives are typically smoother and should be limited using
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α(1)
e := max{α(1)

e ,α(2)
e } (2.145)

to avoid the loss of accuracy at smooth extrema. It is important to implement the
limiter as a hierarchicalp-coarsening algorithm, as opposed to making the assump-
tion [68] that no oscillations are present inuh if they are not detected in the linear
part. In general, we begin with the highest-order derivatives (cf. [186, 350]) and
calculate a nondecreasing sequence of correction factors

α(p)
e := max

p≤q
α(q)

e , p≥ 1. (2.146)

As soon asα(q)
e = 1 is encountered, no further limiting is required since definition

(2.146) implies thatα(p)
e = 1 for all p ≤ q. Remarkably, there is no penalty for

using the maximum correction factor. At least for scalar equations, discontinuities
are resolved in a sharp and nonoscillatory manner.

For a numerical study of the above slope limiter, we refer to [195].

2.4 Summary

In this chapter, we dealt with the design of unstructured grid methods for scalar
transport equations. The first part was concerned with the standard Galerkin finite
element approximation of conserved variables, fluxes, and derived quantities. The
analysis of discrete operators has shown that they possess some interesting and use-
ful properties. The aspects of mass conservation were discussed in some detail. The
semi-discrete scheme was expressed in terms of numerical fluxes, and a relationship
to finite volumes was established. Last but not least, edge-based algorithms and data
structures were introduced as an alternative to the traditional element-by-element
programming strategy. The above concepts and tools lend themselves to numerical
simulation of compressible flows and convection-dominatedtransport problems.

The second part was devoted to finite element approximationsof convective
terms. A survey of representative Petrov-Galerkin and Taylor-Galerkin schemes was
included to introduce the key ideas but the reader may want toconsult, e.g., the re-
cent book by Donea and Huerta [86] for further details and numerical examples.
Also, we have presented a hierarchical slope limiter for discontinuous Galerkin
methods. The aspects of flux/slope limiting for continuous finite elements are ad-
dressed in Chapter 4, where we pursue an algebraic approach to the design of artifi-
cial diffusion operators on the basis of generalized FCT andTVD algorithms.



Chapter 3
Maximum Principles

In this chapter, we elaborate on the qualitative behavior ofsolutions to multidimen-
sional equations of elliptic, hyperbolic, and parabolic type. We analyze the proper-
ties of differential operators and derivea priori bounds that depend on the initial
and/or boundary conditions. Maximum and minimum principles are formulated for
each PDE model. If we include a proof, we try to keep it rigorous but simple. The
obtained estimates lead to a set of algebraic and geometric constraints on the coef-
ficients of the numerical scheme and the shape of mesh elements, respectively.

In particular, we consider a handy generalization of Harten’s TVD theorem to
multidimensional discretizations on unstructured meshes. We show that the nonneg-
ativity of off-diagonal coefficients is sufficient for the space discretization of an un-
steady transport equation to be local extremum diminishing(LED) and/or positivity-
preserving. Furthermore, we address the implications of the time-stepping method
and the properties of discrete operators. The third basic rule, as postulated in Sec-
tion 1.6.3.3, is reinforced by criteria based on the conceptof monotone matrices.
The material to be covered provides the theoretical background and useful design
criteria for the derivation of algebraic flux correction schemes in the next chapter.

3.1 Properties of Linear Transport Models

The theory of partial differential equations makes it possible to perform a detailed
analysis and validation of the mathematical models we are interested in. A particu-
larly useful and important analytical tool is themaximum principlewhich also im-
pliespositivity preservation. In the absence of zeroth-order terms, solutions to some
elliptic PDEs of second order are known to attain their maxima and minima on the
boundary of the domain. If a positive source is included, thesolution cannot assume
a negative value at any interior point if nonnegative boundary data are prescribed. In
unsteady problems of hyperbolic and parabolic type, the initial time level represents
another inflow boundary of the space-time domain. Therefore, the upper and lower
bounds for the exact solution may also be influenced by the choice of initial data.

91
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There are several reasons for the importance of maximum principles. On the one
hand, they usually represent certain physical constraintsthat should apply to a given
mathematical model. On the other hand, useful information about the solutions of
differential solutions becomes available, even if the solutions themselves are un-
known. Upper/lower bounds, uniqueness proofs, and comparison principles can be
obtained using elementary calculus. Last but not least, discrete maximum principles
play an important role in the development of numerical methods, so we feel that a
structured and self-contained review of their continuous counterparts is in order.

In this section, we restrict ourselves to a study of transport problems from Sec-
tion 1.3. For simplicity, we assume that all coefficients areknown and do not depend
on the solution. However, the maximum principles to be established are applicable
more generally, and the assumption of linearity may be waived in many cases.

3.1.1 The Laplace Operator

The maximum principle for harmonic functions, i.e., functions that satisfy the
Laplace equation, was known to Gauss already in 1839. A far-reaching generaliza-
tion is due to Hopf [152] who proved that if a function satisfies a partial differential
inequality of second order and attains a maximum in the interior of the domain,
then this function is constant. Building on this result, strong and weak maximum
principles have been established for PDEs of different types [120, 211, 273].

For simplicity, let us start with the maximum principle for the Laplace operator

∆ =
∂ 2

∂x2
1

+ . . .+
∂ 2

∂x2
d

= ∇2

that appears in the left-hand side of the Poisson equation−∆u= f to be solved in a
bounded domainΩ ⊂ R

d, whered is the number of space dimensions.
Consider a twice continuously differentiable functionu ∈ C2(Ω)∩C0(Ω̄). If u

has a local maximum at an interior pointx ∈ Ω , then the partial derivatives of first
and second order must satisfy the following conditions at this point ([273], p. 51)

∂u
∂xk

= 0,
∂ 2u

∂x2
k

≤ 0, ∀k= 1, . . . ,d. (3.1)

Obviously, this cannot be the case if the Laplacian ofu is strictly positive

∆u> 0 in Ω .

It turns out that maxima are attained on the boundary even if this inequality is not
strict. This result is known as the weak maximum principle (cf. [120], p. 15).

Theorem 3.1.If the Laplacian of u∈C2(Ω)∩C0(Ω̄) satisfies the inequality

∆u≥ 0 in Ω , (3.2)
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then the maximum of u(x) over allx ∈ Ω̄ is attained on the boundaryΓ , that is,

max
Ω̄

u= max
Γ

u. (3.3)

Remark 3.1.The corresponding strong maximum principle states thatµ = maxΩ̄ u
cannot be attained at any interior pointx ∈ Ω unlessu≡ µ is constant.

Different proofs of Theorem 3.1 can be found in the literature [120, 273]. The fol-
lowing one can be readily extended to steady convection-diffusion equations.

Proof. Following Gilbarg and Trudinger ([120], p. 45), we construct a proof by
contradiction. Letµ =maxΓ ube the maximum overx∈Γ and consider the function

w= max{0,u−µ}. (3.4)

By construction,w≥ 0 in Ω̄ andw= 0 onΓ . The theorem requires thatw≡ 0 in
Ω . Suppose thatw(x) > 0 at an interior pointx ∈ Ω . Due to continuity, there is a
neighborhoodΩ∗ ⊂ Ω such thatw= u−µ > 0 in Ω∗ andw= 0 on its boundaryΓ∗.

Since the derivatives ofu andw are equal inΩ∗, (3.2) and (3.4) imply that

w∆w= w∆u≥ 0 in Ω∗. (3.5)

Integrating this product overΩ∗, invoking Green’s formula for integration by parts,
and using the assumption thatw is zero on the boundaryΓ∗, we obtain

∫

Ω∗
w∆wdx =−

∫

Ω∗
|∇w|2dx.

Obviously, the right-hand side of this relation cannot be positive, while the left-
hand side is nonnegative due to (3.5). This can only be the case if w is constant
in Ω̄∗. However, a constantw cannot satisfyw > 0 in Ω∗ andw = 0 on Γ∗. This
contradiction proves the weak maximum principle formulated in Theorem 3.1. �

Theorem 3.2.If the Laplacian of u∈C2(Ω)∩C0(Ω̄) satisfies the inequality

∆u≤ 0 in Ω ,

then the minimum of u(x) over allx ∈ Ω̄ is attained on the boundaryΓ , that is,

min
Ω̄

u= min
Γ

u. (3.6)

Proof. This estimate follows from Theorem 3.1 applied to−u. Due to the equiva-
lence of maximum and minimum principles, it is enough to prove the former. �

Corollary 3.1. Let u∈C2(Ω)∩C0(Ω̄) be the solution of the Poisson equation

−∆u= f in Ω . (3.7)

ThenmaxΩ̄ u= maxΓ u and/orminΩ̄ u= minΓ u if f ≤ 0 and/or f≥ 0, respectively.
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Definition 3.1. A function u∈C2(Ω)∩C0(Ω̄) is calledsubharmonicif ∆u≥ 0 in
Ω , superharmonicif ∆u≤ 0 in Ω , andharmonicif ∆u= 0 in Ω [273].

If the right-hand side of (3.7) is zero, then both estimates are applicable. Hence,
the weak maximum principle for harmonic functions can be formulated as follows.

Corollary 3.2. Let u∈C2(Ω)∩C0(Ω̄) be the solution of the Laplace equation

∆u= 0 in Ω .

Then this harmonic function attains its maxima and minima onthe boundaryΓ

min
Γ

u≤ u(x)≤ max
Γ

u, ∀x ∈ Ω̄ . (3.8)

This double inequality gives ana priori estimate ofu(x) in Ω in terms of its values
onΓ which are known if boundary conditions of Dirichlet type areprescribed.

Corollary 3.3. Let u be subharmonic and v be harmonic inΩ . If u= v onΓ , then

u≤ v in Ω .

Proof. Consider the functionw= u−v which is subharmonic inΩ and vanishes on
the boundaryΓ . By the maximum principle, this function is nonpositive inΩ . �

Similarly, a superharmonic functionu provides an upper bound for its harmonic
counterpartv if u= v onΓ . This fact explains the names given in Definition 3.1.

3.1.2 Equations of Elliptic Type

The maximum principle established for the Poisson and Laplace equations can be
extended to many other problems including steady transportequations of the form

L u= s in Ω , (3.9)

where the divergence of convective and/or diffusive fluxes is represented by

L u= ∇ · (vu−D∇u). (3.10)

Definition 3.2. A second-order operatorL of the form (3.10) is calledelliptic at a
point x if the matrix D(x) is symmetric positive definite at this point. It is called
uniformly elliptic in a domainΩ if it is elliptic at each pointx ∈ Ω .

Ellipticity has some interesting implications. It is knownfrom linear algebra that
any symmetric positive definite matrixD admits the factorization ([273], p. 59)

D = R−1ΛR=CTC, (3.11)
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whereΛ is the diagonal matrix of positive eigenvalues,R is the orthogonal matrix
(R−1 = RT ) of eigenvectors, andC=

√
ΛRdefines the linear transformation

CT x̃ = x.

By the chain rule, the first derivatives ofu with respect tõx andx are related by

∇̃u=C∇u, (3.12)

and the sum of second derivatives with respect to the coordinatesx̃ corresponds to

∆̃u= ∇̃ · (∇̃u) = ∇ · (CTC∇u) = ∇ · (D∇u). (3.13)

Therefore, the diffusive term can be expressed in terms of the Laplacian∆̃ associ-
ated with thẽx coordinates under the above linear transformation. This remarkable
property indicates that the theory developed for the Poisson and Laplace equations
should be applicable to other models based on elliptic PDEs of second order.

If a convective flux is included, its contribution to the transport equation can be
decomposed into the streamline derivative and a ‘reactive’term as follows

∇ · (vu) = v ·∇u+(∇ ·v)u. (3.14)

The physical meaning of the divergence∇ · v is the rate at which the volume of a
moving fluid parcel changes as it travels through the flow field(see [4], p. 48). If
∇ ·v ≡ 0, then the flow is incompressible and the solution of the transport equation
(3.9) is bounded by its boundary values as in the case of the Laplace operator.

Theorem 3.3.Let the function u∈C2(Ω)∩C0(Ω̄) satisfy the differential inequality

L u= ∇ · (vu−D∇u)≤ 0 in Ω .

If the diffusion tensorD is symmetric positive definite and∇ ·v ≡ 0, then

max
Ω̄

u= max
Γ

u. (3.15)

Proof. The proof is similar to that of Theorem 3.1. Letµ = maxΓ u and consider

w= max{0,u−µ}

such thatw≥ 0 in Ω andw= 0 onΓ . Again, the goal is to prove thatw≡ 0 in Ω .
Suppose that there is a subdomainΩ∗ ⊂ Ω such thatw= u− µ > 0 in Ω∗ and

w= 0 on its boundaryΓ∗. Using (3.14) and the fact that∇ ·v ≡ 0, we obtain

L w= v ·∇w−∇ · (D∇w).

Since the partial derivatives ofu andw are equal inΩ∗, this gives the estimate

wL w= wL u≤ 0. (3.16)
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Next, we integrate the convective term by parts and invoke∇ ·v ≡ 0 again to get
∫

Ω∗
wv ·∇wdx =−

∫

Ω∗
w∇ · (vw)dx =−

∫

Ω∗
wv ·∇w.

Since the left- and right-hand sides are the same up to the sign, this integral is zero.
Therefore, only the diffusive term might make a nonvanishing contribution to

∫

Ω∗
wL wdx =

∫

Ω∗
∇w · (D∇w)dx. (3.17)

The left-hand side of this relation is nonpositive due to (3.16). Since the diffusion
tensorD was assumed to be symmetric positive definite,∇w·(D∇w)> 0. Thus, the
right-hand side of (3.17) is strictly positive, which yields a contradiction. �

In the case of an arbitrary velocity field, convective effects may create internal
maxima/minima in regions where the term(∇ · v)u is nonvanishing. Therefore, we
can only prove a weaker result known asnonnegativityor positivity(preservation).

Theorem 3.4.Let the function u∈C2(Ω)∩C0(Ω̄) satisfy the differential inequality

L u= ∇ · (vu−D∇u)≥ 0 in Ω . (3.18)

If the diffusion tensorD is symmetric positive definite inΩ and u≥ 0 onΓ , then

u≥ 0 in Ω .

Proof. We prove this weak minimum principle using a generalizationof the idea
presented in [289] for a simpler convection-diffusion equation in divergence form.

Suppose, contrary to the theorem, thatu ≥ 0 on Γ andu(x) < 0 at an interior
pointx ∈ Ω . Then there is a subdomainΩ∗ ⊂ Ω such thatu< 0 in Ω∗ andu= 0 on
its boundaryΓ∗. By the divergence theorem, we have the integral identity

∫

Ω∗
L udx =−

∫

Γ∗
n · (D∇u)ds, (3.19)

wheren denotes the unit outward normal toΓ∗. The contribution of the convective
flux n · (vu) to the surface integral vanishes sinceu= 0 onΓ∗. The remainder

n · (D∇u) = ñ ·∇u (3.20)

is the rate at whichu changes as we approach the boundaryΓ∗ moving in the di-
rectionñ := n ·D . Since we assume thatu< 0 in Ω∗ andu= 0 onΓ∗, this rate of
change is strictly positive if we go in the outward direction, that is, ifñ ·n > 0.

Due to the assumption that the matrixD is symmetric positive definite, we have

ñ ·n = n ·D ·n > 0.
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It follows that the directional derivative (3.20) is positive, whereasL u≥ 0 by as-
sumption (3.18). Therefore, the left- and right-hand sidesof equation (3.19) have
nonmatching signs, which leads to a contradiction and concludes the proof. �

Remark 3.2.Reversing the sign ofu in Theorems 3.3 and 3.4, one can prove the
corresponding minimum principle and sign preservation fornegative functions, re-
spectively. Following a common convention, we restrict ourselves to the analysis of
maximum principles and nonnegativity (positivity) constraints in what follows.

Remark 3.3.All of the above upper and lower bounds reflect the qualitative proper-
ties of differential operators and not of any particular boundary value problem. This
is why no restrictions have been imposed on the choice of boundary conditions.

Elliptic partial differential equations of second order are usually endowed with
boundary conditions of Dirichlet or mixed (Dirichlet-Neumann) type. In the former
case, the boundary value problem for the transport equation(3.9)–(3.10) reads

{

∇ · (vu−D∇u) = s, in Ω ,
u= g onΓ .

(3.21)

The weak maximum principle established in Theorems 3.3 and 3.4 yields the fol-
lowing a priori estimates of the solutionu∈C2(Ω)∩C0(Ω̄) in terms ofg∈C0(Γ ).

Theorem 3.5.Let the diffusion tensorD be symmetric positive definite and∇ ·v≡ 0
in Ω . Then a solution of problem (3.21) satisfies the maximum principle

s≤ 0 ⇒ max
Ω̄

u= max
Γ

g.

Theorem 3.6.Let the diffusion tensorD be symmetric positive definite inΩ . Then
a solution of problem (3.21) with arbitraryv satisfies the positivity constraint

s≥ 0, g≥ 0 ⇒ u≥ 0.

Here and below, inequalities are meant to hold in the whole range of function values.

Corollary 3.4. Let the diffusion tensorD be symmetric positive definite inΩ . Then
there is at most one solution to a linear problem of the form (3.21).

Proof. If we suppose that there exist two different solutionsu andv, then the func-
tion w= u−v satisfies (3.21) withs= 0 andg= 0. Due to Theorem 3.6, as applied to
w and−w, this implies that 0≤w≤ 0 in Ω , which can only be the case ifw≡ 0. �

Remark 3.4.Theexistenceof a unique solution is not guaranteed by this Corollary.

Corollary 3.5. Let the linear operatorL be given by (3.10), whereD is symmetric
positive definite inΩ . If L u≥ L v in Ω and u≥ v onΓ , then

u≥ v in Ω̄ .



98 3 Maximum Principles

Proof. Since the functionw= u−v satisfies the Dirichlet problem (3.21) withs≥ 0
andg≥ 0, the fact thatw≥ 0 in Ω follows from Theorem 3.6. �

This relationship between the solutions of the same partialdifferential equation
with different boundary data is called thecomparison principle([120], p. 263).

Remark 3.5.If ∇ ·v ≡ 0, thenL u= L (u+c) for any constantc. Hence, ifu is the
unique solution of the Dirichlet problem (3.21) withs= 0, thenu+c is the unique
solution of the same PDE with the Dirichlet boundary data given byg+c.

Theorems 3.3 and 3.4 are also applicable to (3.9) with boundary conditions of
Dirichlet-Neumann type. However, the corresponding estimates are of little practi-
cal value since the solutionu is not known on the whole boundary. For further in-
formation on maximum principles for elliptic problems we refer to [120, 180, 273].

3.1.3 Equations of Hyperbolic Type

Convection-reaction models are based on first-order PDEs, and maximum principles
are obtained in an entirely different way. Convective transport of information by a
prescribed velocity fieldv takes place along parametric curves that represent the
characteristics of the hyperbolic equation. In the Lagrangian reference frame which
corresponds to the viewpoint of an observer moving with the flow velocity, the prob-
lem reduces to a set of ODEs to be integrated along the characteristics subject to the
prescribed initial and/or boundary conditions. This knowledge makes it possible to
predict how the solution evolves as the fluid moves through the flow field.

In experimental fluid dynamics, it is common practice to visualize the flow mo-
tion by releasing and tracking markers, such as small particles or colored dye. The
flow lines traced by these markers are the physical prototypes of characteristics.

Definition 3.3. A streamlineis a curve tangent to the velocity vector at each point.

As long as a fluid particle cannot have two different velocities at the same point,
streamlines of an instantaneously defined velocity fieldv(x) cannot intersect. If the
functionv is Lipschitz-continuous, i.e., there is a constantC such that

|v(x1)−v(x2)| ≤C|x1−x2|, ∀x1,x2 ∈ Ω ,

then there is exactly one streamline through a given point [176]. In steady flow,
markers released at successive time instants are exposed tothe same flow field and
follow the same path. Thus, streamlines coincide with the trajectories of tracers.

Definition 3.4. A pathlineis the trajectory followed by an individual fluid particle.

If the velocity field is known, a pathline is described by a system of ordinary
differential equations for the Cartesian coordinates of a moving marker. Hence, it is
possible to track the markers and monitor their properties mathematically rather than
experimentally. This is the idea behind the method of characteristics that we will use
to analyze the properties of steady and unsteady convectivetransport models.
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3.1.3.1 Steady Convective Transport

Steady convection-reaction processes can be described by the hyperbolic equation

∇ · (vu) = s in Ω (3.22)

which can also be written in the generic form (3.9) withL u= ∇ · (vu) andD ≡ 0.
In the absence of diffusion, boundary conditions can only beprescribed on the

inflow boundary, as required by the one-way nature of convective transport. Let

u= g on Γ− = {x ∈ Γ |v ·n < 0}. (3.23)

No boundary conditions are prescribed on the complementarypartΓ0∪Γ+, where

Γ0 = {x ∈ Γ |v ·n = 0}, Γ+ = {x ∈ Γ |v ·n > 0}.

Although the velocity fieldv(x) is assumed to be steady, the fluid is in motion. If a
marker is launched at a pointx0 ∈Γ− and time instantt0, then it will move along the
streamline/pathline throughx0 until it leaves the domainΩ at the outletΓ+. Let

x̂(t) = x(t,x0, t0) (3.24)

denote the instantaneous positionx of the marker at timet ≥ t0. The ‘hat’ notation
will also refer to functions of the position vectorx̂(t), such as the velocity

v̂(t) = v(x̂(t)).

Since the marker is moving with the prescribed velocityv̂(t), its pathline is given
by the set of pointŝx(t) ∈ Ω which satisfy the following Cauchy problem

dx̂(t)
dt

= v̂(t), x̂(t0) = x0. (3.25)

The so-defined parametric curvesx̂(t), as depicted in Fig. 3.1, are the streamlines of
the velocity field and the characteristics of the linear hyperbolic equation (3.22).

By the chain rule, the total derivative of the function ˆu(t) = u(x̂(t)) is given by

dû
dt

=
d

∑
k=1

∂u
∂xk

dx̂k

dt
= v̂ · ∇̂u. (3.26)

The notation∇̂ stands for∇ applied at̂x(t). Invoking (3.22) and (3.14), we obtain

v̂ · ∇̂u= ŝ− (∇̂ ·v)û.

Therefore, the evolution of ˆu(t) along the characteristic throughx0 is governed by

dû
dt

+ r̂ û= ŝ, û(t0) = g0, (3.27)



100 3 Maximum Principles

x0

x̂(t)

Γ
−

Γ+

Γ+

Ω

Γ
−

Fig. 3.1 Characteristics of the steady two-dimensional convection equation.

where ˆr = ∇̂ ·v represents the rate of volumetric compressibility, and thevalue of

g0 = g(x0)

is available from the Dirichlet boundary conditions (3.23)prescribed at the inletΓ−.
The analytical solution of the Cauchy problem (3.27) is as follows [86, 88]

û(t) =
1

γ(t)

[

g0+
∫ t

0
γ(τ)ŝ(τ)dτ

]

, (3.28)

where the contribution of ˆrû is taken into account by the auxiliary function

γ(t) = exp

(

∫ t

0
r̂(τ)dτ

)

.

Remark 3.6.In the case ˆr ≡ 0 andŝ≡ 0, solution (3.28) reduces to the identity

û(t) = g0, ∀t ≥ t0. (3.29)

This means that the solution of (3.22) is constant along the streamlines/characteristics.

Remark 3.7.By using the chain rule, we tacitly assumed thatu is differentiable. This
assumption can be relaxed. If the prescribed boundary condition (3.23) has a jump at
some pointx0 ∈ Γ−, then the weak solution of the linear hyperbolic equation (3.22)
will remain discontinuous along the entire characteristicx̂(t) throughx0 = x̂(t0).

To obtain the solutionu(x) of problem (3.22)–(3.23) at a pointx ∈ Ω , one needs
to solve (3.27) along the characteristic that passes through x and satisfies (3.25).
Moreover, the following upper/lower bounds can be readily inferred from (3.28).

Theorem 3.7.A solution of problem (3.22)–(3.23) with∇ ·v ≡ 0 satisfies

s≤ 0 ⇒ max
Ω̄

u= max
Γ−

g.
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In elliptic problems, maxima and minima could be attained anywhere on the bound-
ary. The above theorem takes advantage of the fact that convection is a one-way
process, which restricts the possible location of maxima/minima to the inletΓ−.

If the velocity field is not divergence-free, local extrema can emerge in the inte-
rior of the domainΩ but equation (3.28) still implies positivity preservation.

Theorem 3.8.A solution of problem (3.22)–(3.23) with arbitraryv satisfies

s≥ 0, g≥ 0 ⇒ u≥ 0.

Corollary 3.6. If equation (3.22) is linear, then there is at most one solution.

Corollary 3.7. If w = u−v satisfies (3.22)–(3.23) with s≥ 0 and g≥ 0, then

u≥ v in Ω̄ .

Linearity is essential for the proof of uniqueness and for the comparison principle.

3.1.3.2 Unsteady Convective Transport

In unsteady problems, the solutionu(x, t) is defined in a bounded space-time do-
mainΩ × (0,T), and information is ‘convected’ forward in time with unit velocity.
Adding a time derivative to equation (3.22), one obtains itsunsteady counterpart

∂u
∂ t

+∇ · (vu) = s in Ω × (0,T). (3.30)

It is also hyperbolic, so boundary conditions are required only at the inletΓ−. Let

u(x, t) = g(x, t), ∀x ∈ Γ−. (3.31)

Since the time levelt = 0 represents another ‘inflow boundary’ of the space-time
domainΩ × (0,T), it is also necessary to prescribe a suitable initial condition

u(x,0) = u0(x), ∀x ∈ Ω . (3.32)

If the velocity field v(x, t) is time-dependent, then the trajectory of a marker
depends not only on the positionx0 but also on the timet0 at which it is launched.
The characteristics of equation (3.30) are defined as pathlines given by (3.25) with
v̂(t) = v(x̂(t), t). The origin of each characteristicx̂(t) is located either at the inlet
(x0 ∈ Γ− for t0 > 0) or at the initial time level (x0 ∈ Ω for t0 = 0), see Fig. 3.2.

Definition 3.5. Thesubstantial derivativeis the time rate of change along a pathline

Du
Dt

:=
∂u
∂ t

+v ·∇u. (3.33)
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Fig. 3.2 Characteristics of the unsteady two-dimensional convection equation.

Differentiating the function ˆu(t) = u(x̂(t), t) along the characteristics, we obtain

dû(t)
dt

=
∂u
∂ t

+
d

∑
k=1

∂u
∂xk

dx̂k

dt
=

Dû
Dt

, (3.34)

whereDû
Dt is evaluated at point̂x(t) and timet. Due to equation (3.30), it satisfies

Dû
Dt

= ŝ− (∇̂ ·v)û.

Substitution into the right-hand side of (3.34) leads to a Cauchy problem of the form
(3.27), where the value ofg0 is known from the initial/boundary data

g0 =

{

g(x0, t0), if x0 ∈ Γ−, t0 > 0,
u0(x0), if x0 ∈ Ω , t0 = 0.

(3.35)

Again, the instantaneous value of ˆu(t) is given by (3.28), and the solution may be
discontinuous along the characteristicx̂(t) if there is a jump at pointx0 and timet0.

Theorem 3.9.A solution of problem (3.30)–(3.32) with∇ ·v ≡ 0 satisfies

s≤ 0 ⇒ max
Ω̄

u= max
Γ−×[0,T]

g or max
Ω̄

u= max
Ω

u0.

In contrast to steady convection, the possible locus of maxima and minima includes
not onlyΓ−× [0,T] but also the ‘time inlet’Ω ×{0} of the space-time domain.

Theorem 3.10.A solution of problem (3.30)–(3.31) with arbitraryv satisfies

s≥ 0, g≥ 0, u0 ≥ 0 ⇒ u≥ 0.

Corollary 3.8. If equation (3.30) is linear, then there is at most one solution.
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Corollary 3.9. Let w= u−v be a solution of (3.30)–(3.32) with s≥ 0 and g≥ 0. If
the corresponding initial data satisfy u0 ≥ v0, then

u≥ v in Ω̄ × [0,T].

Linearity is essential for the proof of uniqueness and for the comparison principle.

3.1.4 Equations of Parabolic Type

Unsteady transport equations in which both convection and diffusion are taken into
account are of parabolic type. The most general formulationof such a model is

∂u
∂ t

+L u= s in Ω × (0,T), (3.36)

where the linear operatorL is the same as that for steady convection-diffusion

L u= ∇ · (vu−D∇u). (3.37)

This model shares some features of its elliptic and hyperbolic counterparts which
are obtained by neglecting the time derivative and/or diffusive terms, respectively.

Definition 3.6. If L is an elliptic operator of second order, then∂
∂ t +L isparabolic.

Loosely speaking, parabolic equations are elliptic in space and hyperbolic in
time. On the one hand, information may travel in arbitrary space directions, so the
space variables aretwo-way coordinates[268]. On the other hand, the time is always
a one-way coordinatesince changes that occur at a given instant can only influence
the solution at the same or later time. Current happenings depend on the evolution
history and affect future events but have no influence on whathappened in the past.

Due to the presence of a time derivative and second-order space derivatives, both
initial data and boundary conditions are to be prescribed. In contrast to unsteady hy-
perbolic problems, the distinction between inlets and outlets is irrelevant. A bound-
ary condition is required at each pointx∈Γ , no matter ifv ·n is positive or negative.

Consider an initial boundary value problem that consists ofthe parabolic PDE

∂u
∂ t

+∇ · (vu−D∇u) = s in Ω × (0,T) (3.38)

supplemented by an initial condition and boundary conditions of Dirichlet type

u(x,0) = u0(x), ∀x ∈ Ω , (3.39)

u(x, t) = g(x, t), ∀x ∈ Γ , ∀t ∈ (0,T]. (3.40)

Our experience with transport equations of elliptic and hyperbolic type enables us
to prove the following maximum principle for the above parabolic problem.
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Theorem 3.11.Let the diffusion tensorD be symmetric positive definite inΩ . Then
a solution of problem (3.38)–(3.40) with∇ ·v ≡ 0 satisfies

s≤ 0 ⇒ max
Ω̄

u= max
Γ×[0,T]

g or max
Ω̄

u= max
Ω

u0. (3.41)

Proof. Obviously, any values prescribed onΓ and att = 0 satisfy the requirement
stated in (3.41). To prove the maximum principle (3.41), it is sufficient to show that
no new maxima can be generated in the interior ofΩ at any timet ∈ (0,T].

Considerg0 =maxΓ−×[0,T]gorg0 =maxΩ u0, whichever is greater. By definition,
g0 = u(x0, t0), wherex0 ∈ Ω and t0 = 0 or x0 ∈ Γ− and t0 > 0. The question is
whether the so-defined initial peak will grow or decay as it convected through the
flow field subject to diffusion and reaction. Along the corresponding pathlinêx(t),
equation (3.38) can be written in terms of the substantial derivative (3.34) thus:

dû
dt

= ∇̂ · (D∇̂u)+ ŝ− (∇̂ ·v)û,

where the last term is zero since∇ · v ≡ 0. Hence, the evolution of ˆu(t) along the
pathline throughx0 is governed by the following initial value problem

dû
dt

= ∇̂ · (D∇̂u)+ ŝ, û(t0) = g0.

In incompressible flow problems, convection alone cannot change the amplitude
of the peakg0 but diffusion and reaction surely can. Since the diffusion tensorD is
symmetric positive definite, it admits a factorization of the form (3.11) which leads
to (3.13). Under the linear transformation (3.12), we have∇̂ · (D∇̂u) = ∆̃u and

dû
dt

= ∆̃u+ ŝ. (3.42)

If û(t) is a local maximum, then conditions (3.1) hold in the transformed coordinate
system, so the right-hand side of (3.42) is nonpositive fors≡ 0. Therefore, the
initial peakû(t0) = g0 cannot increase along the pathlinex̂(t), which proves that the
maximumµ = maxΩ̄ u must be attained either inΩ at t = 0 or onΓ × [0,T]. �

Theorem 3.12.Let the diffusion tensorD be symmetric positive definite inΩ . Then
a solution of problem (3.38)–(3.40) with arbitraryv satisfies

s≥ 0, g≥ 0, u0 ≥ 0 ⇒ u≥ 0. (3.43)

Proof. If the velocity fieldv(x, t) is not divergence-free, then the nonvanishing ‘re-
active’ term(∇̂ · v)û must be added to the right-hand side of equation (3.42). As a
consequence, a positive minimum ˆu(t0) = g0 may decrease alonĝx(t). However, as
soon as its value reaches the zero level, the term(∇̂ · v)û vanishes, so ˆu(t) cannot
decrease any further for the reasons explained in the proof of Theorem 3.11. �

Corollary 3.10. If equation (3.38) is linear, then there is at most one solution.
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Corollary 3.11. Let w= u−v be a solution of (3.38)–(3.40) with s≥ 0 and g≥ 0.
If the corresponding initial data satisfy u0 ≥ v0 in Ω , then

u≥ v in Ω̄ × [0,T].

Linearity is essential for the proof of uniqueness and for the comparison principle.

3.1.5 Singularly Perturbed Problems

In hyperbolic problems, boundary conditions are required only at the inlet. If we add
a small diffusive term, this hardly makes any difference as far as the partial differ-
ential equation itself is concerned. However, extra boundary conditions are required
for the so-defined problem which is nominally elliptic or parabolic. Even if the dif-
fusion coefficient is very small, the solution of the perturbed problem may turn out
to be a poor approximation to that of the original one and viceversa. Moreover, the
right formulation of a maximum/minimum principle changes with the PDE type.

In perturbation theory, an approximation to aregularly perturbedproblem can
be obtained by simply setting the small parameter to zero. Problems that cannot be
approximated properly in this way are referred to assingularly perturbed.

In fluid dynamics, the small parameter is usually the diffusion coefficient. A clas-
sical example is the following singularly perturbed elliptic problem [176, 288]

{

∇ · (vu− ε∇u) = s in Ω ,
u= g onΓ ,

(3.44)

where 0< ε ≪ 1 is very small. The solutionu of this convection-dominated problem
is smooth (differentiable) but its derivatives may become very large asε → 0.

Definition 3.7. A zone in whichu or its derivatives change abruptly is called alayer.

In steady transport problems, the location of layers is fixedand sometimes known
a priori. Their thickness decreases as the ratio|v|/ε increases. To identify a possible
cause of layers, consider the hyperbolic counterpart of problem (3.44)

{

∇ · (vu) = s in Ω ,
u= g onΓ−.

(3.45)

Note that the boundary data are prescribed at the inletΓ− since the solution of a
hyperbolic equation cannot be forced to satisfy any boundary condition elsewhere.

If the solution of problem (3.45) has a jump along a characteristic through a
point x0 ∈ Γ−, then diffusion will smear it over a zone of finite thickness.As a
consequence, the solution of (3.44) will exhibit aninternal layerof width O(

√
ε)

around the characteristic [176]. Discontinuous diffusioncoefficients and singular
sources may also give rise to internal layers. Moreover, aboundary layerof width
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Fig. 3.3 Interior and boundary layers for a singularly perturbed transport equation.

O(ε) will form if the boundary conditions prescribed onΓ \Γ− are incompatible
with the boundary values of the solution to the reduced problem (3.45), see Fig. 3.3.

In the unsteady case, the solution of the singularly perturbed parabolic problem






∂u
∂ t +∇ · (vu− ε∇u) = s in Ω × (0,T),

u= g onΓ × (0,T),
u= u0 in Ω at t = 0

(3.46)

may also have internal and boundary layers. The former may becaused by disconti-
nuities in initial data, inflow boundary conditions, or coefficients. As time evolves,
internal layers are convected downstream and smeared by diffusion. Their thickness
and the rate of smearing depend on the value of the perturbation parameterε.

3.2 Matrix Analysis for Steady Problems

If the solution of a given boundary value problem satisfies a maximum principle,
then a properly designed approximation should behave in thesame way. A numer-
ical scheme that does not generate spurious global extrema in the interior of the
computational domain is said to satisfy adiscrete maximum principle(DMP). As in
the continuous case, the precise formulation of this criterion is problem-dependent.
In particular, the zero row sum property (second rule from Section 1.6.3) has the
same implications as the constraint∇ ·v ≡ 0 in continuous maximum principles.

In the context of finite difference approximations to linearelliptic problems, suf-
ficient conditions of DMP were formulated and proven by Varga[340] as early as
in 1966. These conditions are related to the concept ofmonotone operatorsand,
in particular,M-matriceswhich play an important role in numerical linear algebra
[339, 354]. A general approach to DMP analysis for finite difference operators was
developed by Ciarlet [63]. Its extension to finite elements in [64] features a proof of
uniform convergence, as well as simple geometric conditions that ensure the validity
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of DMP for a piecewise-linear Galerkin discretization of the (linear) model problem
{

−∆u+ ru = s, in Ω ,
u= g onΓ ,

(3.47)

on a triangular mesh under the assumption thatr ≥ 0 in Ω . The results obtained in
[63, 64, 339] have illustrated the significance of DMPs for the analysis and design of
numerical approximations. Various extensions and generalizations were published
during the past three decades, see [61, 100, 151, 179, 180, 341, 311] and references
therein. The frequently cited monograph by Ikeda [167] is devoted entirely to DMP
for finite element models of convection-diffusion phenomena.

Some low-order approximations of transport equations are known to satisfy a
DMP unconditionally or under rather mild restrictions on the angles or aspect ratios
of mesh cells. However, mosta priori proofs are based on a set of sufficient con-
ditions which become overly restrictive in the case of higher-order discretizations,
singularly perturbed convection-diffusion equations, and anisotropic diffusion prob-
lems. A possible remedy to this problem is proposed in the next chapter.

In this section, we review the algebraic constraints that ensure DMP and/or pos-
itivity preservation for steady transport problems of elliptic and hyperbolic type. A
brief summary of the corresponding geometric conditions will also be presented.

3.2.1 The Discrete Problem

Consider the steady transport-reaction equation (3.9) discretized by a finite dif-
ference, finite volume, or finite element scheme. Let the approximate solutionuh,
where the subscripth refers to the mesh size, be determined by a finite numberN̄
of degrees of freedomu1, . . . ,uN̄ that represent pointwise nodal values, control vol-
ume averages, or coefficients of piecewise-polynomial basis functions, respectively.
Hence, all information about the solutionuh can be packed into a vectoru∈ R

N̄.
Furthermore, the differential operatorL acting on functions defined at infinitely

many locations is replaced by a discrete operatorLh acting on vectors of length̄N

Lh : RN̄ → R
N̄.

Regardless of the underlying approximation technique, we define this mapping as

Lhu= Au,

whereA= {ai j } is a sparsēN× N̄ matrix andu= {ui} is the vector of nodal values.
The sparsity pattern ofA depends on the mesh, on the type of discretization, and

on the numbering of nodes. Since some nodal values are known from the Dirichlet
boundary conditions, the size of the algebraic system reduces accordingly.

Let the firstN nodes be associated with the unknown degrees of freedom, andthe
rest with the Dirichlet boundary values. This numbering convention implies that the
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discrete operatorA and the vector of nodal valuesu can be partitioned as follows

A=

[

AΩΩ AΩΓ
AΓ Ω AΓ Γ

]

, u=

[

uΩ
uΓ

]

. (3.48)

The subscriptsΩ andΓ refer to row/column numbers fromNΩ = {1, . . . ,N} and
NΓ = {N+ 1, . . . , N̄}, respectively. Thus,uΩ = {u1, . . . ,uN} is the vector of un-
knowns, whereasuΓ = {uN+1, . . . ,uN̄} is given by the prescribed boundary data

uΓ = g. (3.49)

In this notation, the system of algebraic equations for the components ofuΩ reads

AΩΩ uΩ = bΩ −AΩΓ g, (3.50)

wherebΩ is the contribution of sources and Neumann boundary conditions, if any.
In a practical implementation, it is convenient to incorporate the Dirichlet bound-

ary conditions into thēN× N̄ matrixA and solve the extended linear system [63]

Āu= b, (3.51)

where the matrix̄A and right-hand sideb are defined so as to enforce (3.49)

Ā=

[

AΩΩ AΩΓ
0 I

]

, b=

[

bΩ
g

]

. (3.52)

In other words, thēN× N̄ matrix Ā is constructed fromA by settingAΓ Ω := 0 and
AΓ Γ := I , whereI denotes the identity matrix with̄N−N rows and columns.

If the solution of the continuous problem satisfies Theorem 3.5 or 3.7, it is natural
to require that the maxima ofuΩ be bounded by those ofuΓ = g. Likewise, all
nodal values should be nonnegative if Theorem 3.6 or 3.8 is applicable. To verify
the validity of DMP, one needs to analyze the properties of the discrete operator̄A.

3.2.2 M-Matrices and Monotonicity

A key ingredient of the mathematical theory behind the discrete maximum princi-
ples and positivity preservation is the following monotonicity concept [63, 339].

Definition 3.8. A regular matrixA= {ai j } is calledmonotoneif A−1 ≥ 0.

This kind of monotonicity is equivalent to the requirement that, for any vectoru,

Au≥ 0 ⇒ u≥ 0.
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Of course, it is impractical to compute the inverse ofA and check the sign of its
entries. Instead, we will deal with a special class of matrices which are known to be
monotone under certain constraints on the sign and magnitude of their coefficients.

Definition 3.9. A regular matrixA= {ai j } is called anM-matrix if A−1 ≥ 0 and

ai j ≤ 0, ∀ j 6= i.

In other words, anM-matrix is a monotone matrix with nonpositive off-diagonal
entries. These properties ensure positivity and convergence of iterative solvers.

Definition 3.10.A matrix A= {ai j } is calleddiagonally dominant(by rows) if

|aii | ≥ ∑
j 6=i

|ai j |, ∀i. (3.53)

Such a matrix is calledstrictly diagonally dominantif all inequalities are strict

|aii |> ∑
j 6=i

|ai j |, ∀i. (3.54)

Definition 3.11.A matrix A= {ai j } of sizeN×N is calledirreducibleif there is no
N×N permutation matrixP such that the following transformation is possible

PAPT =

[

A11 A12

0 A22

]

,

where the size ofA11 isM×M, the size ofA22 is (N−M)×(N−M), and 1≤M <N.

It turns out that a matrixA is irreducible if and only if its directed graph is
strongly connected ([339], p. 20) or, equivalently, if and only if for any i and j 6= i
there is a sequence of distinct indicesi = n0,n1, . . . ,nl = j such that [132]

ank−1nk 6= 0, 1≤ k≤ l .

Remark 3.8.In the context of linear systems, irreducibility ensures that it is impos-
sible to extract a subsystem that can be solved independently. Matrices that result
from discretization of partial differential equations areirreducible in most cases.

Definition 3.12.A matrix A= {ai j } is irreducibly diagonally dominantif it is irre-
ducible and diagonally dominant, with strict dominance forat least one rowi.

The following theorem yields a set of sufficient conditions which are commonly
employed in DMP analysis based on theM-matrix property of discrete operators.

Theorem 3.13.If A = {ai j } is a strictly or irreducibly diagonally dominant N×N
matrix with aii > 0, ∀i = 1, . . . ,N and ai j ≤ 0, ∀ j 6= i, then A−1 ≥ 0.
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Proof. A common approach to the proof of this theorem is based on the splitting

A= D−C,

where the diagonal partD = diag(A) > 0 is nonsingular andC ≥ 0. The diagonal
dominance makes it possible to prove that the spectral radius ρ of B = D−1C ≥ 0
satisfiesρ(B)< 1. This condition holds if and only if the series

(I −B)−1 = I +B+B2+B3+ . . .

converges, see [131, 339] for technical details. Hence,A−1 = (I −B)−1D−1 ≥ 0. �

If all diagonal entries ofA are strictly positive and there are no positive off-
diagonal ones, then diagonal dominance (3.53) requires that all row sums be non-
negative. The following definition summarizes the corresponding sign conditions.

Definition 3.13.A matrix A= {ai j } is said to be ofnonnegative type[64, 69] if

aii > 0, ∀i, (3.55)

ai j ≤ 0, ∀ j 6= i, (3.56)

∑
j

ai j ≥ 0, ∀i. (3.57)

Corollary 3.12. By Theorem 3.13, a nonnegative-type matrix A is an M-matrix if
inequality (3.57) is strict or A is irreducible and (3.57) isstrict for at least one row.

Note that conditions (3.55)–(3.56) impose the same constraints as the third basic
rule from Section 1.6.3. The second basic rule is satisfied if(3.57) holds as equality.

Under the assumptions of Corollary 3.12, the nonnegativityconditions are suffi-
cient (but notnecessary) for the matrixA to be monotone. Some other useful criteria
related toM-matrices and monotonicity can be found in [46, 132, 153, 311, 346].

3.2.3 Discrete Maximum Principles

Given a discretization of the form (3.51), the monotonicityof the matrixĀ makes it
possible to prove discrete counterparts of all maximum, minimum, and comparison
principles established in Section 3.1. The uniqueness of the solution vectoru follows
from the regularity ofĀ. The usual approach to the proof of monotonicity is based on
Theorem 3.13 and Corollary 3.12 since the nonnegativity conditions (3.55)–(3.57)
are easy to verify for an arbitrary space discretization of the transport equation.

To prove that the solution of problem (3.51) attains its maximum on the setNΓ of
Dirichlet boundary nodes, we need a discrete counterpart ofthe incompressibility
constraint∇ · v ≡ 0. At the continuous level, it implies thatL u = L (u+ c) for
an arbitrary constantc. According to the second basic rule from Section 1.6.3, the
discrete operatorA should have zero row sums to inherit this property. Thus, the
globaldiscrete maximum principle for nodal values can be formulated as follows.
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Theorem 3.14.If the matrixĀ is given by (3.52), AΩΩ is monotone, AΩΓ ≤ 0, and

N̄

∑
j=1

ai j = 0, ∀i ∈ NΩ , (3.58)

then the solution of (3.51) satisfies the global discrete maximum principle

bΩ ≤ 0 ⇒ max
i

ui = max
j

g j . (3.59)

Proof. Let bΩ ≤ 0 and considerw= u−µ , whereµ =maxj g j is the largest Dirich-
let boundary value. Due to (3.51) and the zero-sum property (3.58), we have

N̄

∑
j=1

ai j w j =
N̄

∑
j=1

ai j u j −µ
N̄

∑
j=1

ai j =
N̄

∑
j=1

ai j u j , ∀i ∈ NΩ . (3.60)

It follows thatAΩΩ wΩ +AΩΓ wΓ = bΩ ≤ 0, whereAΩΓ wΓ ≥ 0. SinceAΩΩ is mono-
tone,wΩ = A−1

ΩΩ [bΩ −AΩΓ wΓ ]≤ 0 so thatui ≤ maxj g j for all i ∈ NΩ . �

Since the matrix̄A is sparse, only nearest neighbors make a nonzero contribution
to the right-hand side of the algebraic equation for an interior nodei ∈ NΩ . The
following theorem states thatui is bounded by the solution values at neighbor nodes.

Theorem 3.15.If the matrix Ā is of nonnegative type and condition (3.58) holds,
then the solution of (3.51) satisfies the local discrete maximum principle [20]

bi ≤ 0 ⇒ ui ≤ max
j∈Ni

u j , ∀i ∈ NΩ , (3.61)

whereNi := { j 6= i | ai j 6= 0} is the set of neighbors that form the stencil of node i.

Proof. Let i ∈ NΩ be any interior node. The equation for the nodal valueui reads

aii ui = bi − ∑
j∈Ni

ai j u j . (3.62)

The zero sum property (3.58) implies that the involved coefficients satisfy

∑
j∈Ni

ai j

aii
=−1.

Due to the assumptions that̄A is of nonnegative type andbi ≤ 0, this yields

ui =
bi

aii
− ∑

j∈Ni

ai j

aii
u j ≤−max

j∈Ni

u j

(

∑
j∈Ni

ai j

aii

)

= max
j∈Ni

u j , (3.63)

which proves thatui is bounded by the maximum over the stencil ofi ∈ NΩ . �

Corollary 3.13. If bi = 0 and uj = ū, ∀ j ∈ Ni , then ui = ū by the local DMP.



112 3 Maximum Principles

That is, if the source term is absent and the solution has a constant valueµ at all
neighboring nodes, thenui must also assume this value. This property is guaranteed
by the zero row sum condition (3.58). Only a poor discretization of the transport
equation with∇ ·v ≡ 0 would produceui 6= ū in this situation ([268], p. 39).

Remark 3.9.Since estimate (3.63) holds for any interior node, successive applica-
tion of the local DMP can be used to prove (3.59) ifAΩΩ is irreducible, cf. [69, 344].

If the row sums ofĀ are nonvanishing for somei ∈NΩ , then the DMP may cease
to hold but positivity preservation can be inferred from thefact thatĀ is monotone.

Theorem 3.16.If the matrix Ā is given by (3.52), where AΩΩ is monotone and
AΩΓ ≤ 0, then discretization (3.51) is positivity-preserving, that is,

b≥ 0 ⇒ u≥ 0. (3.64)

Proof. The matrix Ā given by (3.52) is regular if and only if the blockAΩΩ is
regular. Furthermore, the inverse matricesĀ−1 andA−1

ΩΩ are related by the formula

Ā−1 =

[

A−1
ΩΩ −A−1

ΩΩ AΩΓ
0 I

]

. (3.65)

If A−1
ΩΩ ≥ 0 andAΩΓ ≤ 0, thenĀ is monotone andu= Ā−1b≥ 0 for anyb≥ 0. �

Remark 3.10.In the case of linear or bilinear finite elements, the interpolantuh satis-
fies a local maximum principle inside each cell. That is, the value of the approximate
solution at any interior pointx ∈ Ω is bounded by the nodal values at the vertices of
the cell containingx, so that Theorems 3.14–3.16 can be used to estimateuh(x).

Remark 3.11.Many other definitions and proofs of DMP can be found in the litera-
ture. The following result [311] is one of the most general and elegant formulations.

Theorem 3.17.If Ā is an M-matrix that satisfies condition (3.57), then

max
1≤i≤N̄

ui ≤ max
j∈N+

u j , N+ = {1≤ j ≤ N̄ | b j > 0}.

In the case N+ = /0, the right-hand side of the above inequality is taken to be zero.

This theorem states that maxima occur on a set of nodes where the right-hand side of
system (3.51) is positive. Remarkably, the degrees of freedom associated withNΩ
andNΓ are treated equally. For a proof, the interested reader is referred to [311].

Theorem 3.18.If Ā is a linear monotone operator and̄Au≥ Āv, then u≥ v.

Proof. Due to linearity and monotonicity,̄A(u−v)≥ 0 ⇒ u−v≥ 0. �

Unfortunately, only some low-order approximations can be both linear and mono-
tone. To achieve higher accuracy, one of these requirementshas to be sacrificed.
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Theorem 3.19.Any linear monotone operator that results from a discretization of
first-order space derivatives can be at most first-order accurate.

This order barrier is known as the Godunov theorem [123]. It is responsible for the
tradeoff between devastating numerical diffusion and undershoots/overshoots. Since
first-order accuracy is usually insufficient, the only way toavoid both side effects is
to adjust the coefficients of the discrete transport operator in an adaptive way so as
to enforce relevant DMP conditionsa posteriori, that is, for a given data set.

Theorem 3.20.Any linear monotone operator that results from a discretization of
second-order space derivatives can be at most second-orderaccurate.

This result is also disappointing but second-order accuracy if often sufficient for
practical purposes. A simple proof of Theorems 3.19 and 3.20for finite difference
schemes is available in [164] on pp. 118-120. The lack of monotonicity for quadratic
finite element discretizations of the Laplace operator was first reported in [151].

3.2.4 Desirable Mesh Properties

Some finite element approximations to elliptic problems like (3.47) are known to
satisfy the DMP conditions (3.55)–(3.57) on a suitably designed mesh. The deriva-
tion of geometric constraints that ensure monotonicity hasbeen one of the primary
research directions in the DMP analysis for finite element schemes [64, 100, 179,
180]. Below, we present some useful geometric criteria in the context of linear and
bilinear Galerkin discretizations of the Laplace operatorin two space dimensions.

Definition 3.14.A triangular mesh is calledstrongly acuteif all angles are smaller
thanπ/2 andweakly acute(or nonobtuse) if all angles are not greater thanπ/2.

Theorem 3.21.The discrete Laplace operator̄A for the linear finite element ap-
proximation on a triangular mesh of weakly acute type is monotone [18, 64].

This classical result dates back to the paper by Ciarlet and Raviart [64]. In the 3D
case, a tetrahedral mesh is said to be of acute type if all internal angles between the
faces of tetrahedra are not greater thanπ/2. Again, this condition ensures that the
discrete Laplace operator is monotone if linear finite elements are employed [189].

Definition 3.15.A triangular mesh is aDelaunay triangulationif no vertex of this
mesh is inside the circumcircle of any triangle to which it does not belong.

Theorem 3.22.The discrete Laplace operator̄A for the linear finite element ap-
proximation on a Delaunay triangulation is monotone [18].

Delaunay triangulations maximize the minimum angle as to avoid excessively
stretched triangles. It is known that there exists a unique Delaunay triangulation for
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any set of points that do not lie on the same line. Moreover, fast algorithms are avail-
able for creating such triangulations [55, 115, 226], whichmakes them very popular
with finite element practitioners. Figure 3.4 displays a simple 2D Delaunay triangu-
lation generated using the MATLAB functiondelaunay. In three dimensions, no
vertex of a tetrahedron is inside the circumsphere of any other tetrahedron. However,
the discrete Laplacian operator for a linear FEM approximation on an arbitrary 3D
Delaunay triangulation may fail to be a matrix of nonnegative type [18]. This does
not necessarily cause a violation of the DMP but it cannot be ruled out anymore.

Definition 3.16.A rectangular mesh is callednonnarrowif the ratio of longest and
shortest mesh edge is not greater than

√
2 for any rectangle [100].

Theorem 3.23.The discrete Laplace operator̄A for the bilinear finite element ap-
proximation on a rectangular mesh of nonnarrow type is monotone [61, 100].

This theorem explains why iterative solution techniques that rely on the M-matrix
property may experience convergence problems when appliedto discretizations of
second-order PDEs on quadrilateral/hexahedral meshes with high aspect ratios.

Geometric DMP conditions for various elliptic and parabolic problems have been
formulated building on the above results [100, 116, 179, 180]. Even if convective
effects are present, it is desirable to use a sufficiently regular mesh that satisfies the
above conditions, so that at least the discrete diffusion operator poses no hazard to
DMP. Moreover, it may offset a nonmonotone convective part if the Peclet number
is small or a sufficiently large amount of artificial diffusion is added [51, 69]. Alter-
natively, theupwind trianglemethod or other techniques can be used to construct a
monotone approximation of convective terms [11, 167, 200, 288, 348].
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Fig. 3.4 A two-dimensional Delaunay triangulation with 15 points.
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Many finite element approximations do not produce a monotonematrix, or more
sophisticated tools than Theorem 3.13 are required to provemonotonicity. It is not
unusual that spurious maxima or minima of significant amplitude are generated in
regions where small-scale features are present and the meshis too coarse. On the
other hand, a well-resolved numerical solution satisfies the DMP even if it violates
thesufficientmonotonicity conditions that impose unrealistically severe restrictions
on the properties of the mesh and on the choice of polynomial approximations.

3.3 Matrix Analysis for Unsteady Problems

Unsteady transport processes are governed by equations of parabolic and hyperbolic
type in which convective terms may be dominant. The time derivative can also be
interpreted as ‘convection’ in the positivet−direction. In inviscid flow problems, the
discrete maximum principle and positivity preservation can be enforced within the
framework of monotone, monotonicity-preserving, and total variation diminishing
(TVD) methods for 1D hyperbolic conservation laws. Many representatives of these
schemes are explicit and/or essentially one-dimensional.Their extensions to 2D/3D
rely on dimensional splitting, which rules out the use of unstructured meshes.

It turns out that any multidimensional TVD scheme is at most first-order accu-
rate, except in certain trivial cases [124, 216]. The concept of local extremum dimin-
ishing (LED) schemes [170, 171] makes it possible to design approximations that
enjoy the TVD property in the 1D case and provide a weaker formof monotonic-
ity in multidimensions. Interestingly enough, all of the above DMP criteria impose
essentially the same constraints on the coefficients of the space discretization.

In transient computations, the time-stepping method should be chosen so as to
keep the solution free of undershoots and overshoots. Sincethe Godunov order bar-
rier applies to time discretizations as well, only the first-order accurate backward
Euler method may be used with arbitrary time steps. In all other cases, monotonic-
ity conditions impose a certain upper bound on the time step.This constraint may
be the same or more stringent than the usual stability condition, if any. The use of
the consistent mass matrix in finite element discretizations of unsteady hyperbolic
and parabolic problems may also cause some complications [33, 100, 116].

3.3.1 Semi-Discrete DMP Constraints

In this section, we start with the DMP analysis for semi-discrete schemes that can
be written as a system of differential algebraic equations (DAEs) of the form

M
du
dt

=Cu+ r, (3.66)
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whereu is the vector of nodal values,M = {mi j } is the mass matrix,C = {ci j } is
the negative of the discrete transport operator, andr is the vector of nodal sources.

A semi-discrete maximum principle for a space discretization of the form (3.66)
is particularly easy to establish ifM is a diagonal matrix. Finite difference and finite
volume discretizations satisfy this requirement from the outset. In the realm of finite
elements, it is commonly enforced using row-sum mass lumping, see Section 2.1.2.

Consider thei−th equation in system (3.66) with the mass matrixM = diag{mi}

mi
dui

dt
= ∑

j
ci j u j + r i . (3.67)

Since the coefficient matrixC= {ci j } is sparse, only nearest neighbors from the set

Ni = { j 6= i | ci j 6= 0}

can contribute to the right-hand side of (3.67). If the coefficientsci j sum to zero

∑
j

ci j = 0, (3.68)

then it follows thatcii =−∑ j 6=i ci j , whence equation (3.67) can be written as

mi
dui

dt
= ∑

j 6=i

ci j (u j −ui)+ r i . (3.69)

Theorem 3.24.The following (local) semi-discrete maximum principle holds for the
solution of equation (3.69) with ri ≤ 0 if mi > 0 and ci j ≥ 0 for all j 6= i

ui ≥ u j , ∀ j ∈ Ni ⇒ dui

dt
≤ 0. (3.70)

Proof. The theorem states that a maximumui = maxj u j cannot increase. Indeed,

dui

dt
=

1
mi

∑
j 6=i

ci j (u j −ui)+
r i

mi
(3.71)

is nonpositive due to the fact thatmi > 0, r i ≤ 0, andci j (u j −ui)≤ 0, ∀ j 6= i. �

In a similar vein, a minimumui = min j u j cannot decrease ifr i is nonnegative

ui ≤ u j , ∀ j ∈ Ni ⇒ dui

dt
≥ 0. (3.72)

In the caser i = 0, the above semi-DMP states that neither maxima nor minima are
enhanced, which has led Jameson [170, 171] to introduce the following definition.

Definition 3.17.A semi-discrete scheme of the form (3.69) withr i = 0 is called
local extremum diminishing(LED) if estimates (3.70) and (3.72) hold for alli.
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Corollary 3.14. The following conditions are sufficient for (3.69) to be LED

mi > 0, r i = 0, ci j ≥ 0, ∀i, ∀ j 6= i. (3.73)

Remark 3.12.Flux-corrected transport (FCT) algorithms [42, 355] impose essen-
tially the same constraints (no new maxima or minima, no growth of existing ones).

Remark 3.13.The termlocal implies that maxima and minima are taken over the
stencil of individual nodes. A global semi-discrete maximum principle and, hence,
L∞-stability can be readily inferred from the LED criterion and Theorem 3.24.

The concept of LED schemes provides [171] “a convenient basis for the construction
of nonoscillatory schemes on both structured and unstructured meshes.” Indeed,
conditions like (3.73) are easy to check and enforce for arbitrary discretizations.

In the context of three-point finite difference schemes for 1D problems, the non-
negativity of both off-diagonal coefficients is also required by Harten’s TVD con-
ditions [137]. It turns out that there is a close relationship between TVD and LED
space discretizations. In one space dimension, the total variation

TV(u, t) = ∑
i
|ui+1(t)−ui(t)|, ∀t ≥ 0

must be a nonincreasing function of time for a semi-discretescheme to be TVD. If
zero boundary values are prescribed at both endpoints of the1D domain, then [171]

TV(u, t) = 2

(

∑
j∈Nmax

u j(t)− ∑
k∈Nmin

uk(t)

)

, (3.74)

whereNmax andNmin contain the indices of local maxima and minima, respectively

Nmax= { j | u j ≥ u j±1}, Nmin = {k | uk ≤ uk±1}.

If the LED constraint holds, then these maxima and minima cannot grow, whence

TV(u, t1)≥ TV(u, t2), ∀t1 ≤ t2.

Therefore, a semi-discrete LED scheme enjoys the TVD property in one dimension.

Remark 3.14.Due to Theorems 3.19 and 3.20, a linear LED/TVD discretization of
convective/diffusive terms is at most first/second-order accurate, respectively.

It is certainly incorrect to demand that the numerical scheme be local extremum
diminishing if the exact solution does not satisfy the LED constraint. However, it is
still possible to prove the following property implied by Theorems 3.10 and 3.12.

Definition 3.18.A semi-discrete scheme of the form (3.67) is calledpositiveif

ui(0)≥ 0, ∀i ⇒ ui(t)≥ 0, ∀i, ∀t > 0. (3.75)
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To avoid a common misunderstanding, we emphasize that the numerical solution is
not forced to be positive if there isj 6= i such thatu j(0)< 0. Positivity preservation
means that the numerical scheme cannot producenonphysicalnegative values, i.e.,
undershoots. Likewise, an initially nonpositive solutionshould preserve its sign,
so that no overshoots are generated. Sink terms may destroy positivity and require
special treatment in accordance with the fourth basic rule from Section 1.6.3.

Theorem 3.25.The following conditions are sufficient for (3.67) to be positive

mi > 0, r i ≥ 0, ci j ≥ 0, ∀i, ∀ j 6= i. (3.76)

Proof. Suppose thatui(t) = 0 andu j(t)≥ 0 for all j ∈ Ni . Then the time derivative
of ui satisfies (3.71) and is nonnegative under the above sufficient conditions. �

Corollary 3.15. Let u and v be solutions computed by a linear positive scheme using
the initial data ui(0)≥ vi(0), ∀i, all other settings being fixed. Then

ui(t)≥ vi(t), ∀i, ∀t ≥ 0.

Remark 3.15.In the 1D case, finite difference schemes that satisfy such a compari-
son principle for initial data aremonotoneby definition [216].

3.3.2 Fully Discrete DMP Constraints

After the discretization in time and implementation of the Dirichlet boundary con-
ditions, the fully discrete counterpart of (3.66) can be written in the form

[

AΩΩ AΩΓ
0 I

][

uΩ
uΓ

]

=

[

bΩ
bΓ

]

, (3.77)

whereuΩ is the vector of unknowns for the current time step,bΓ is the vector of
prescribed boundary values, andbΩ depends on the previously computed data

bΩ = BΩΩ gΩ +BΩΓ gΓ +sΩ .

The matrix blocksBΩΩ andBΩΓ contain the coefficients of the explicit part that
depends on the vector of old nodal valuesg= gΩ ∪gΓ . The remaindersΩ represents
the contribution of source terms and Neumann boundary conditions, if any.

For a two-level time-stepping method,u = un+1 andg = un, where the super-
scripts refer to the time levelstn+1 andtn = tn+1−∆ t, respectively. In fractional-step
algorithms, a pair of intermediate solutions may also be denoted byu andg.

Definition 3.19.The global discrete maximum principle holds for (3.77) if

sΩ ≤ 0 ⇒ ui ≤ max
j

g j , ∀i ∈ NΩ . (3.78)
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Theorem 3.26.Let the first NΩ rows sums of A and B be equal (cf. [101]), i.e.,

N̄

∑
j=1

ai j =
N̄

∑
j=1

bi j , ∀i ∈ NΩ (3.79)

and the block AΩΩ be regular. Then the solution uΩ of problem (3.77) satisfies the
global discrete maximum principle under the following signconditions

A−1
ΩΩ ≥ 0, AΩΓ ≤ 0, BΩΩ ≥ 0, BΩΓ ≥ 0. (3.80)

Proof. Considerw= u−µ andv= g−µ ≤ 0, whereµ = maxj g j . Due to (3.79)

N̄

∑
j=1

(bi j v j −ai j w j)+si =
N̄

∑
j=1

(bi j g j −ai j u j)+si = 0, ∀i ∈ NΩ . (3.81)

It follows that AΩΩ wΩ +AΩΓ wΓ = BΩΩ vΩ +BΩΓ vΓ + sΩ , wheresΩ ≤ 0 by as-
sumption andwΓ ≤ 0, v≤ 0 by definition. Invoking (3.80), we infer that

wΩ = A−1
ΩΩ [BΩΩ vΩ +BΩΓ vΓ −AΩΓ wΓ +sΩ ]≤ 0.

This estimate proves the global DMP which requires thatui ≤ µ for all i ∈ NΩ . �

As in the case of steady transport equations, it is also possible to estimate the
unknown nodal valueui in terms of the data defined at a few neighboring nodes.

Definition 3.20.The local discrete maximum principle holds for (3.77) if

si ≤ 0 ⇒ ui ≤ µi , ∀i ∈ NΩ , (3.82)

whereµi denotes the maximum taken over{u j | ai j 6= 0, j 6= i} and{g j | bi j 6= 0}.

Theorem 3.27.The solution of (3.77) satisfies (3.82) subject to the row-sum con-
straint (3.79) and conditions of the third basic rule from Section 1.6.3, i.e.,

aii > 0, bii ≥ 0, ∀i, (3.83)

ai j ≤ 0, bi j ≥ 0, ∀ j 6= i. (3.84)

Proof. Let i ∈ NΩ be any interior node. Following the proof of Theorem 3.26, we
introduce the auxiliary functionsw= u− µi andv= g− µi . By definition ofµi for
the local DMP,w j ≤ 0 for all j 6= i such thatai j 6= 0, andvk ≤ 0 for 1≤ k≤ N̄ such
thatbik 6= 0. The row sum property leads to a relation of the form (3.81),whence

aii wi =
N̄

∑
j=1

bi j v j −
N̄

∑
j 6=i

ai j w j +si . (3.85)

Conditions (3.83)–(3.84) imply thataii > 0 and the right-hand side of equation
(3.85) is nonpositive forsi ≤ 0. This proves thatwi ≤ 0, that is,ui ≤ µi . �
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Remark 3.16.Note that the steady-state counterpart (3.51) of the local discrete max-
imum principle (3.77) is recovered foru = g. Thus, pseudo-time stepping can be
used not only to march the solution to a steady state but also to prove DMP for
stationary problems. Of course, a proof of convergence should also be provided.

It remains to formulate sufficient conditions of positivitypreservation for dis-
cretizations of transport equations in which sources, sinks, or compressibility effects
may destroy the ‘equal row sum’ property (3.79) of the two coefficient matrices.
Due to the presence of a strictly diagonally dominant mass matrix, the usual way to
establish positivity preservation for time-dependent problems is as follows.

Theorem 3.28.If the coefficients of (3.77) satisfy conditions (3.83)–(3.84) and

∑
j

ai j > 0, ∀i ∈ NΩ , (3.86)

then such a discretization is guaranteed to be positivity-preserving, that is,

sΩ ≥ 0, g≥ 0 ⇒ uΩ ≥ 0.

Proof. Due to (3.83)–(3.84) and (3.86), the blockAΩΩ is monotone by Corollary
(3.12). Thus,uΩ = A−1

ΩΩ [BΩΩ gΩ +BΩΓ gΓ −AΩΓ uΓ +sΩ ]≥ 0. �

Corollary 3.16. If solutions u and v are computed by the same linear positivity-
preserving scheme using the data g≥ h, all other settings being fixed, then u≥ v.

This comparison principle represents a fully discrete counterpart of Corollary 3.15.
As usual, the proof is based on Theorem 3.28 applied to the vector w= u−v.

3.3.3 Positive Time-Stepping Methods

The fully discrete maximum principles may turn out to be morerestrictive than their
semi-discrete counterparts. Even if the space discretization is designed to be mono-
tone, the final algebraic system may fail to satisfy the DMP conditions, especially
in the case of a finite element approximation with a nondiagonal mass matrix.

According to Theorem 3.28, the following set of sufficient conditions guarantees
positivity preservation for a discretization that can be cast into the form (3.77)

• the diagonal blockAΩΩ has (i) positive diagonal entries, (ii) nonpositive off-
diagonal entries, and (iii) positive row sums (strict diagonal dominance).

• there are no positive coefficients inAΩΓ and negative ones inBΩΩ or BΩΓ .

Furthermore, the global and local DMP hold under the additional condition (3.79).

Some time-stepping schemes preserve positivity, at least if the time step is cho-
sen so as to satisfy the above algebraic constraints on the coefficients of discrete
operators. For example, let (3.66) be discretized in time bytheθ−scheme
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M
un+1−un

∆ t
= θCun+1+(1−θ)Cun+ r, (3.87)

where 0≤ θ ≤ 1 is an implicitness parameter. This formulation combines the for-
ward Euler (θ = 0), Crank-Nicolson (θ = 1

2), and backward Euler (θ = 1) methods.
Collecting all terms that depend onu= un+1 andg= un, we can multiply (3.87)

by the time step∆ t and write this algebraic system in the equivalent form

Aun+1 = Bun+s,

wheres= ∆ tr and the involved coefficient matices are defined as follows

A= M−θ∆ tC, B= M+(1−θ)∆ tC.

Therefore, the objective is to check the sign and magnitude of the coefficients

ai j = mi j −θ∆ tci j , bi j = mi j +(1−θ)∆ tci j . (3.88)

Suppose that the underlying space discretization is of positive type, that is,

ci j ≥ 0, ∀i, ∀ j 6= i. (3.89)

This condition holds for some upwind-type discretizationsof convective terms, as
well as for centered schemes if there is enough (physical or artificial) diffusion.
Moreover, the geometric DMP conditions for finite element approximations of dif-
fusive terms may require that the mesh be of acute/nonnarrowtype, see Section
3.2.4. Alternatively, flux/slope limiters can be used to enforce condition (3.89).

If the mass matrixM is diagonal, all off-diagonal coefficients have the right sign

mi j = 0, ci j ≥ 0 ⇒ ai j ≤ 0, bi j ≥ 0, ∀i, ∀ j 6= i.

In the case of (linear and bilinear) finite elements, the consistent mass matrix has
some positive off-diagonal entries. Thus, the corresponding coefficientsbi j remain
nonnegative butai j ≤ 0 only if the time step∆ t satisfies the following lower bound

∆ t ≥ mi j

θci j
= ∆ tmin, ∀i, ∀ j 6= i. (3.90)

Obviously, this requirement is impossible to fulfil withθ = 0 or ci j = 0. Thus,
the time-stepping scheme must be implicit (θ > 0) and the diffusive term must be
nonvanishing for a consistent-mass finite element method tosatisfy the sufficient
conditions of positivity preservation [100, 116, 246]. To circumvent this problem,
some modifications of the mass matrix were proposed by Berzins [33, 34, 35].

Conditions (3.83) and (3.86) for the diagonal coefficientaii require that

∑
j
[mi j −θ∆ tci j ]> 0, ∀i. (3.91)
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The diagonal coefficientbii is nonnegative under the following condition

mii +(1−θ)∆ tcii ≥ 0, ∀i (3.92)

which is responsible for stability and boundedness of the explicit part. The back-
ward Euler method satisfies this condition automatically but the Crank-Nicolson
scheme is positivity-preserving only for sufficiently small time steps, although it is
unconditionally stable. In the case of the forward Euler method, the time step must
be small anyway for stability reasons, so positivity can be achieved at no extra cost.

Remark 3.17.Condition (3.92) withθ < 1 is particularly restrictive if the coefficient
cn

ii assumes a large negative value. This situation occurs, e.g., if diffusion plays a
dominant role or the divergence of the velocity field is largeand positive.

Due to (3.91) and (3.92) the upper bound for largest admissible time step is

∆ t ≤ min

{

∑ j mi j

max{0,θ ∑ j ci j }
,

mii

(θ −1)cii

}

= ∆ tmax, ∀i. (3.93)

In the case of a 1D hyperbolic conservation law discretized in space by the explicit
first-order upwind scheme, this bound reduces to the standard CFL condition.

Theorem 3.29.If the space discretization satisfies (3.89), while the timestep satis-
fies (3.90) and (3.93), then theθ−scheme (3.87) is positivity-preserving.

The restrictions on the choice ofθ and∆ t are very stringent in the case of consistent-
mass FEM since the time step∆ t cannot be greater than∆ tmax and smaller than
∆ tmin. The use of diagonal mass matrices and/or implicit algorithms is preferable
from the standpoint of positivity preservation, see also [100, 116, 164, 246].

The analysis of theθ−scheme can be extended to other time discretizations. For
example, letM = diag{mi} and consider an explicitL-stage Runge-Kutta method

Mu(l) =
l−1

∑
k=0

γkl

(

Mu(k)+θkl∆ tC(k)u(k)
)

, (3.94)

u(0) = un, un+1 = u(L), l = 1, . . . ,L. (3.95)

This time discretization is called aTVD Runge-Kutta methodif it preserves the
TVD property of the underlying space discretization for scalar conservation laws in
1D. Such time-stepping schemes were introduced by Shu and Osher [304, 306] and
analyzed by Gottlieb and Shu [125]. Other (non-TVD but linearly stable) Runge-
Kutta methods can generate spurious oscillations even if the semi-discrete scheme
is local extremum diminishing and/or positive, see [125] for a numerical example.

Theorem 3.30.A Runge-Kutta method of the form (3.94)–(3.95) with

0≤ γkl ≤ 1,
l−1

∑
k=0

γkl = 1, 0≤ θkl ≤ 1 (3.96)
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is positivity-preserving if the time step∆ t satisfies condition (3.92) forθ = 0 [125].

Proof. Conditions (3.96) imply that the right-hand side of (3.94) is a convex com-
bination of forward Euler predictors with∆ t replaced byθkl∆ t, whereθkl ∈ [0,1].
Therefore, positivity is preserved under condition (3.92)with θ = 0. �

Remark 3.18.The above proof of positivity is only valid for diagonal (lumped) mass
matrices. Otherwise, positive off-diagonal coefficientsai j = mi j violate (3.84).

In the review paper by Gottlieb, Shu, and Tadmor [126], explicit high-order time-
stepping schemes that comply with the requirements of Theorem 3.30 were renamed
into strong stability-preserving(SSP) time discretizations. This more suitable term
refers to the ability of SSP methods to maintain boundednessnot only in the total
variation norm but also in other norms. If the forward Euler method is SSP, so are its
high-order counterparts, perhaps under a different restriction on the time step [126].

The optimal (in terms of the time step restriction and computational cost) SSP
Runge-Kutta scheme of second order is the well-knownHeun method[125]

Mu(1) = Mun+∆ tCnun, (3.97)

Mun+1 =
1
2

(

M(un+u(1))+∆ tC(1)u(1)
)

. (3.98)

The final solutionun+1 represents the average of the forward Euler predictoru(1)

and a backward Euler corrector evaluated usingu(1) in place ofun+1.
The optimal SSP Runge-Kutta time discretization of third order is given by [125]

Mu(1) = Mun+∆ tCnun, (3.99)

Mu(2) =
1
4

(

M(3un+u(1))+∆ tC(1)u(1)
)

, (3.100)

Mun+1 =
1
3

(

M(un+2u(2))+2∆ tC(2)u(2)
)

. (3.101)

For a comprehensive review and systematic study of SSP Runge-Kutta / multistep
methods that provide high accuracy and low storage, the reader is referred to [126,
305]. Aspects of positivity preservation and monotonicityconcepts for numerical
integration of initial value problems are also addressed in[164], pp. 185–196.

Since SSP time-stepping methods are usually of the same formand incur approx-
imately the same computational cost per time step as traditional ODE solvers, it is
worthwhile to use them whenever possible. Even if the corresponding theoretical
restriction on the time step is smaller than the linear stability bound, an SSP method
tends to be more stable in the range of time steps that lie in-between [305]. In many
cases, there is no penalty for taking time steps far beyond the SSP bound because
its derivation is usually based on sufficient (rather than necessary) conditions.
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3.4 Summary

The abundance of theorems and proofs in the present chapter makes it very dif-
ferent from the rest of the book. The mastery of this materialis not important for
programmers and users of CFD codes. However, the presented theory illustrates the
close relationship between the physical nature of transport processes and qualitative
properties of solutions to partial differential equationsof different types. Moreover,
numerical approximations were shown to inherit these properties under certain re-
strictions on the coefficients of the algebraic systems to besolved. This knowledge
can contribute to the development of numerical methods for transport equations.

Since most analytical and numerical studies are restrictedto a certain class of
problems (steady/unsteady, viscous/inviscid etc.), no unified theory of continuous
and discrete maximum principles seems to be available to date. This chapter was
written in an attempt to fill this gap and illustrate some striking similarities between
positivity and monotonicity constraints that have been known under different names
and developed independently by different groups of researchers. Another goal was
to retrace the basic steps involved in the discretization process and discuss the impli-
cations of each step in terms of maximum principles and positivity preservation. As
we have seen, a simple analysis of matrix properties provides a link to the governing
equation and valuable information about the properties of numerical solutions.

The theoretical framework presented in this chapter rests on a set of sufficient
conditions that rule out the onset of spurious undershoots or overshoots. To this
end, the left-hand side matrix is required to be (irreducibly or strictly) diagonally
dominant with nonpositive off-diagonal coefficients. Its diagonal entries and all co-
efficients of the explicit part are required to be nonnegative. These conditions are
known from classical texts on numerical linear algebra [339, 354] and coincide with
the requirements of Patankar’s basic rules [268] frequently referred to in this book.
As a useful byproduct, one obtains computable bounds for admissible time steps.

Some discretizations of transport equations are guaranteed to be monotone but
their accuracy is restricted by the order barriers that apply to linear approximations
of convective and diffusive terms. The only way to achieve higher accuracy while
maintaining monotonicity is to devise a smart feedback mechanism that extracts
information from the approximate solution and constrains the coefficients of the
numerical scheme on the basis of this information. This design principle leads to
the algebraic flux correction paradigm to be introduced in the next chapter.



Chapter 4
Algebraic Flux Correction

Multidimensional transport problems with interior/boundary layers or discontinu-
ities represent a formidable challenge for numerical techniques, especially in the
case of unstructured meshes and implicit time-stepping schemes. As usual, the rea-
son is the tradeoff between spurious oscillations and excessive numerical diffusion.
In the realm of finite elements, it is common practice to combat the latter evil by
adding some anisotropic artificial diffusion acting in the streamline direction only.
Ironically, the Galerkin discretization of diffusive terms may violate the discrete
maximum principle (DMP) instead of helping the convective part to satisfy it. This
multidimensional side effect is rarely taken into account.Moreover, conventional
stabilization techniques operate at the continuous level and involve free parameters
which are highly problem-dependent. It is difficult to achieve the M-matrix property
and maintain monotonicity in this fashion. This is why even stabilized finite element
methods with favorable theoretical properties tend to produce oscillatory results.

In this chapter, we revisit the algebraic constraints that guarantee the validity of
a DMP and enforce them in a mass-conserving way using a set of diffusive and
antidiffusive fluxes. After a brief presentation of the basic ideas, we introduce the
algebraic flux correction (AFC) paradigm which will serve asa general framework
for the design of multidimensional flux/slope limiters in anunstructured grid envi-
ronment. We address the iterative treatment of nonlinear algebraic systems and the
optimal choice of the limiting strategy. Finally, we apply the developed tools to finite
element discretizations of elliptic, hyperbolic, and parabolic transport problems.

4.1 Nonlinear High-Resolution Schemes

The trend towards the use of unstructured mesh methodologies in general-purpose
CFD codes has stimulated a lot of research on fully multidimensional generaliza-
tions of classical high-resolution schemes for transport equations. While Godunov-
type methods can be readily integrated into finite volume codes, there is no natural
extension to continuous (linear or bilinear) Galerkin discretizations. Similarly, the
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development of finite element schemes based on algebraic fluxlimiting techniques
requires a major revision, or at least a new interpretation,of their finite difference
prototypes which are typically explicit and/or tailored for Cartesian meshes.

In the late 1980s and early 1990s, flux-corrected transport (FCT) and total varia-
tion diminishing (TVD) schemes were extended to explicit algorithms based on lin-
ear and bilinear Galerkin finite element discretizations [8, 232, 244, 266, 298, 299].
Conservative flux decompositions, edge-based data structures, and the equivalence
to finite volumes have made it possible to generalize many one-dimensional con-
cepts, such as ‘upwind difference’ or ‘slope ratio’, in a rather straightforward way
[239, 243]. These remarkable advances have formed the basisfor the development
of high-resolution finite element schemes for compressibleCFD and aerodynamics.
However, they were met with little enthusiasm by the theoretically oriented frac-
tion of the FEM community, perhaps, due to the lack of mathematical rigor and a
possible loss of the Galerkin orthogonality as a result of such ‘variational crimes.’

As of this writing, most finite element schemes for convection-dominated trans-
port equations still rely on linear stabilization. For decades, the mainstream ap-
proach has been represented by the Streamline Upwind Petrov-Galerkin (SUPG)
and Galerkin Least Squares (GLS) methods [172]. A variety of‘improvements’ and
‘optimal’ values of free parameters have been proposed. Furthermore, front captur-
ing techniques have been devised for problems with interiorand boundary layers
in an attempt to suppress spurious oscillations. In most cases, the involved stabi-
lization mechanisms are designed at the continuous level using heuristic arguments
andad hocparameter fitting rather than a rigorous mathematical theory which en-
sures the validity of the discrete maximum principle. Therefore, undershoots and/or
overshoots are to be expected whenever the solution develops steep gradients [172].
Even if the ripples are relatively small, they may cause irrecoverable damage in sit-
uations when positivity preservation is a must for physicaland numerical reasons.

In recent years, interior penalty (edge stabilization) techniques [51, 50, 293, 327]
have become increasingly popular with finite element practitioners. In this approach,
the amount of stabilization is proportional to the jumps of the gradient across in-
terelement boundaries. The resulting solutions are not as sensitive to the choice of
free parameters as in the case of SUPG-like methods. The inclusion of a nonlinear
shock capturing term with a sufficiently large coefficient makes it possible to prove
the weak DMP property [52]. Edge stabilization appears to bea very promising
methodology but it is not a free lunch since the addition of jump terms leads to a
finite element discretization with a wider stencil and a different sparsity pattern.

The latest comparative studies of finite element methods forstationary and time-
dependent transport problems [174, 175] speak in favor of high-resolution schemes
based on thealgebraic flux correction(AFC) paradigm [200, 203, 205, 206]. The
basic idea is very simple: if a given discretization fails tosatisfy the sufficient condi-
tions of the discrete maximum principle, they can be enforced by adding a discrete
diffusion operator that adjusts itself adaptively to the local solution behavior. This
design principle represents a ‘black-box’ approach to the construction of constrained
high-order discretizations, whereby all the necessary information is inferred from
the entries of a given matrix. Algebraic flux correction schemes can be equipped
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with symmetric or upwind-biased flux limiters which differ in the definition of local
extremum diminishing (LED) upper and lower bounds. It is also possible to con-
strain the local slopes edge-by-edge so as to limit the jumpsof the gradient.

The marriage of implicit FEM-FCT schemes [191, 203, 205] andtheir multi-
dimensional FEM-TVD counterparts [206] within the framework of algebraic flux
correction [192, 200] was followed by the investigation of many related concepts
and limiting techniques [194, 196, 204, 258]. As the methodology has evolved and
matured, the growing number of publications has made it difficult for the readers to
keep track of recent developments and choose the right algorithms. Therefore, the
time has come to review the state of the art, summarize the most important results,
and give some practical recommendations. This is the goal ofthe present chapter.

4.1.1 Design Philosophy and Tools

As a standard model problem, consider an unsteady conservation law of the form

∂u
∂ t

+∇ · f = 0 in Ω . (4.1)

For the linear convection-diffusion equation, the flux function f(u) is given by

f = vu− ε∇u,

wherev is a known velocity field andε is a constant diffusion coefficient. The case
of a nonuniform diffusion tensorD(x, t) will be considered in Section 4.5.

The above problem is endowed with appropriate boundary conditions imposed
in a strong or weak sense. The initial condition is given by the formula

u(x,0) = u0(x), ∀x ∈ Ω .

Modern front-capturing methods for (4.1) constrain the coefficients of a high-
order scheme so as to keep it as accurate as possible without generating undershoots
or overshoots. The basic ingredients of such nonlinear discretizations are [357]

1. physical or mathematical constraints that guarantee certain qualitative properties;
2. a stable high-order scheme that satisfies 1 only for sufficiently smooth solutions;
3. a monotone low-order scheme which is guaranteed to satisfy 1 for arbitrary data;
4. a simple mechanism for blending 2 and 3 so as to enforce 1 in an adaptive fashion.

Of course, it is also essential to maintain mass conservation. To this end, it is suffi-
cient to express the differences between 2, 3, and 4 in terms of internodal fluxes.

In algebraic flux correction schemes, the constraints to be imposed (item 1) are
based on the theory of discrete maximum principles (DMP) andpositivity preserva-
tion, as presented in Chapter 3. A discrete diffusion operator is employed to convert
an accurate high-order discretization (item 2) into a nonoscillatory low-order one
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(item 3), after which a limited amount of compensating antidiffusion is applied in
order to prevent a global loss of accuracy (item 4). All of these manipulations are
performed at the discrete level using the set of sufficient conditions (3.83)–(3.84) to
enforce and maintain the M-matrix property which guarantees monotonicity. This
methodology represents a generalization of classical FCT and TVD schemes.

Consider equation (4.1) discretized in space by a centered finite difference, finite
volume, or finite element method (item 1) on a structured or unstructured mesh

∑
j

mi j
du j

dt
= ∑

j
ki j u j , (4.2)

whereu j is a time-dependent nodal value,mi j is an entry of the mass matrix, andki j

is an entry of the discrete transport operator (see Chapter 2). This approximation is
supposed to be conservative, linear, and more than first-order accurate.

Also, consider a low-order discretization (item 2) with a diagonal mass matrix

mi
dui

dt
= ∑

j
l i j u j . (4.3)

The job of (4.2) is to approximate smooth data with high precision, whereas (4.3)
must produce nonoscillatory solutions even in the presenceof steep fronts.

By definition, a space discretization of equation (4.1) ispositivity-preservingif

ui(0)≥ 0, ∀i ⇒ ui(t)≥ 0, ∀i, ∀t > 0.

A sufficient condition for (4.3) to possess this property is given by Theorem 3.25

mi > 0, l i j ≥ 0, ∀i, ∀ j 6= i. (4.4)

If the coefficient matrixL = {l i j } has zero row sums, then (4.3) is equivalent to

mi
dui

dt
= ∑

j 6=i

l i j (u j −ui). (4.5)

Such a semi-discrete scheme proves not only positivity-preserving but alsolocal
extremum diminishing(LED) under conditions (4.4). Theorem 3.24 states that

ui ≥ u j , ∀ j 6= i ⇒ dui

dt
≤ 0,

whence a maximum cannot increase. Likewise, a minimum cannot decrease since

ui ≤ u j , ∀ j 6= i ⇒ dui

dt
≥ 0.

After the discretization in time by the standardθ−scheme or a suitable Runge-
Kutta method, conditions (4.4) ensure the validity of a discrete maximum principle,
perhaps under additional restrictions on the time step size, see Section 3.3.3.



4.1 Nonlinear High-Resolution Schemes 129

At large Peclet numbers, both (4.2) and (4.3) may fail to resolve the solution
properly. Due to the Godunov theorem [123], a linear high-order discretization of
the form (4.2) cannot be positivity-preserving for arbitrary data. In fact, it tends to
produce spurious oscillations in the neighborhood of steepfronts. This problem can
be cured by adding some artificial diffusion. On the other hand, the accuracy of a
linear low-order discretization like (4.3) can be enhancedby removing excessive
numerical diffusion. As long as the diffusive and antidiffusive terms admit a con-
servative flux decomposition, they do not affect the global mass balance but make it
possible to improve the distribution of mass and satisfy thediscrete maximum prin-
ciple. The algebraic flux correction methodology to be presented below provides a
general approach to finding the right amount of artificial diffusion and antidiffusion.

4.1.2 Artificial Diffusion Operators

For the time being, we assume that the mesh is sufficiently regular for the discretiza-
tion of the diffusive term to satisfy the LED criterion. Under this assumption, under-
shoots and overshoots are caused by the contributions of theconvective term and/or
of a nondiagonal mass matrix. In the case of finite differenceand finite volume
approximations, the use of first-order upwinding leads to the least diffusive linear
positivity-preserving scheme. For linear and bilinear finite element discretizations,
the same effect can be achieved by adding a discrete diffusion operator [191, 205].

The system of equations (4.2) for a FEM discretization of (4.1) can be written as

MC
du
dt

= Ku, (4.6)

whereu is the vector of time-dependent nodal values,MC = {mi j } is the consistent
mass matrix, andK = {ki j } is (the negative of) the discrete transport operator. The
coefficients ofMC andK are defined and calculated as explained in Chapter 2.

Remark 4.1.The skew-symmetric part12(K−KT) is associated with a centered dis-
cretization of−v ·∇, whereas1

2(K +KT)− diag{K} is a discrete (anti-)diffusion
operator. The latter may include streamline diffusion usedfor stabilization purposes
and/or to achieve better phase accuracy, as in the case of Taylor-Galerkin methods.

A scheme of the form (4.6) is neither LED nor positivity-preserving as long as

∃mi j 6= 0, ∃ki j < 0, j 6= i.

In order to enforce the discrete maximum principle for (4.6)it is sufficient to

• perform row-sum mass lumping and replace the consistent mass matrixMC by

ML = diag{mi}, mi = ∑
j

mi j , (4.7)
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• approximate the discrete transport operatorK by its low-order counterpart

L = K+D, l i j ≥ 0, ∀ j 6= i, (4.8)

whereD = {di j } stands for an artificial diffusion operator such that

∑
j

di j = ∑
i

di j = 0, di j = d ji , ∀i, j. (4.9)

These manipulations lead to a linear positivity-preserving scheme of the form

ML
du
dt

= Lu. (4.10)

For every pair of nonzero off-diagonal entrieski j andk ji , the artificial diffusion
coefficientdi j = d ji should ensure thatl i j = ki j +di j ≥ 0 andl ji = k ji +di j ≥ 0, as
required by (4.8). Therefore, the lower bound fordi j is [170, 191, 205, 301]

di j = max{−ki j ,0,−k ji}= d ji , ∀ j 6= i. (4.11)

This is just enough to eliminate all negative off-diagonal entries of the high-order
operatorK. Artificial diffusion coefficients that enforce positivityin this way were
used to construct low-order schemes for FCT as early as in themid-1970s [43].

For the row sums ofD = {di j } to be zero, its diagonal entries are defined as

dii :=−∑
j 6=i

di j , ∀i. (4.12)

By construction,di j = d ji for all i and j. Hence, the resulting matrix satisfies (4.9)
and is a representative of discrete diffusion operators defined in Section 2.1.6.2.

Remark 4.2.If the matrix K is skew-symmetric, as in the case ofki j = −k ji given
by (2.54), then the diffusion coefficient (4.11) reduces todi j = |ki j | for all j 6= i.

Remark 4.3.In nonlinear inviscid flow problems, it might happen thatki j < 0 and,
consequently,l i j = 0 for somei and all j 6= i. If the matrixK has zero row sums, then
l ii = 0 as well, which implies thatL is reducible and actually singular. The contribu-
tion of the mass matrix or ‘relaxation by inertia’ (see next section) renders the fully
discrete problem well-posed but the numerical solution mayexhibit spurious kinks.
These artifacts typically occur at stagnation points, where the velocity reverses its
sign creating an internal ‘inlet’ with unspecified ‘inflow’ values. A common remedy
is to replace the smallest artificial diffusion coefficient (4.11) by [139, 235]

di j :=

{

di j , if di j ≥ δ ,
d2

i j+δ 2

2δ , if di j ≤ δ ,
∀ j 6= i,

whereδ > 0 is a small parameter that does not allowdi j to vanish and produce a row
of zero entries. In gas dynamics, this trick is known as theentropy fix. The threshold
δ may be taken constant or designed to be a function of the localflow conditions.
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Remark 4.4.Physical diffusion can be built into the matricesK andL before or after
the computation ofD. In the former case, the value of the artificial diffusion coeffi-
cientdi j given by (4.11) is reduced accordingly. This may or may not bedesirable.
For example, the negative numerical diffusion inherent to the standard Galerkin dis-
cretization of convective terms would offset some physicaldiffusion and result in
artificial steepening of solution profiles. On the other hand, if the high-order scheme
contains some background dissipation and its leading truncation error is of a diffu-
sive nature, then it is worthwhile to minimize the amount of numerical diffusion.

In practice, the elimination of negative off-diagonal entries is performed step-by-
step without assembling the global matrixD. Instead, artificial diffusion can be built
into the operatorK in a loop over edges of the sparsity graph, see Section 2.1.8.By
definition, each edge is a pair of nodes{i, j} that corresponds to a pair of nonzero
off-diagonal coefficientski j andk ji . The required solution update is as follows

kii := kii −di j , ki j := ki j +di j ,
k ji := k ji +di j , k j j := k j j −di j .

(4.13)

Without loss of generality, the edges of the sparsity graph are oriented so that

ki j ≤ k ji . (4.14)

This orientation convention implies that nodei is located ‘upwind’ and corresponds
to the row number of the negative off-diagonal entry to be eliminated (if any).

Equation (4.12) implies that the diagonal-entries ofL = K+D are given by

l ii := kii −∑
j 6=i

di j . (4.15)

Furthermore, it can readily be seen that the row sums ofK andL = K+D are equal

∑
j

l i j = ∑
j
(ki j +di j ) = ∑

j
ki j .

The ordinary differential equation for the nodal valueui can be represented as

mi
dui

dt
= ∑

j 6=i

l i j (u j −ui)+ui ∑
j

ki j . (4.16)

If K has zero row sums, then the low-order scheme is local extremum diminishing

mi
dui

dt
= ∑

j 6=i

l i j (u j −ui), l i j ≥ 0, ∀ j 6= i.

Otherwise, the second term in the right-hand side of (4.16) represents a nonvanish-
ing discrete counterpart of−u∇ ·v which is responsible for compressibility effects.
As in the continuous case, convective transport by a nonuniform velocity field may
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concentrate the mass in certain regions or create zones of low concentration. Then
the low-order discretization (4.16) is no longer LED but still positivity-preserving.

Example 4.1.To clarify the implications of (4.13), consider the 1D modelproblem

∂u
∂ t

+v
∂u
∂x

= 0, (4.17)

where the velocityv is constant and strictly positive. The computational domain is
Ω = (0,1) and a Dirichlet boundary conditionu(0) = g is prescribed at the inlet.

On a uniform mesh of linear finite elements, the standard Galerkin method yields

K =
1
2











. . .
v 0 −v

v 0 −v
v 0 −v

. . .











.

Note that this skew-symmetric tridiagonal matrix has zero row sums. The diagonal
entries and column sums, except for the first and last one, arealso equal to zero.

For any interior node,mi = ∆x, where∆x is is the constant mesh size. Hence, the
lumped-mass version of (4.2) is equivalent to the central difference scheme

dui

dt
+v

ui+1−ui−1

2∆x
= 0.

Sinceki j =− v
2 for j = i+1, the artificial diffusion coefficient (4.11) isdi j =

v
2 and

L =











. . .
v −v 0

v −v 0
v −v 0

. . .











,

which corresponds to the first-order accurate upwind difference approximation

dui

dt
+v

ui −ui−1

∆x
= 0.

Thus, the elimination of negative off-diagonal entries from a skew-symmetric oper-
atorK can be interpreted asdiscrete upwinding[200]. For any pair of nodesi and
j = i +1 numbered in accordance with (4.14), the grid pointxi lies upstream ofx j .

After the discretization in time by the standardθ−scheme, the upwind method
is stable and positive under the CFL-like condition (3.92) which reduces to

v
∆ t
∆x

≤ 1
1−θ

, 0≤ θ < 1. (4.18)
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Of course, there is no time step restriction for the backwardEuler method (θ = 1)
which corresponds to ‘upwinding in time’ and is only first-order accurate.

4.1.3 Conservative Flux Decomposition

The replacement of the high-order discretization (4.6) by the low-order one (4.10)
ensures positivity preservation but introduces a first-order perturbation error which
manifests itself in strong smearing effects. The next step towards the construction
of an algebraic flux correction scheme involves a decomposition of this error into
internodal fluxes which can be used to restore high accuracy in regions where the
solution is well resolved and no modifications of the original scheme are required.

By construction, the difference between the residuals of(4.6) and (4.10) is

f = (ML −MC)
du
dt

−Du. (4.19)

The zero row sum property of the artificial diffusion operator D implies that its
contribution to thei−th component of the vectorf can be written in the form

(Du)i = ∑
j

di j u j = ∑
j 6=i

di j (u j −ui) (4.20)

and looks similar to the right-hand side of a local extremum diminishing scheme.
The error due to row-sum mass lumping can be decomposed in a similar way

(MCu−MLu)i = ∑
j

mi j u j −miui = ∑
j 6=i

mi j (u j −ui). (4.21)

Due to (4.20)–(4.21) and symmetry, the total error (4.19) induced by mass lumping
and artificial diffusion admits a conservative decomposition into internodal fluxes

fi = ∑
j 6=i

fi j , f ji =− fi j . (4.22)

The amount of mass transported by theraw antidiffusive flux fi j is given by

fi j =

[

mi j
d
dt

+di j

]

(ui −u j), ∀ j 6= i. (4.23)

Every pair of fluxesfi j and f ji can be associated with an edge of the sparsity graph
which represents a pair of nonzero off-diagonal entries with indicesi and j.

Remark 4.5.After the discretization in time, the derivative with respect to t is re-
placed by a finite difference. In steady-state problems, itscontribution is zero.

Giving the flux fi j to nodei and f ji =− fi j to its neighborj does not create or destroy
mass. The addition of raw antidiffusive fluxes (4.23) to the right-hand side of (4.16)
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removes the error induced by the row-sum mass lumping and artificial diffusion

mi
dui

dt
= ∑

j 6=i

l i j (u j −ui)+ui ∑
j

ki j

− ∑
j 6=i

di j (u j −ui)−∑
j 6=i

mi j

(

dui

dt
− du j

dt

)

= ∑
j

ki j u j −∑
j 6=i

mi j

(

dui

dt
− du j

dt

)

.

Moving all time derivatives into the left-hand side, one obtains an equation of the
form (4.2) which corresponds to the original high-order discretization (4.6).

4.1.4 Limited Antidiffusive Correction

Some of the raw antidiffusive fluxesfi j are harmless but others are responsible for
the violation of the positivity constraint by the high-order scheme. Such fluxes need
to be canceled or limited so as to keep the scheme positivity-preserving. In the
process of flux correction, every antidiffusive fluxfi j is multiplied by a solution-
dependent correction factorαi j ∈ [0,1] before it is inserted into the equation

mi
dui

dt
= ∑

j
l i j u j + f̄i , f̄i = ∑

j 6=i

αi j fi j . (4.24)

Of course, the fluxesfi j and f ji = − fi j must be limited using the same correction
factorαi j = α ji to maintain skew-symmetry and, hence, conservation of mass.

By construction, the high-order discretization (4.6) and its low-order counterpart
(4.10) are recovered forαi j = 1 andαi j = 0, respectively. The former setting is
usually acceptable in regions where the solution is smooth and well-resolved. How-
ever, the magnitude of antidiffusive fluxes may need to be reduced elsewhere, so
as to prevent the formation of undershoots or overshoots. Asa rule of thumb, the
solution-dependent correction factorsαi j should be chosen as close to 1 as possible
without violating the positivity constraint. Since discretization (4.24) is nonlinear in
the choice ofαi j , it has the potential of being more than first-order accurate.

The flux-corrected semi-discrete scheme (4.24) can be written in the matrix form

M̄C
du
dt

= K̄u. (4.25)

The coefficients of the partially lumped mass matrixM̄C = {m̄i j } are given by

m̄ii := mi −∑
j 6=i

m̄i j , m̄i j = αi j mi j , ∀ j 6= i, (4.26)
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while the structure of the nonlinear transport operatorK̄ = {k̄i j } is as follows

k̄ii := l ii +∑
j 6=i

αi j di j , k̄i j = l i j −αi j di j , ∀ j 6= i. (4.27)

Suppose that the solution to (4.25) satisfies an equivalent nonlinear ODE system

ML
du
dt

= L̄u, (4.28)

whereL̄ = {l̄ i j } has no negative off-diagonal coefficients and is defined so that

L̄u= Lu+ f̄ . (4.29)

Such a space discretization is positivity-preserving and so is (4.25) because it was
assumed to have the same solution. After the discretizationin time, additional re-
strictions may apply to the time step for an explicit or semi-implicit algorithm.

To ensure the existence of representation (4.28) withl̄ i j ≥ 0 for all j 6= i, it is
sufficient to findαi j such that the sum of antidiffusive fluxes is constrained by

Q−
i ≤ ∑

j 6=i

αi j fi j ≤ Q+
i , (4.30)

whereQ±
i are local extremum diminishing upper and lower bounds of theform

Q+
i = ∑

j 6=i

qi j max{0,u j −ui}, (4.31)

Q−
i = ∑

j 6=i

qi j min{0,u j −ui}. (4.32)

The coefficientsqi j must be nonnegative for allj 6= i. The best choice of these
parameters depends on the problem at hand and on the limitingstrategy (see below).

When appropriate values ofqi j have been fixed, it remains to define the correction
factorsαi j = α ji . It is always possible to satisfy (4.30) by settingαi j = 0 but a
properly designed flux limiter returnsαi j ≈ 1 if the fluxesfi j and f ji are harmless.

Due to (4.30)–(4.32), there exists a matrix̄Q= {q̄i j } of nonlinear coefficients

q̄ii :=−∑
j 6=i

q̄i j , 0≤ q̄i j ≤ qi j , ∀ j 6= i (4.33)

such that the sum of limited antidiffusive fluxes can be expressed in the LED form

f̄i = ∑
j 6=i

q̄i j (u j −ui), q̄i j ≥ 0, ∀ j 6= i. (4.34)

In essence, this representation guarantees that the termf̄i is equivalent to a sum
of ‘diffusive’ and, therefore, acceptable edge contributions. Substitution into (4.29)
yieldsL̄ = L+ Q̄, which proves positivity preservation at the semi-discrete level.



136 4 Algebraic Flux Correction

The beauty and generality of the above approach to flux limiting lie in the flex-
ible choice of the parametersqi j that define the upper and lower bounds. Any set
of nonnegative bounded values (0≤ qi j < ∞, ∀ j 6= i) is acceptable from the view-
point of positivity preservation at the semi-discrete level. Hence, the definition of
these parameters is dictated by accuracy and efficiency considerations. To get close
enough to the high-order solution, the magnitude ofqi j should be sufficiently large.
On the other hand, it cannot be chosen arbitrarily large for the following reasons:

• In explicit algorithms, the CFL-like positivity condition(3.92) for the largest
admissible time step depends on the sum ofqi j and may become too restrictive.

• In implicit schemes and steady-state solvers, the nonlinear antidiffusive term is
updated in an iterative way (see Section 4.2). Inordinatelylarge values ofqi j may
cause severe convergence problems and should be avoided, especially if interme-
diate solutions may fail to conserve mass and/or to stay positivity-preserving.

A number of ways to defineqi j will be discussed in Sections 4.3–4.5. As we will
see, (quasi)-stationary and time-dependent transport problems may require different
treatments. For the time being, let us keep the values ofqi j unspecified and present
a general approach to the practical computation of the correction factorsαi j .

4.1.5 The Generic Limiting Strategy

In the process of flux correction, each nodei may receive both positive and negative
antidiffusive fluxes from its neighbors. Although some fluxes may cancel out, the
formula forαi j should be failsafe even in the worst-case scenario. Given a vector of
nodal valuesu and a set of nonnegative coefficientsqi j , the sum of positive fluxes is
required to be smaller than the upper bound (4.31), while thesum of negative ones
may not fall below the lower bound (4.32). Hence, the admissible portion of a raw
antidiffusive flux depends on its sign [355]. In Sections 4.3–4.4, we will consider
algebraic flux correction schemes based on the following generic algorithm [192]

1. Compute the sums of positive and negative antidiffusive fluxes to be limited

P+
i = ∑

j 6=i

max{0, fi j }, P−
i = ∑

j 6=i

min{0, fi j }. (4.35)

2. Generate local extremum diminishing upper and lower bounds of the form

Q+
i = ∑

j 6=i

qi j max{0,u j −ui}, Q−
i = ∑

j 6=i

qi j min{0,u j −ui}. (4.36)

3. Evaluate the nodal correction factors for the positive and negative part

R+
i = min

{

1,
Q+

i

P+
i

}

, R−
i = min

{

1,
Q−

i

P−
i

}

. (4.37)
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4. Perform flux limiting using edge-based correction factors αi j such that

αi j ≤
{

R+
i , if fi j > 0,

R−
i , if fi j < 0,

α ji = αi j . (4.38)

Definition (4.38) guarantees that an upper bound of the form (4.30) holds for the
sum of limited antidiffusive fluxes into nodei. Indeed, it is easy to verify that

Q−
i ≤ R−

i P−
i ≤ ∑

j 6=i

αi j fi j ≤ R+
i P+

i ≤ Q+
i .

Remark 4.6.This multidimensional limiting strategy traces its origins to Zalesak’s
algorithm [355, 357]. Although classical (two-step) FCT methods do not fit into this
framework, we adopt the same notation to highlight the existing similarities.

Remark 4.7.The upper/lower boundsQ±
i may consist of a single term associated

with a local maximumumax
i or minimumumin

i taken over the stencil of nodei

Q+
i = q+i (u

max
i −ui), Q−

i = q−i (u
min
i −ui). (4.39)

The nonnegative coefficientsq±i can be defined as the sums ofqi j ≥ 0 for all j 6= i.

It remains to give a formal definition ofαi j ≤ R±
i and j 6= i. This definition

depends on whether an upwind-biased or a symmetric limitingstrategy is capable of
producing larger values ofαi j . Here and below, the terms ‘upwind’ and ‘downwind’
refer to the order of nodesi and j under convention (4.14) on edge orientation.

• Symmetric flux limiters do not distinguish between upwind and downwind
nodes, treating them equally. For each pair of nodes{i, j}, the raw antidiffusive
flux fi j is added to the sumP±

i and subtracted from the sumP∓
j . Flux correction

is performed using the minimum of nodal correction factors for i and j

αi j = min{R±
i ,R

∓
j }, α ji = αi j .

• Upwind-biased flux limiters take advantage of the fact that (a large portion of)
the raw antidiffusive fluxf ji into a downwind nodej is compensated by the
diffusive edge contributionl ji (ui −u j), wherel ji > 0. In this approach, only the
upwind sumP±

i is incremented, and the correction factors are defined as

αi j = R±
i , α ji := αi j .

• General-purpose flux limiters compare the magnitude of the raw antidiffusive
flux f ji to that of the diffusive edge contributionl ji (ui −u j). On the basis of this
comparison, an upwind-biased or a symmetric limiter is invoked, cf. [192].

Remark 4.8.Instead of constraining the sums of antidiffusive fluxes, itis possible to
adjust the local slopesui −u j in a stand-alone fashion, as in the 1D case. Then the
quantitiesP+

i , boundsQ±
i , and correction factorsR±

i are defined edge-by-edge.
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4.1.6 Summary of Algorithmic Steps

Let us summarize the basic steps involved in the derivation of an algebraic flux
correction scheme. The starting point was a linear high-order discretization

MC
du
dt

= Ku, ∃ j 6= i : mi j 6= 0, ki j < 0. (4.40)

To achieve the desired matrix properties, we performed row-sum mass lumping and
applied an artificial diffusion operatorD designed so as to eliminate all negative off-
diagonal coefficients ofK. These manipulations have led us to a low-order counter-
part of (4.40) which is the least diffusive among linear positivity-preserving ones

ML
du
dt

= Lu, L = K+D, l i j ≥ 0, ∀ j 6= i. (4.41)

Finally, we removed excessive artificial diffusion using a set of internodal fluxesfi j
multiplied by solution-dependent correction factorsαi j ∈ [0,1]. The end product is
a nonlinear blend of (4.40) and (4.41) with solution-dependent matrix entries

M̄C
du
dt

= K̄u, ∃ j 6= i : m̄i j 6= 0, k̄i j < 0. (4.42)

Note that the limited antidiffusive correction reintroduces some off-diagonal entries
of wrong sign. However, there exists a matrix̄Q of coefficients given by (4.33) such
that problem (4.42) has the same solution as the equivalent nonlinear system

ML
du
dt

= L̄u, L̄ = L+ Q̄, l̄ i j ≥ 0, ∀ j 6= i. (4.43)

In Sections 4.3–4.5, we will present a number of multidimensional flux limiters
which guarantee the existence of the matrixL̄ without constructing it explicitly.

The link between representations (4.42) and (4.43) is givenby the formula

ML
du
dt

= Lu+ f̄ , f̄i = ∑
j 6=i

αi j fi j = ∑
j 6=i

q̄i j (u j −ui). (4.44)

Conservation and positivity of the flux-corrected scheme follow from the fact that

α ji = αi j , f ji =− fi j , q̄i j ≥ 0, ∀ j 6= i. (4.45)

Up to now, we have explored the principles of algebraic flux correction in a rather
abstract setting, so as develop a general framework in whichto work. An in-depth
presentation of some upwind-biased and symmetric flux limiters will follow in Sec-
tions 4.3–4.5. The main objective of this chapter is not to promote any particular
algorithm but to retrace the steps involved in the design process and explain their
ramifications. It is hoped that this background informationwill enable the interested
reader to develop new high-resolution schemes building on similar concepts.
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4.2 Solution of Nonlinear Systems

The implementation of flux correction in an unstructured mesh code requires fur-
ther considerations regarding the choice of time-steppingschemes and/or iterative
solution methods. In explicit algorithms, the limited antidiffusive term resides in the
right-hand side and can be readily evaluated using the solution from the previous
time step. The implementation of such a scheme is rather straightforward and will
not be discussed here. An implicit time discretization makes it possible to operate
with larger time steps but the correction factorsαi j must be calculated in an iterative
way, even in the case of a linear transport equation. The repeated solution of linear
subproblems followed by an update ofαi j is likely to pay off only if robust and
efficient solution algorithms are available. In this section, we address the numerical
treatment of nonlinear algebraic systems in implicit flux correction schemes.

4.2.1 Successive Approximations

After the time discretization by an implicitθ−scheme, equation (4.44) becomes

An+1un+1 = Bnun+∆ t f̄ (un+1,un). (4.46)

The matricesAn+1 andBn represent the contribution of the low-order part. The en-
tries of these matrices depend on the time step∆ t and on the parameterθ ∈ (0,1]

An+1 = ML −θ∆ tLn+1, (4.47)

Bn = ML +(1−θ)∆ tLn. (4.48)

The settingsθ = 1
2 andθ = 1 correspond to the Crank-Nicolson and backward Eu-

ler methods, respectively. The latter is first-order accurate but offers unconditional
stability and positivity preservation. The former is second-order accurate and un-
conditionally stable but positive only under a CFL-like condition of the form (3.92).

In the case of a nonlinear governing equation and/or a nonstationary velocity
field, the entries ofAn+1 andBn need to be updated as the solution and time evolve.
Furthermore, the antidiffusive term̄f (un+1,un) depends onun+1 in a nonlinear way,
so an iterative approach to the solution of the algebraic system (4.46) is required.

Consider a sequence of successive approximations{u(m)} to u = un+1. At the
beginning of the first outer iteration, the value ofu(0) is guessed making use of
the previously computed data and initial/boundary conditions. A reasonable initial
guess for an unsteady transport problem isu(0) = un or u(0) = 2un − un−1. These
settings correspond to the constant and linear extrapolation in time, respectively.

Given an approximationu(m), its successoru(m+1) can be calculated as follows

A(m)u(m+1) = Bnun+∆ t f̄ (u(m),un), m= 0,1, . . . (4.49)
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The sum of limited antidiffusive fluxes remains in the right-hand side and is evalu-
ated using the current iterateu(m) in place ofun+1. If the coefficients of the matrix
A(m) = ML − θ∆ tL(m) depend on the solution, they also needs to be recalculated.
This straightforward solution procedure is referred to asfixed-point iteration, also
known as the Picard iteration and successive approximation(substitution).

A convenient way to enforce Dirichlet boundary conditions for a given nodei is
to replace the corresponding row ofA(m) by that of the identity matrix

aii := 1, ai j := 0, ∀ j 6= i (4.50)

and substitute the boundary valuegi for thei-th element of the right-hand side [322].
In most cases, linear systems (4.49) are also solved iteratively. Since the low-

order operatorA(m) was designed to meet the requirements of Corollary 3.12, it
proves to be an M-matrix. This favorable property ensures that a small number of
inner iterations are typically sufficient for practical purposes. The number of outer
iteration cycles (4.49) depends on the evolution of the residual (aliasdefect)

r(m) = Bnun−A(m)u(m)+∆ t f̄ (u(m),un). (4.51)

All elements ofr(m) associated with Dirichlet boundary nodes should be set to zero.
The Euclidean (or maximum) norm||r(m)|| of the residual is a good indicator of

how close the current approximationu(m) is to the final solutionun+1. A typical set
of stopping criteria for an iterative solution procedure like (4.49) is as follows

||r(m+1)|| ≤ min{ε1,ε2||r(0)||},
||u(m+1)−u(m)||

||u(m+1)|| < ε3, (4.52)

whereε1, ε2, andε3 are the tolerances prescribed for defects and relative changes.
Suppose thatM outer iterations are required to meet the above stopping criteria

and obtainun+1 := u(M). Then the effectiverate of convergencecan be defined as

ρM =

(

||r(M)||
||r(0)||

)
1
M

.

In essence, this is the average factor by which the magnitudeof the defect shrinks
during a single outer iteration. Note thatρM < 1 is required for convergence.

The above methodology is also suitable for computing stationary solutions with

ML = 0, θ = 1, ∆ t = 1.

Alternatively, the solution can be marched to the steady state by the uncondition-
ally positive backward Euler method with large and, possibly, variable pseudo-time
steps. The relative solution changes and/or convergence rates can be used to deter-
mine the optimal time step size adaptively. When the solutionbegins to approach
the steady state, the removal of the mass matrix can greatly speed up convergence,
while removing it too soon can have the opposite effect [307].
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In steady-state computations, it is advisable to switch offthe nonlinear antidiffu-
sive term f̄ at the startup stage since the low-order solution is usuallyinexpensive
to compute and closer to the flux-corrected one than an arbitrary initial guessu(0).

4.2.2 Defect Correction Schemes

Fixed-point iteration is one of the simplest techniques forsolving nonlinear alge-
braic equations. In many cases, the computational cost can be drastically reduced
by using another iterative solver tailored to the properties of the continuous prob-
lem and/or of the employed discretization techniques. In addition, special measures
may need to be taken to secure convergence to a steady state orthe ability to operate
with large time steps. Hence, it is worthwhile to consider a general class of iterative
solution techniques to which the basic fixed-point iteration (4.49) belongs.

Many iterative solution methods for system (4.46) can be formally written in the
following generic form which will be referred to as thedefect correction scheme

u(m+1) = u(m)+[Ā(m)]−1r(m), m= 0,1,2. . . , (4.53)

whereĀ(m) is a suitable ‘preconditioner’ andr(m) is the residual given by (4.51). As
before, the Dirichlet boundary conditions for nodei are implemented by setting

āii := 1, āi j := 0, ∀ j 6= i,

u(m)
i := gi , r(m)

i := 0.

In practice, the ‘inversion’ of̄A(m) is performed by solving the linear subproblem

Ā(m)∆u(m+1) = r(m), m= 0,1,2, . . . (4.54)

After a few inner iterations, the increment∆u(m+1) is applied to the last iterate

u(m+1) = u(m)+∆u(m+1). (4.55)

The iteration process is terminated when the defectr(m) and the relative solution
changes∆u(m+1) become sufficiently small in the sense of criteria (4.52).

The implementation of a defect correction cycle involves the following tasks:

• Assembly ofĀ(m) andr(m), imposition of Dirichlet boundary conditions.
• Monitoring the residual norms, relative changes, and convergence rates.
• Implicit computation of the solution increments∆u(m+1) from (4.54).
• Explicit computation of the new approximationu(m+1) from (4.55).

Ideally, the preconditioner̄A(m) should be designed so that (i) matrix assembly is
relatively fast, (ii) linear subproblems (4.54) can be solved efficiently, and (iii) con-
vergence is achieved with a small number of outer iterations. These requirements
are often in conflict with one another, so some compromises need to be made.



142 4 Algebraic Flux Correction

If the time step∆ t is very small, the approximate solution can be updated in a
fully explicit fashion using (4.53) with a Jacobi-like diagonal preconditioner

Ā= diag{mi −θ∆ t l ii}. (4.56)

The number of outer iterations for (4.53) preconditioned inthis way can be as small
as 1 if a good initial guess is available. Thus, the computational cost per time step
might be comparable to that for a conditionally stable explicit algorithm.

At intermediate and large time steps, the default preconditioner for (4.53) is

Ā= ML −θ∆ tL. (4.57)

Substitution of (4.51) and (4.57) into (4.53) reveals that the resulting defect correc-
tion scheme is equivalent to the standard fixed-point iteration given by (4.49).

Furthermore, particularly severe nonlinearities can be handled using Newton-like
methods in which̄A is a suitable approximation to the Jacobian matrix

Ā≈−
{

∂ r i

∂u j

}

. (4.58)

This definition requires (numerical) differentiation of the residualr(u) with respect
to each element of the solution vectoru. In the context of algebraic flux correction,
the matrixJ(u) can be approximated by divided differences and assembled edge-
by-edge, as proposed by Möller [254]. If properly configured, the resulting discrete
Newton method converges much faster than the defect correction scheme (4.53)
preconditioned by (4.57). For implementation details we refer to [254, 255, 258].

The optimal choice of iterative solvers for sparse linear systems (4.54) with a
nondiagonal and nonsymmetric matrix̄A(m) also depends on the time step size and
on the matrix properties. As long as∆ t is relatively small, the preconditioner is dom-
inated by the lumped mass matrix and a basic iteration of Jacobi or Gauß-Seidel
(SOR) type may suffice. In this case, each inner iteration hasapproximately the
same cost as one step of an explicit algorithm. As the time step and the condition
number increase, BiCGSTAB, GMRES, and multigrid methods are to be preferred.
The Gauß-Seidel iteration and ILU with Cuthill-McKee renumbering can serve as
smoothers/preconditioners for intermediate and large time steps, respectively. Due
to the M-matrix property of the low-order operator (4.57), its ILU factorization ex-
ists and is unique [249]. It can be used as a preconditioner for inner iterations even if
the actual matrix to be ‘inverted’ is the Jacobian (4.58) forNewton’s method [255].

4.2.3 Underrelaxation and Smoothing

In many cases, it is desirable to reduce the changes between two successive iter-
ates so as to stabilize the solution and make it converge ‘slowly but surely.’ This
can be accomplished by limiting the increments∆u(m+1) computed in (4.54) before
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applying them to the old iterateu(m). To this end, formula (4.55) is replaced by

u(m+1)
i = u(m)

i +ω(m)
i ∆u(m+1)

i , (4.59)

where 0< ω(m)
i ≤ 1 for all i. This is a classical example ofexplicit underrelaxation

which amounts to combining the latest and previous nodal values [104, 106, 268].
The relaxation is said to be ‘heavy’ if a larger weight is given to the latter, that is, if

ω(m)
i < 0.5. In other cases, ‘light’ underrelaxation withω(m)

i ≥ 0.5 is appropriate.

Unfortunately, there are no general rules for the choice of relaxation factors. They
can be assigned a fixed value (e.g.,ω = 0.8) or chosen adaptively so as to control
the evolution of residuals [173] or minimize the error in an appropriate norm [322].
Typically, a range of admissible values is specified for a variable relaxation factor

0< ωmin ≤ ω(m)
i ≤ ωmax≤ 1.

Alternatively,implicit underrelaxationcan be performed to make a given precondi-

tionerĀ(m) more diagonally dominant [104, 268]. For example, letγ(m)
i ≥ 1 and

ā(m)
ii := γ(m)

i ā(m)
ii . (4.60)

The same effect can be achieved by means of ‘relaxation through inertia’ [268],

whereby a nonnegative numberσ (m)
i ≥ 0 is added to each diagonal entry

ā(m)
ii := ā(m)

ii +σ (m)
i . (4.61)

Obviously, the additive version is related to the multiplicative one by the formula

σ (m)
i = (γ(m)

i −1)a(m)
ii .

In steady-state computations, implicit underrelaxation is equivalent to the use of
variable pseudo-time steps [104, 268]. Conversely, local time-stepping can be in-

terpreted as underrelaxation. The optimal values ofγ(m)
i and σ (m)

i are problem-
dependent and may change in the course of simulation. It is advisable to perform
stronger underrelaxation at the startup stage and gradually adjust relaxation factors
so as to control the residuals, relative solution changes, and convergence rates.

Another way to accelerate the defect correction scheme is known asresidual
smoothing. If the residualr(m) exhibits an oscillatory behavior that hampers conver-
gence, it is worthwhile to replace it by a smooth approximation r̄(m). For instance,
the latter can be constructed by introducing some implicit mass diffusion [301]

mi r̄
(m)
i +∑

j 6=i

ωi j mi j (r̄
(m)
i − r̄(m)

j ) = mir
(m)
i , (4.62)

whereωi j is a positive weight andmi j ≥ 0 is an entry of the consistent mass matrix.
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In practice, ¯r(m) is obtained with a few sweeps of the Jacobi iteration [301]
(

mi +∑
j 6=i

ωi j mi j

)

r̄(m,l+1)
i = mir

(m)
i +∑

j 6=i

ωi j mi j r̄
(m,l)
j .

Remark 4.9.A converged solution does not depend onhow it was computed. How-
ever, underrelaxation and residual smoothing may render intermediate results non-
conservative. To avoid stopping outer iterations too soon,it is worthwhile to check
the total mass if the tolerances for residuals and relative changes are rather slack.

4.2.4 Positivity-Preserving Solvers

The use of limiters in unstructured grid methods for steady-state problems is fre-
quently associated with severe convergence problems [342]. Sometimes the nonlin-
earity is so strong that even heavy underrelaxation and/or residual smoothing are
of little help. The residuals decrease steadily until the initial error is reduced by
several orders of magnitude, after which convergence stalls. Although the discrete
maximum principle would hold for the fully converged solution, the linearization in-
herent to an iterative solver may give rise to undershoots/overshoots. Conversely, the
oscillatory solution behavior may be responsible for the lack of convergence. There-
fore, it is worthwhile to start with a monotone low-order solution and configure the
defect correction scheme so as to ensure that each step is positivity-preserving.

At steady state, the residual of a scalar transport equationdiscretized by an alge-
braic flux correction scheme reduces to (4.29) which corresponds to

r(m) = L(m)u(m)+ Q̄(m)u(m) = L(m)u(m)+ f̄ (m), (4.63)

whereQ̄= {q̄i j } is a matrix with zero row sums and nonnegative off-diagonal en-
tries given by (4.33). By definition, the antidiffusive termcan be written as

f̄i = ∑
j 6=i

αi j di j (ui −u j) = ∑
j 6=i

q̄i j (u j −ui). (4.64)

After the imposition of Dirichlet boundary conditions, thenodes can be numbered
so as to cast the defect correction scheme (4.53) into the partitioned form

[

u(m+1)
Ω

u(m+1)
Γ

]

=

[

u(m)
Ω

u(m)
Γ

]

+

[

Ā(m)
ΩΩ Ā(m)

ΩΓ
0 I

]−1[
r(m)

Ω
0

]

. (4.65)

As in Chapter 3, the subscriptsΩ andΓ refer to row numbers associated with the
vectors of unknownsuΩ and Dirichlet boundary valuesuΓ = g, respectively.

Again, the iterative solution procedure involves the evaluation of residuals, so-
lution of linear systems, and updating the solution step-by-step. The choice of the
preconditionerĀ(m) defines a splitting of the residual (4.63) into a part that varies
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linearly with u(m+1) and the remainderb(m) which depends onu(m) only. That is,
each defect correction cycle (4.65) represents a linearized problem of the form

[

Ā(m)
ΩΩ Ā(m)

ΩΓ
0 I

][

u(m+1)
Ω

u(m+1)
Γ

]

=

[

b(m)
Ω
g

]

. (4.66)

Theorem 3.16 states that the resulting solution is positivity-preserving if the left-
hand side matrix is monotone and the correspondingbΩ is nonnegative forg≥ 0.

Mild nonlinearities incurred by rather diffusive flux limiters can be handled with
the stationary counterpart of (4.57). This linearization leads to (4.66) with

Ā=−L, b= f̄ . (4.67)

By definition, the matrix in the left-hand side of the linearized system (4.66) is
monotone but there is no guarantee thatb(u) ≥ 0 if u ≥ 0. Hence, convergence is
required for positivity preservation and, sometimes, viceversa. To give an example
of a defect correction scheme that maintains positivity in each step, consider

Ā=−(L+ Q̄), b= 0. (4.68)

In this case, the monotonicity of̄A is sufficient to keep all solutions to (4.66) non-
negative giveng ≥ 0. However, only the fully converged solution is guaranteedto
conserve mass. This is in contrast to the usual situation in which every update is
conservative but intermediate solutions may assume nonphysical negative values.

Remark 4.10.In the context of pseudo-time-stepping with implicit TVD schemes,
splitting (4.68) corresponds to thelinearized nonconservative implicit(LNI) form
[353]. The preconditioner̄A is defined in terms of the coefficients involved in the
proof of Harten’s theorem [137]. Aspects of strict positivity preservation in lin-
earized TVD approximations are also investigated in [178].

If a generic limiter of the form (4.35)–(4.38) is employed, the following strategy
can be used to determine the coefficients (4.33) of the nonlinear operator̄Q

1. Compute the limited sums̄P±
i of positive and negative antidiffusive fluxes

P̄+
i = ∑

j 6=i

max{0,αi j fi j }, P̄−
i = ∑

j 6=i

min{0,αi j fi j}. (4.69)

2. Retrieve the local extremum diminishing upper and lower bounds (4.36)

Q+
i = ∑

j 6=i

qi j max{0,u j −ui}, Q−
i = ∑

j 6=i

qi j min{0,u j −ui}. (4.70)

3. AssembleQ̄= {q̄i j } using (4.33) with off-diagonal coefficients ¯qi j given by

R̄+
i =

P̄+
i

Q+
i

, R̄−
i =

P̄−
i

Q−
i

, q̄i j =

{

R̄+
i qi j , if u j > ui ,

R̄−
i qi j , if u j < ui .

(4.71)
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Remark 4.11.The correction factors applied toqi j areq ji are generally not equal.

Preconditioners of LNI type are to be recommended for steadystate computa-
tions in which the use of (4.57) would inhibit convergence orrequire taking im-
practically small time steps. For linear transport equations, the need to recompute
the coefficients ¯qi j and updatēA(m) after each flux/defect correction step makes ma-
trix assembly more expensive than that for (4.57). However,the differences are not
so pronounced in the case of nonlinear real-life problems since even the discrete
transport operator of low order needs to be reassembled after each outer iteration.

In fact, the defect correction scheme (4.65) with (4.68) is not the only and not the
cheapest way to keep intermediate solutions nonoscillatory. Another representative
of such schemes can be constructed usingnegative slope linearization(cf. the fourth
basic rule in Section 1.6.3) in the LED form (4.64) of the antidiffusive term

f̄ (m+1)
i = ∑

j 6=i

q̄(m)
i j u(m)

j −∑
j 6=i

q̄(m)
i j u(m+1)

i . (4.72)

The defect correction scheme (4.66) proves positivity-preserving if we take [204]

Ā=−L+diag{σ̄i}, σ̄i = ∑
j 6=i

q̄i j (4.73)

such that thei-th component of the right-hand side vectorbΩ is given by

bi = ∑
j 6=i

q̄i j u j .

Remark 4.12.This definition of the preconditioner̄A can be interpreted as adaptive
relaxation through inertia (4.61) as applied to the low-order operatorĀ=−L.

The values of ¯qi j depend on the correction factors̄R±
i which need to be recal-

culated at each outer iteration using (4.69)–(4.71). Alternatively, the inertia termσi

can be defined in terms of the uncorrected coefficientsqi j . The preconditioner

Ā=−L+diag{σi}, σi = ∑
j 6=i

qi j (4.74)

differs from (4.73) in the value of the inertia termsσi . The right-hand side becomes

bi = ∑
j 6=i

q̄i j u j +∑
j 6=i

(qi j − q̄i j )ui = f̄ +σiui .

Positivity preservation follows from the fact that 0≤ q̄i j ≤ qi j for all j 6= i. In a
practical implementation, the right-hand side vectorbΩ is assembled as follows

bi = ∑
j 6=i

αi j fi j +σiui , fi j = di j (ui −u j), ∀ j 6= i.

In contrast to solvers based on (4.68) and (4.73), there is noneed to compute ¯qi j .
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Remarkably, positivity is maintained if negative off-diagonal entries of the pre-
conditionerĀ are set to zero. For example, if an M-matrix̄A= {āi j } is replaced by
Ā := diag{āii}, the corresponding modification of the right-hand side is

bi := bi −∑
j 6=i

āi j u j , āi j ≤ 0, j 6= i.

Hence, the replacement of̄A, as defined in (4.68), (4.73), or (4.73), by its diagonal
or triangular part does not destroy positivity but convergence will slow down.

Remark 4.13.A slowly converging defect correction scheme can be accelerated
within the framework of a nonlinear full approximation storage / full multigrid
(FAS-FMG) solution strategy. In this case, a basic iteration of the form (4.65) with
a diagonal or upper/lower triangular preconditionerĀ can serve as a smoother.

4.2.5 Accuracy vs. Convergence

In our experience, there is a tradeoff between the accuracy of the flux limiting pro-
cedure and convergence of an iterative defect correction scheme. Any enhancement
of the flux limiter that makes it possible to accept more antidiffusion is likely to
have an adverse effect on the nonlinear convergence rates. Conversely, more diffu-
sive schemes converge better but the results are less accurate. In many cases, it is
worthwhile to sacrifice some accuracy if this would make computations much faster.

In other situations, the use of the least diffusive flux limiters is desirable and more
work needs to be invested in the development of a robust iterative solver. The right
constellation of parameter settings for inner and outer iterations is almost certain to
exist. Therefore, there is often no need to give up or usead hoctricks (like ‘freezing’
the correction factors [239, 342]) when convergence problems are encountered.

4.3 Steady Transport Problems

The termalgebraic flux correctionwas introduced in [200] as a common name for
high-resolution schemes based on node-oriented flux limiters of FCT and TVD type.
The striking similarities between the two flux limiting techniques were exploited in
[192], where algorithm (4.35)–(4.38) was first presented. The differences between
algebraic FCT and TVD schemes were also analyzed and explained. The former ap-
proach is readily applicable to finite element discretizations with a consistent mass
matrix. The amount of admissible antidiffusion is inversely proportional to the time
step, which makes the imposed constraints less restrictiveas the time step is refined.
This is a desirable feature if the problem at hand is unsteady, and a small time step
is required to capture the evolution details. However, the use of large time steps re-
sults in a loss of accuracy, which compromises the advantages of unconditionally



148 4 Algebraic Flux Correction

stable implicit algorithms. Moreover, severe convergenceproblems are observed in
the steady-state limit and stationary solutions depend on the pseudo-time step.

On the other hand, algebraic flux correction of TVD type is independent of
the time step and lends itself to the treatment of stationarytransport problems. Of
course, it can also be employed in transient computations but the use of small time
steps has no direct influence on the correction factors and, therefore, does not lead to
a marked improvement. Moreover, the need for mass lumping makes the solutions
less accurate than those produced by a consistent-mass FEM-FCT scheme.

Upwind-biased TVD limiters can be integrated into unstructured grid codes and
applied edge-by-edge [8, 239] or node-by-node [206], so as to control the slope ratio
for a local 3-point stencil or the net antidiffusive flux, respectively. In either case, the
resulting scheme proves local extremum diminishing (LED) but, strictly speaking,
the use of standard limiter functions likeminmodor superbeedoes not guarantee
that a second-order accurate approximation is recovered inregions of smoothness.
Indeed, the raw antidiffusive flux for an algebraic flux correction scheme is uniquely
defined by (4.23) rather than by an arbitrary combination of Lax-Wendroff (central
difference) and Beam-Warming (second-order upwind) fluxes. Thus, straightfor-
ward extensions of classical TVD schemes may exhibit unexpected behavior when
applied to multidimensional transport problems on strongly nonuniform meshes.

The above considerations have stimulated the search for alternatives to algebraic
FEM-TVD schemes proposed in [206]. Several algorithms [192, 194, 204] were
designed to constrain a given high-order discretization and revert to it in regions
where no flux limiting is required. In the present section, wereview the current
state of the art and apply algebraic flux correction to steadyconvection-dominated
transport equations. The design of FCT algorithms for transient problems and the
numerical treatment of anisotropic diffusion are addressed in subsequent sections.

4.3.1 Upwind-Biased Flux Correction

An upwind-biased limiting strategy is to be recommended forsimulation of station-
ary and weakly time-dependent transport processes at high Peclet numbers. Before
embarking on the development of flux correction schemes for this class of problems,
some implications of the edge orientation convention (4.14) need to be discussed.

If the off-diagonal entryki j is dominated by the skew-symmetric convective part
k′i j = (ki j −k ji )/2 and the edge−→i j is oriented in accordance with (4.14) then

ki j < 0< k ji , di j =−ki j > 0, 0= l i j < l ji . (4.75)

The correction factorαi j should ensure that bounds of the form (4.30) hold for a
given set of parametersqi j ≥ 0. Instead of checking these bounds for both nodes,
the antidiffusive flux received by the downwind nodej can be absorbed into

k̄ ji (ui −u j) = l ji (ui −u j)−αi j fi j , (4.76)
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wherel ji is positive and 0≤αi j ≤ 1. This edge contribution is of LED type if̄k ji ≥ 0.
If the problem at hand is stationary or the time-dependent part of the raw antid-

iffusive flux fi j can be neglected, then definition (4.23) reduces to

fi j = di j (ui −u j), f ji =− fi j . (4.77)

Substitution into (4.76) reveals that the flux-corrected coefficient k̄ ji is given by

k̄ ji = l ji −αi j di j = k ji +(1−αi j )di j

and proves nonnegative, except at critical points where thevelocity changes its sign
so that both off-diagonal entries ofK are negative (a rather unusual situation).

To make sure that̄k ji ≥ 0, an arbitrary antidiffusive fluxfi j can be replaced by

fi j := minmod{ fi j , l ji (ui −u j)}, f ji :=− fi j . (4.78)

Theminmodfunction returns zero if its arguments do not have the same sign. Oth-
erwise, the argument with the smallest magnitude is returned. That is,

minmod{a,b, . . .}=







min{a,b, . . .}, if a> 0, b> 0, . . .
max{a,b, . . .}, if a< 0, b< 0, . . .
0, otherwise.

(4.79)

In many situations, minmod prelimiting (4.78) does not change the magnitude
of the original antidiffusive fluxfi j or reduces it by a small amount. The remaining
part can be handled using the upwind-biased version of algorithm (4.35)–(4.38).

The sums of positive and negative antidiffusive fluxesfi j received by nodei can
be decomposed into the contributions of upwind (ki j > k ji ) and downwind (ki j ≤ k ji )
neighbors. In light of the above, only the latter part still needs to be limited. Let

P+
i = ∑

ki j≤k ji

max{0, fi j }, P−
i = ∑

ki j≤k ji

min{0, fi j }. (4.80)

To enforce the positivity constraint, a set of nonnegative coefficientsqi j is employed
to define local extremum diminishing upper and lower bounds of the form

Q+
i = ∑

j 6=i

qi j (u j −ui), Q−
i = ∑

j 6=i

qi j (u j −ui). (4.81)

The flux fi j is limited using the nodal correction factor for the upwind node, i.e.,

R±
i = min

{

1,
Q±

i

P±
i

}

, αi j =

{

R+
i , if fi j ≥ 0,

R−
i , if fi j < 0,

(4.82)

assuming that (4.14) holds. The fluxf ji is multiplied by the same correction factor

α ji := αi j , ∀ j 6= i, ki j ≤ k ji .
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Obviously, the amount or raw antidiffusion that can be accepted by the above
upwind-biased flux limiter depends on the definition ofqi j in (4.81). Choosing a
value that is too large is as bad as choosing one that is too small. It is worthwhile
to define the upper/lower bounds so that a classical TVD scheme is recovered for
linear convection in 1D. As shown in [192], this requirementis satisfied for

qi j := l i j ≥ 0, ∀ j 6= i. (4.83)

This definition guarantees that (i) limited antidiffusive fluxes have the same effect
as the local extremum diminishing low-order part and (ii) their contribution to the
residual of the flux-corrected scheme is of the same or smaller magnitude.

In the nontrivial case,di j > 0 and 0= l i j < l ji due to (4.14). Hence, the upper
and lower boundsQ±

i consist of upstream edge contributions (ki j > k ji ) only. The
contribution of the edge−→i j can be inserted into the sumsP±

i andQ±
j as follows

P+
i := P+

i +max{0, fi j }, Q+
j := Q+

j +max{0, l ji (ui −u j)},
P−

i := P−
i +min{0, fi j }, Q−

j := Q−
j +min{0, l ji (ui −u j)}.

After the computation of the correction factorsαi j = R±
i from (4.82), the limited

antidiffusive fluxes are inserted into the global vectorf̄ that appears in (4.44)

f̄i := f̄i +αi j fi j , f̄ j := f̄ j −αi j fi j .

Thus, a typical implementation of algorithm (4.80)–(4.82)involves two loops over
edges (one to assembleP±

i andQ±
i , the other to perform flux limiting) and one loop

over nodes. The latter is required to evaluate the nodal correction factorsR±
i .

Remark 4.14.If Dirichlet boundary conditions are imposed at nodei, then the nodal
valueui is fixed. Therefore, there is no need to limitfi j and we can setR±

i := 1.

As an alternative to (4.83), the boundsQ±
i can be defined in terms of [194]

qi j := di j ≥ 0, ∀ j 6= i. (4.84)

This version is designed to ensure that (i) limited antidiffusive fluxes have the same
effect as artificial diffusion built into the low-order partand (ii) their contribution to
the residual of the flux-corrected scheme is of the same or smaller magnitude.

In a loop over edges, a raw antidiffusive flux of the formfi j = di j (ui − u j) is
added to the upwind sumP±

i and to the upper/lower bounds for both nodes [194]

Q+
i := Q+

i +max{0,− fi j}, Q+
j := Q+

j +max{0, fi j },
Q−

i := Q−
i +min{0,− fi j}, Q−

j := Q−
j +min{0, fi j }.

The 1D version of this algorithm, as applied to the pure convection equation dis-
cretized by linear finite elements, corresponds to theminmodlimiter which is more
diffusive than the 1D counterpart of (4.83). In multidimensions, the differences are
not so large, while the flux correction scheme based on (4.84)converges better.
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In either case, the imposed constraints (4.81) can be made less restrictive by
taking the largest/smallest possible value of the differenceu j −ui , that is,

δumax
i := max

j
(u j −ui), δumin

i := min
j
(u j −ui). (4.85)

The so-defined incrementsδumax
i andδumin

i can be initialized by zero and updated
edge-by-edge in the same loop as the sums of antidiffusive fluxes to be limited

δumax
i := max{δumax

i ,u j −ui}, δumax
j := max{δumax

j ,ui −u j},
δumin

i := min{δumin
i ,u j −ui}, δumin

j := min{δumin
j ,ui −u j}.

(4.86)

The resulting ‘lumped’ upper/lower boundsQ±
i are of the form (4.39), where

umax
i = ui +δumax

i , umin
i = ui +δumin

i (4.87)

and the coefficientsq±i = ∑ j 6=i qi j are nonnegative sinceqi j ≥ 0 for all j 6= i. This
enhancement makes it possible to resurrect a larger portionof the raw antidiffusive
flux but may inhibit convergence to the steady state and/or give rise to ‘terracing.’

4.3.2 Relationship to TVD Limiters

In fact, algebraic flux correction schemes based on standardTVD limiters [200, 206]
can also be written in the form (4.80)–(4.82). The corresponding coefficientsqi j are
given by (4.83) but the raw antidiffusive flux (4.77) is replaced by

fi j = Φ̂(r i)di j (ui −u j), r i =

{

r+i , if ui > u j ,
r−i , if ui < u j ,

whereΦ̂(r) is a function associated with a linear second-order scheme in Sweby’s
diagram [216, 315]. The generalized smoothness indicatorr±i is defined as the ratio
of edge contributions with positive and negative coefficients [192, 200, 206]

r±i =
∑ j 6=i max{0,ki j −k ji}max

min{0,u j −ui}
∑ j 6=i min{0,ki j −k ji} min

max{0,u j −ui}
.

For the 1D model problem (4.17) discretized by linear finite elements on a uniform
mesh, the so-definedr i reduces to the ratio of consecutive gradients and [192]

αi j = Φ(r i), Φ(r) = max{0,min{2,Φ̂(r),2r}}.

The Galerkin flux (4.77) corresponds tôΦ(r) ≡ 1 andαi j = max{0,min{1,2r i}},
which leads to the limited central difference scheme. Theminmodand superbee
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limiters are associated witĥΦ(r) = min{1, r i} andΦ̂(r) = max{1, r i}, respectively.
The graphs of other limiter functions lie somewhere in-between.

Even though the multidimensional version of the FEM-TVD algorithm with
Φ̂(r) 6= 1 was found to produce good results even on nonuniform triangular meshes
[201], it does not revert to the original Galerkin scheme andmay fail to stay second-
order accurate for smooth data. Instead of manipulating theraw antidiffusive flux in
an uncontrollable manner, it is preferable to add some background diffusion to the
underlying high-order scheme or adjust the parametersqi j as explained above.

4.3.3 Gradient-Based Slope Limiting

Ideally, the correction factorsαi j should approach unity in regions where the solu-
tion is well-resolved. In particular, no diffusion or antidiffusion should be applied,
even on a nonuniform grid, if the solution varies linearly inthe vicinity of nodei.
This desirable property is known aslinearity preservation[54, 250]. It was found to
maintain consistency and, normally, second-order accuracy on arbitrary meshes.

Classical TVD schemes are linearity-preserving (LP) ifΦ(1) = 1, which is the
case for all standard limiter functions. Unfortunately, itis difficult to prove the LP
property for a multidimensional algebraic flux correction scheme based on algo-
rithm (4.80)–(4.82). It is easier to do so if the fluxes are constrained individually so
as to limit the jump of the directional derivative along the edge. To this end, let the
correction factorαi j be defined in terms of the limited slope ¯si j such that

s̄i j = αi j (ui −u j).

To find the right value of ¯si j , one needs a LED-type estimate of the solution gradi-
ent at nodei. As explained in Section 2.1.4, a continuous approximationto nodal
gradients can be obtained, for example, using the lumped-massL2-projection

gi =
1
mi

∑
k

cikuk, (4.88)

wheremi is a diagonal entry of the lumped mass matrixML. The coefficient vectors

ci j =
∫

Ω
ϕi∇ϕ j dx

constitute the discrete gradient operatorC = {ci j } which has zero row sums so that

gi =
1
mi

∑
k6=i

cik(uk−ui).

For any pair of nodesi and j, a usable approximation to the differenceui −u j is

si j = gi · (xi −x j). (4.89)
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The slopesi j can be estimated in terms of the maxima and minima (4.87) thus:

γi j (u
min
i −ui)≤ si j ≤ γi j (u

max
i −ui), (4.90)

where the LED upper and lower bounds depend on the nonnegative coefficients

γi j =
1
mi

∑
k6=i

|cik · (xi −x j)|, ∀ j 6= i. (4.91)

Finally, the constrained slope ¯si j is taken to beui − u j or twice the upper/lower
bound (4.90) for the extrapolated valuesi j , whichever is smaller in magnitude

s̄i j =

{

min{2γi j (umax
i −ui),ui −u j}, if ui > u j ,

max{2γi j (umin
i −ui),ui −u j}, if ui < u j .

(4.92)

Remark 4.15.A symmetric version of this formula was proposed in [204] in the
context of algebraic flux correction schemes for anisotropic diffusion problems.

As the mesh is refined, the difference between the local slopes shrinks and ¯si j ap-
proachesui −u j . This guarantees consistency and linearity preservation for the high-
resolution scheme (4.44) in which the limited antidiffusive fluxes are given by

f̄i j = αi j di j (ui −u j) = di j s̄i j , ∀ j 6= i. (4.93)

Furthermore, the sum of limited antidiffusive fluxes can be written in the LED form

Q−
i = q−i (u

min
i −ui)≤ ∑

j 6=i

αi j fi j ≤ q+i (u
max
i −ui) = Q+

i , (4.94)

where the parametersq±i combine the coefficients of all positive/negative slopes

q−i = ∑
ui<u j

q̄i j , q+i = ∑
ui>u j

q̄i j , (4.95)

0≤ q̄i j ≤ qi j = 2γi j di j , ∀ j 6= i. (4.96)

This representation proves that the slope-limited scheme is positivity-preserving.

Remark 4.16.The performance of the slope limiter (4.92) depends on the smooth-
ness of the solution and on the quality of underlying gradient recovery method. If
the gradient is discontinuous, the standard lumped-massL2-projection (4.88) may
converge too slowly. To avoid sampling data from both sides of an internal interface,
adaptive gradient reconstruction techniques of ENO type [20] can be employed.

Example 4.2.In one dimension, the lumped-massL2-projection (4.88) withmi = ∆x
andci±1/2 =±1/2 reduces to the second-order accurate central difference

gi =
1
2

[

ui −ui−1

∆x
+

ui+1−ui

∆x

]

=
ui+1−ui−1

2∆x
.
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For any interior node, the local maxima and minima of the 1D grid functionu are

umax
i = max{ui−1,ui ,ui+1}, umin

i = min{ui−1,ui ,ui+1}.

Estimate (4.90) withγi j = 1 and j = i +1 yields the upper and lower bounds

umin
i −ui ≤ ∆xgi ≤ umax

i −ui .

Finally, the one-dimensional version of formula (4.92) canbe written as follows

s̄i j = minmod{2(ui−1−ui),ui −ui+1}. (4.97)

The minmodfunction, as defined in (4.79), compares the signs and magnitudes of
the two slopes. If a local maximum or minimum is attained at node i, then the slope
ratio is negative and, therefore, ¯si j = 0. Otherwise, the result is ¯si j = ui −ui+1 or a
slope of the same sign and smaller magnitude. Limiting is performed only if the two
slopes have opposite signs or their magnitudes differ by a factor of two and more.

Remark 4.17.In the case of the linear convection equation (4.17), the limited anti-
diffusive flux (4.93) is the same as that obtained with algorithm (4.80)–(4.83).

4.3.4 Reconstruction of Local Stencils

The traditional approach to implementation of high-resolution schemes on unstruc-
tured meshes is based on reconstruction of one-dimensionalstencils associated with
mesh edges [8, 170, 244]. The key idea is to extend the edge connecting the vertices
xi andx j in both directions so as to define a pair of dummy nodes. The interpolated
or extrapolated solution values at these points are used to define the local slopes that
make it possible to design the diffusive and antidiffusive fluxes as in the 1D case.

In upwind-biased algorithms, just one dummy node is involved. Given a pair of
neighboring nodesi and j such that convention (4.14) holds, the position of the third
node for an equidistant local stencil isxk = 2xi −x j . Alternatively, the dummy node
can be placed at the intersectionxl of the straight line throughxi andx j with the
boundary of the adjacent elementE located upstream of the pointxi , see Fig. 4.1.

xk
xl xi

xjE

Fig. 4.1 Upwind stencil reconstruction on an unstructured triangular mesh.
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4.3.4.1 Construction of SLIP Schemes

The flux correction process involves edge-by-edge reconstruction and limiting of
slopes for the local 1D stencil. The slope estimated using the data atxi andxk is

si j = uk−ui . (4.98)

If the dummy node is located at the pointxl , then the formula forsi j becomes

si j =
|xi −xl |
|x j −xi |

(ul −ui). (4.99)

In either case, the limited antidiffusive flux (4.93) can be defined in terms of

s̄i j = minmod{2si j ,ui −u j}. (4.100)

This formula is similar to (4.92) and leads to an algorithm that belongs to the class
of upstream slope-limited positive (SLIP) schemes introduced by Jameson [170].

A wealth of other high-resolution schemes, including straightforward generaliza-
tions of classical TVD and MUSCL methods, can be derived using the reconstructed
slopesi j to design the modified numerical flux for a finite element or finite volume
discretization on an unstructured mesh [8, 170, 226, 239, 243]. Although such algo-
rithms are sensitive to the orientation of mesh edges and maylack a rigorous theo-
retical justification, they belong to the most successful unstructured mesh methods
for convection-dominated transport problems and hyperbolic conservation laws.

4.3.4.2 Recovery via FEM Interpolation

The quality of a SLIP-like scheme depends on the structure ofthe slopessi j given by
(4.98) or (4.99). Let the unknown solution value at a dummy nodex̄ be interpolated
using linear or multilinear finite element basis functions{ϕi} such that

u(x̄) = ∑
j

u jϕ j(x̄) (4.101)

is a positivity-preserving convex average of the nodal valuesu j at the vertices of the
element that contains the pointx̄. For the upwind triangleE depicted in Fig. 4.1,
linear interpolation is performed using local basis functions{ϕ̂1, ϕ̂2, ϕ̂3}. Without
loss of generality, assume thatϕ̂3 = ϕi |E is the one associated with ˆu3 = ui . Since
this basis function vanishes on the edge where the pointx̄ = xl resides, we have

ul = û1ϕ̂1(xl )+ û2ϕ̂2(xl ) = ξ û1+(1−ξ )û2, 0≤ ξ ≤ 1. (4.102)

Likewise, the value ofuk can be determined using local basis functions defined
on the actual element to which̄x = xk belongs. This reconstruction technique is
recommended in [239] but it may require a costly search for the host element and
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sampling data from points that are not nearest neighbors of node i. In any case, if
the limited slope ¯si j is proportional tou(x̄)−ui and has the same sign, then (4.101)
implies that the fluxf̄i j = di j s̄i j is of LED type and there is no threat to positivity.

4.3.4.3 Gradient-Based Reconstruction

Another popular approach to the reconstruction ofsi j is gradient-based extrapolation

uk = ui +si j , si j = (∇u)i · (xi −x j). (4.103)

The nodal gradient(∇u)i can be approximated using the upwind-sided derivatives
or gradient averaging. In the latter case, the above formulareduces to (4.89) which
may fail to possess the LED property if(∇u)i = gi is recovered via the lumped-mass
L2-projection. In the upwind-biased version, the gradient isobtained by differenti-
ating the solutionuh|E restricted to the first mesh cell crossed by the linexixk

(∇u)i = ∑
k

ûk∇ϕ̂k(xi).

As before,ϕ̂k denotes a local basis function associated with the upwind elementE
andûk is the corresponding nodal value. For linear triangles, theresult is [170, 239]

si j = ϕ̂1(û1− û3)+ ϕ̂2(û2− û3),

whereû3 = ui under the node numbering convention adopted in (4.102). Since ϕ̂1

andϕ̂2 are nonnegative, the slopesi j is LED and so is its limited counterpart ¯si j .

For a detailed comparative study of various techniques for reconstruction of lo-
cal 1D stencils in edge-based finite element codes, we refer to Lyra [239, 243, 240].
Slope limiting based on (4.99)–(4.101) is probably the mostattractive among the
considered alternatives since it is relatively simple, positivity-preserving, and appli-
cable not only to simplex meshes but also to quadrilateral/hexahedral/hybrid ones.

4.3.5 Background Dissipation

The nondissipative nature of the central difference schemeand Galerkin finite el-
ement methods is known to have an adverse effect on the convergence of their
flux-limited counterparts. Therefore, it is generally preferable to use another base
scheme which incorporates some streamline diffusion or dampens oscillatory modes
by means of higher-order dissipation [170, 239, 357]. Alternatively, the stabilization
effect can be achieved in the process of flux correction. Consider a pair of slopes

si j = ei j · (∇u)i , sji = eji · (∇u) j , ei j = xi −x j (4.104)



4.3 Steady Transport Problems 157

obtained with any of the above gradient reconstruction techniques. To introduce
background dissipation, let the raw antidiffusive flux (4.77) be redefined as [170]

fi j = di j

(

si j −sji

2

)

= di j ei j ·
(∇u)i +(∇u) j

2
. (4.105)

In upwind-biased flux correction schemes, this replacementshould be carried out
before the minmod prelimiting (4.78) is applied. Furthermore, the reconstructed
slope(si j − sji )/2 should be used instead ofui − u j in formulas like (4.92) and
(4.100), whereas the upper and lower bounds for the limiter remain unchanged.

Remark 4.18.The one-dimensional counterpart of the flux (4.105) is as follows

fi j = di j

(

ui−1−ui +ui+1−ui+2

2

)

, j = i +1. (4.106)

The Taylor series expansion reveals that (4.105) is relatedto (4.77) via [226]

ei j ·
(∇u)i +(∇u) j

2
≈ ui −u j −

|ei j |2
4

(u′′j −u′′i ),

whereu′′ = (ei j ·∇)2u denotes the second directional derivative ofu along the edge.
Hence, a simple way to introduce fourth-order damping into acentered scheme

is to augment the corresponding flux (4.23) by a dissipative term proportional to the
difference between the approximate nodal values of second derivatives. Such terms
extend the stencil of the numerical scheme and are not of LED type but positivity
preservation is enforced by the flux/slope limiter applied to fi j . As a result, back-
ground dissipation is added in smooth regions and low-orderdiffusion elsewhere.
The use of high-order fluxes with a dissipative component makes the constrained
scheme more robust and less susceptible to ‘terracing’ or similar side effects.

In multidimensions, the scalar-valued Laplacian is cheaper to calculate than the
gradient. This is the rationale behind the following definition [226, 250, 301, 302]

fi j = di j (ui −u j)−d′′
i j |x j −xi |2((∆u) j − (∆u)i), (4.107)

whered′′
i j is a nonnegative coefficient associated with fourth-order dissipation. The

nodal Laplacians(∆u)i and(∆u) j can be recovered as explained in Section 2.1.4 or
approximated using the off-diagonal entries of the consistent mass matrix [301].

Remark 4.19.In the 1D case, definition (4.107) withd′′
i j =

di j
2 reduces to (4.106) if

the second derivatives at nodesi and j are approximated by central differences

(∆u)i =
ui−1−2ui +ui+1

(∆x)2 , xi = i∆x, ∀i.

Remark 4.20.Fourth-order dissipation is linearity-preserving since all second deriva-
tives of a linear function are zero. This property turns out to be a valuable tool for
the theoretical analysis of accuracy and consistency on general triangulations [250].
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4.3.6 Numerical Examples

To assess the accuracy of flux-limited Galerkin approximations to stationary trans-
port equations, a comparative study is performed for high-resolution schemes of
Upwind-LED type. The four methods under investigation are abbreviated by

ULED-0 the low-order scheme which corresponds toαi j ≡ 0,
ULED-1 algebraic flux correction of TVD type (4.80)–(4.83),
ULED-2 slope limiting based on gradient recovery and (4.92),
ULED-3 the upstream SLIP scheme given by (4.99)–(4.101).

In one space dimension, the last three algorithms are equivalent to one another and
produce antidiffusive fluxes proportional to the limited slope (4.97). The use of up-
per/lower bounds (4.84) instead of (4.83) has little influence on the accuracy and
qualitative behavior of ULED-1, at least for the test problems considered here.

Numerical solutions are marched to the steady state using pseudo-time step-
ping of backward Euler type. Nonlinear systems are solved bythe defect correction
scheme (4.53) preconditioned by the monotone low-order operator (4.57). Implicit
underrelaxation withω ≡ 0.8 is performed to secure convergence to a steady state.

4.3.6.1 Circular Convection

The first test problem is taken from [156]. Consider the hyperbolic conservation law

∇ · (vu) = 0 in Ω = (−1,1)× (0,1). (4.108)

This equation describes steady circular convection if the velocity field is defined as

v(x,y) = (y,−x).

The exact solution and inflow boundary conditions for this test case are given by

u(x,y) =

{

G(r), if 0.35≤ r =
√

x2+y2 ≤ 0.65,
0, otherwise,

whereG(r) is a function that defines the shape of the solution profile along the
inflow (−1≤ x< 0) and outflow (0< x≤ 1) part of the boundaryΓ aty= 0.

Since equation (4.108) is linear, both smooth and discontinuous data propagate
along the characteristics that coincide with the streamlines of the stationary velocity
field (see Chapter 3). The ability of a numerical scheme to maintain smooth peaks
and discontinuities is tested by imposing inflow boundary conditions defined by

G1(r) = cos2
(

5π
2r +1

3

)

, G2(r)≡ 1.
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The test problems that deal with circular convection ofG= G1 andG= G2 will be
referred to as CC1 and CC2, respectively. All numerical solutions are computed on
a uniform mesh of bilinear finite elements which is successively refined to perform
a grid convergence study. The errors are measured in the discrete norms

Emax= max
i

|u(xi)−ui | ≈ ||u−uh||∞, (4.109)

E2 =
√

∑
i

mi |u(xi)−ui |2 ≈ ||u−uh||2, (4.110)

wheremi =
∫

Ω ϕi dx denotes a diagonal coefficient of the lumped mass matrix or,
equivalently, the area of the control volume associated with the mesh pointxi .

Figure 4.2a displays the steady-state solution to CC1 computed by ULED-2 on a
mesh with spacingh= 1/64. The outflow profiles produced by the four schemes on
this mesh are compared in Fig. 4.2b. The uncorrected low-order solution (ULED-0)
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Fig. 4.2 Circular convection, ULED results for smooth data.
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is not only strongly smeared by numerical diffusion but alsoasymmetric. The other
three curves are much closer to the dashed line that depicts the exact solution. The
highest accuracy is achieved with ULED-2, followed by ULED-1 and ULED-3.

The log-log plot in Fig. 4.2c shows the variation of theE2 error with the mesh
sizeh. The order of accuracyp= log2(E2(h)/E2(h/2)) estimated on the finest mesh
level (h= 1/128) equals{0.68,1.59,1.89,1.84} for ULED-0 through ULED-3, re-
spectively. The values ofE2 and Emax for all meshes are presented in Table 4.1.
The inability of LED methods to distinguish a smooth peak from a spurious maxi-
mum/minimum is the reason why even flux-corrected versions fail to attain second-
order accuracy in this example. Nevertheless, a large portion of artificial diffusion
can be removed in the process of flux correction as long as the solution is smooth.

In the test case CC2, the exact solution is discontinuous at the inlet and remains
so along the streamlines of the incompressible velocity field. The numerical solution
produced by ULED-2 withh = 1/64 is shown in Fig. 4.3a. It is devoid of under-
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Fig. 4.3 Circular convection, ULED results for discontinuous data.
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Table 4.1 Circular convection, smooth data, convergence history.

ULED-0 ULED-1 ULED-2 ULED-3

h E2 Emax E2 Emax E2 Emax E2 Emax

1/32 0.209e00.637e00.616e-10.258e00.551e-10.235e00.734e-10.296e0

1/64 0.157e00.512e00.235e-10.998e-10.204e-10.917e-10.282e-10.118e0

1/128 0.107e00.375e00.731e-20.375e-10.595e-20.340e-10.845e-20.452e-1

1/2560.666e-10.244e00.242e-20.132e-10.160e-20.118e-10.236e-20.162e-1

Table 4.2 Circular convection, discontinuous data, convergence history.

ULED-0 ULED-1 ULED-2 ULED-3

h E2 Emax E2 Emax E2 Emax E2 Emax

1/32 0.292e00.600e00.154e00.605e00.152e00.597e00.163e00.584e0

1/64 0.237e00.561e00.110e00.562e00.108e00.566e00.119e00.570e0

1/1280.198e00.573e00.873e-10.667e00.860e-10.683e00.944e-10.660e0

1/2560.166e00.540e00.613e-10.550e00.601e-10.557e00.678e-10.569e0

shoots/overshoots and exhibits a fairly high resolution. Figure 4.3b reveals that the
qualitative behavior of the four methods is the same as that for CC1. Again, the
low-order solution (ULED-0) is strongly smeared and asymmetric, whereas the dif-
ferences between the results produced by ULED-1 through ULED-3 are marginal.
The definition of upper/lower bounds in ULED-2 enables the slope limiter to accept
more antidiffusion than in the case of ULED-1 or ULED-3. The latter proves to be
the most diffusive among the three flux correction schemes under investigation.

The convergence history presented in Fig. 4.3c and Table 4.2confirms that the
presence of a discontinuous profile has an adverse effect on the overall performance
of numerical schemes. In this example, mesh refinement does not necessarily im-
prove the value ofEmax, while the effective order of accuracy with respect toE2

deteriorates to{0.25,0.51,0.52,0.48} for ULED-0 through ULED-3, respectively.
Still, the flux-corrected versions converge twice as fast asthe low-order scheme.

In conclusion, no discretization technique can resolve smooth and discontinuous
profiles equally well. However, flux correction still pays off as long as it increases
the effective order of accuracy by a factor of 2 as compared tothe underlying low-
order scheme. It is not the absolute value of the error but theratio of errors and
convergence rates that determines which scheme is the best for a given problem.

4.3.6.2 Convection-Diffusion

Another popular test case is the singularly perturbed convection-diffusion equation

∇ · (vu− ε∇u) = 0 in Ω = (0,1)× (0,1) (4.111)
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which is nominally elliptic but may give rise to arbitrarilysharp internal and bound-
ary layers (see Section 3.1.5). Following John and Knobloch[172], we consider

v ≡
(

cos
π
3
,−sin

π
3

)

, ε = 10−8

and impose a Dirichlet boundary condition which is discontinuous atx0 = (0,0.7)

u(x,y) =

{

0 if x= 1 or y≤ 0.7,
1 otherwise.

The exact solution to the above boundary value problem has aninternal layer along
the streamline through the pointx0 and a boundary layer next to the liney= 0.

To our knowledge, John and Knobloch [172] were the first to perform a de-
tailed and systematic comparative study of conventional stabilized FEM for trans-
port equations with small diffusion and sharp layers. It turns out that even the use
of a nonlinear shock-capturing viscosity may fail to prevent a violation of the dis-
crete maximum principle. In this section, we contribute theresults computed with
the four ULED schemes that guarantee the validity of the DMP by construction.

The discretization of (4.111) is performed using linear andbilinear finite ele-
ments on three uniform meshes. The first (Grid 1) and second (Grid 2) one are tri-
angular and have the same vertices as a Cartesian mesh (Grid 3) with equal spacing
in both coordinate directions. The orientation of mesh edges is shown in Fig. 4.4.
The total number of nodes (vertices) isN = (1+1/h)2, whereh is the mesh size.

The numerical solutions in Fig. 4.5 were produced by ULED-0 and ULED-2 on
Grid 1 with 4,225 degrees of freedom, which corresponds toh= 1/64. As expected,
the low-order solution (left diagram) exhibits a stronger smearing of the interior and
boundary layers. To assess the rate of smearing and enable a quantitative comparison
of different methods, the following benchmark quantities are introduced in [172]

smearint = x2−x1, smearexp=
√

∑
xi∈Ω2

(min{0,ui −1})2,

whereΩ2 = {(x,y) ∈ Ω |x≥ 0.7}. The pointsx1 andx2 are chosen so that [172]

0.1= uh(x1,0.25)≤ uh(x,0.25)≤ uh(x2,0.25) = 0.9, ∀x∈ (x1,x2).

To determine the values ofx1 andx2 for the cutliney= 0.25, the approximate solu-
tion uh is evaluated on a one-dimensional subgrid with spacing 10−5 [172].

The magnitudes ofsmearint andsmearexp measure the thickness of the internal
and (exponential) boundary layer, respectively. Two additional benchmark quanti-
ties (oscint andoscexp) are defined in [172] to quantify the pollution by undershoots
and overshoots. In the present study, both of them are identically equal to zero.

Table 4.3 displays the results obtained using algebraic fluxcorrection on the three
meshes withh= 1/64. The reader is invited to compare these results to those pro-
duced by SUPG-like finite element methods in [172]. While the low-order scheme
(ULED-0) is characterized by inordinately large values ofsmearint andsmearexp,
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Grid 1 Grid 2 Grid 3

Fig. 4.4 John-Knobloch benchmark: computational meshes forh= 1/8.

ULED-0 solution ULED-2 solution

Fig. 4.5 John-Knobloch benchmark: numerical solutions on Grid 1,h= 1/64.

the ULED antidiffusive correction is seen to reduce the amount of smearing, while
keeping the numerical solution free of spurious oscillations in the vicinity of inter-
nal and boundary layers. As in the previous example, the mostaccurate solutions
are obtained with ULED-2. This flux correction scheme receives the highest possi-
ble score 10 as defined in [172] for Grid 1. The different pattern of linear triangles in
Grid 2 and the bilinear approximation on Grid 3 give rise to stronger smearing but
the results are still quite good as compared to other finite element methods [172].

Table 4.3 John-Knobloch benchmark: results for all grids withh= 1/64.

ULED-0 ULED-1 ULED-2 ULED-3

Grid smearint smearexp smearint smearexp smearint smearexp smearint smearexp

1 0.1176 9.1e-6 0.0388 7.8e-6 0.0379 7.9e-6 0.0416 7.9e-6

2 0.2457 1.5494 0.0665 0.4140 0.0615 0.3544 0.0751 0.4180

3 0.1929 0.8525 0.0570 0.2222 0.0566 0.1961 0.0675 0.2240
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4.4 Unsteady Transport Problems

In unsteady transport problems, the Galerkin discretization of space derivatives can
also be fixed using any of the flux correction schemes presented in the previous
section. Within the framework of the method of lines (MOL), integration in time
can be performed by an arbitrary explicit or implicit algorithm. However, the use of
small time steps in transient computations makes the upper/lower bounds consid-
ered so far more restrictive than necessary to keep the scheme positivity-preserving.
Moreover, the time-dependent part of the raw antidiffusiveflux (4.23) for a finite
element discretization may become dominant. Neglecting itwould make the mass
lumping error irrecoverable and significantly degrade the phase accuracy. The use
of an upwind-biased algorithm with minmod prelimiting (4.78) may also result in a
serious loss of accuracy. In such situations, algebraic fluxcorrection schemes based
on the flux-corrected transport (FCT) methodology typically perform much better.

FCT was the first nonlinear high-resolution scheme to produce sharp and mono-
tone solutions even in the limit of pure convection [41]. Theearly FCT algorithms
of Boris, Book, and Hain [42, 43, 44] involve two basic steps:

1. Advance the solution in time by an explicit low-order scheme that incorporates
enough numerical diffusion to suppress undershoots and overshoots.

2. Correct the solution using antidiffusive fluxes limited in such a way that no new
maxima or minima can form and existing extrema cannot grow.

This predictor-corrector strategy is typical of diffusion-antidiffusion (DAD) meth-
ods [82]. The job of the numerical diffusion built into the low-order scheme is to
maintain positivity and provide good phase accuracy. The antidiffusive correction is
intended to reduce the amplitude errors in a local extremum diminishing manner.

Zalesak’s fully multidimensional FCT algorithm [355] is based on blending ex-
plicit high- and low-order approximations so as to constrain the maximum and min-
imum increments to each nodal value. A detailed presentation of the underlying
design philosophy can be found in [357]. Zalesak’s limiter has had a significant im-
pact on the development of the algebraic flux correction paradigm and served as a
prototype for the generic limiting strategy presented in Section 4.1.5. In contrast to
TVD schemes and extensions thereof, flux limiters of FCT typeoperate at the fully
discrete level and are designed to accept as much antidiffusion as possible.

The combination of FCT with finite elements and unstructuredmeshes dates back
to the explicit algorithms of Parrott and Christie [266] andLöhner et al. [232, 233].
Several implicit FEM-FCT schemes were published by the author and his coworkers
[191, 203, 205, 258]. The rationale for the use of an implicittime discretization
stems from the fact that the CFL stability condition becomesprohibitively restrictive
in the case of strongly nonuniform velocity fields and/or locally refined meshes.
Woodward and Colella ([347], p. 119) conclude that “adaptive grid schemes have a
major drawback – they demand an implicit treatment of the flowequations.” This
statement reflects a widespread prejudice that implicit schemes are computationally
expensive. As a matter of fact, the cost of an implicit algorithm depends on the
choice of iterative methods, parameter settings, and stopping criteria. If the time
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step is very small, then a good initial guess is available andthe sparse linear system
can be solved with 1-2 iterations of the Jacobi or Gauß-Seidel method. Thus, the cost
per time step approaches that of an explicit finite difference or finite volume scheme.
As the time step increases, so does the number of iterations,and more sophisticated
linear algebra tools (smoothers, preconditioners) may need to be employed.

When antidiffusive fluxes depend on the unknown solution, thenonlinear alge-
braic system must be replaced by a sequence of linearized ones in which the an-
tidiffusive term is evaluated using the previously computed data. Sometimes, too
many flux/defect correction cycles are required to obtain a fully converged solution,
especially if the Courant number is large and the contribution of the consistent mass
matrix cannot be neglected. The use of a discrete Newton method [258] makes it
possible to accelerate convergence but the computational cost per time step is still
rather high as compared to that of a fully explicit algorithm. This is unacceptable
since the time step for FCT must be chosen relatively small for accuracy reasons.

In this section, we consider both the nonlinear FEM-FCT procedure and simple
predictor-corrector algorithms of diffusion-antidiffusion type. In order to reduce the
cost of flux correction, we linearize the antidiffusive fluxes about a nonoscillatory
end-of-step solution computed by an explicit or implicit low-order scheme [196].
Going back to the roots of FCT, we correct this “transported and diffused” solu-
tion directly instead of modifying the algebraic system andsolving it again. This
fractional-step approach seems to provide the best cost-accuracy ratio [175, 196].

4.4.1 Nonlinear FEM-FCT Schemes

A family of implicit FEM-FCT algorithms was developed in [191, 203, 205] using
the algebraic approach to flux correction. Consider system (4.44) discretized in time
by the two-levelθ−scheme which yields a nonlinear system of the form (4.46)

[ML −θ∆ tLn+1]un+1 = [ML +(1−θ)∆ tLn]un+∆ t f̄ (un+1,un), (4.112)

where 0≤ θ ≤ 1 is the degree of implicitness. Thei−th element of the vector̄f is

f̄i = ∑
j 6=i

f̄i j , f̄i j = αi j fi j , 0≤ αi j ≤ 1. (4.113)

The raw antidiffusive fluxfi j is the fully discrete counterpart of (4.23) defined as

fi j = [mi j (u
n+1
i −un+1

j )−mi j (u
n
i −un

j )]/∆ t

+ θdn+1
i j (un+1

i −un+1
j )+(1−θ)dn

i j (u
n
i −un

j ). (4.114)

Interestingly enough, the contribution of the consistent mass matrix tofi j combines
a truly antidiffusive implicit part and a diffusive explicit part. Mass diffusion of
the form D = MC −ML offers a cheap way to construct the nonoscillatory low-
order scheme within the framework of explicit FEM-FCT algorithms [205, 232].
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However, the associated time step restriction (3.92) is more severe than that for the
artificial diffusion operatorD with variable coefficients given by (4.11) and (4.12).

The forward Euler version (θ = 0) of (4.112) is not to be recommended. If the
underlying high-order discretization (αi j ≡ 1) is linearly unstable, then aggressive
flux limiting may result in a significant distortion of solution profiles. Also, first-
order time accuracy is insufficient for simulation of unsteady phenomena. If a fully
explicit solution strategy is preferred, then a Lax-Wendroff/Taylor-Galerkin method
or a TVD Runge-Kutta scheme, such as (3.97)–(3.98), should be employed.

The fixed-point iteration method (4.49) transforms (4.112)into a sequence of
linear systems for approximations{u(m)} to the end-of-step solutionun+1

[ML −θ∆ tL(m)]u(m+1) = [ML +(1−θ)∆ tLn]un+∆ t f̄ (u(m),un). (4.115)

A natural initial guess isu(0) = un such thatf (0)i j = dn
i j (u

n
i −un

j ). In our experience,
convergence is faster if the contribution of the time derivative is approximated by

f (0)i j = [mi j (u
n
i −un

j )−mi j (u
n−1
i −un−1

j )]/∆ t +dn
i j (u

n
i −un

j ).

Each solution update of the form (4.115) can be split into three steps [191, 196]

1. Compute an explicit low-order approximation toun+1−θ by solving

MLũ= [ML +(1−θ)∆ tLn]un. (4.116)

2. Apply limited antidiffusive fluxes to the intermediate solution ũ

MLū= MLũ+∆ t f̄ (u(m),un). (4.117)

3. Solve the linear system for the new approximation toun+1

[ML −θ∆ tL(m)]u(m+1) = MLū. (4.118)

The auxiliary solution ˜u depends only onun and needs to be computed just once at
the first outer iteration (m= 0). For the explicit update in Step 1 to be positivity-
preserving, the time step∆ t must satisfy (3.92) withmii = mi andcii = ln

ii

mi +(1−θ)∆ tln
ii ≥ 0, 0≤ θ < 1. (4.119)

The correction factorsαi j for Step 2 are determined using Zalesak’s multidimen-
sional FCT limiter to be presented below. This algorithm guarantees that ¯u≥ 0 for
ũ≥ 0. Step 3 is positivity-preserving under condition (3.91).In summary,

un ≥ 0 ⇒ ũ≥ 0 ⇒ ū≥ 0 ⇒ u(m+1) ≥ 0

provided that the time step∆ t satisfies (3.91) and (3.92) for the givenθ ∈ (0,1].
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4.4.2 Zalesak’s Limiter Revisited

The computation of the correction factorsαi j involved in the assembly of (4.113) is
based on the fully multidimensional flux-corrected transport algorithm [355]. This
limiting strategy represents a symmetric version of (4.35)–(4.38). Again, the ob-
jective is to make sure that neither positive nor negative antidiffusive fluxes can
conspire to create/enhance a local extremum [355, 357].

4.4.2.1 Prelimiting

Flux correction might be beneficial even in the unlikely casewhen fi j has the same
sign as ˜u j − ũi and poses no threat to positivity. Such an outlier flattens the solution
profile instead of steepening it. As a consequence, numerical ripples may develop
within the bounds imposed on the flux-corrected solution. Inthe Boris-Book limiter
[42] and some FEM-FCT algorithms [228], the sign of a defective antidiffusive flux
is reversed and the amplitude is limited in the usual way. This trick results in a sharp
resolution of discontinuities but may produce excessive antidiffusion elsewhere.

A safer remedy is to cancelfi j if it is directed down the gradient of ˜u. That is,

fi j := 0, if fi j (ũ j − ũi)> 0. (4.120)

Similarly to (4.78), this manipulation should be done before the evaluation ofαi j .
Zalesak [355] argued that the effect of (4.120) is marginal and cosmetic in nature

since the vast majority of antidiffusive fluxes have the right sign and steepen the so-
lution gradient. This remark might have led many readers to disregard equations (14)
and (14′) in [355]. Two decades later, the need for ‘prelimiting’ of the form (4.120)
was emphasized by DeVore [80] who explained its ramifications and demonstrated
that it may lead to a marked improvement of accuracy. In our experience, this op-
tional correction step is certainly worth including in FEM-FCT algorithms [205].

In the case of a finite element discretization, the contribution of the consistent
mass matrix provides better phase accuracy but may reverse the sign of the anti-
diffusive spatial part (4.77) or significantly increase itsmagnitude. For particularly
sensitive problems, theminmodfunction (4.79) can be used to redefinefi j as

fi j := minmod{ fi j ,di j (ũi − ũ j)}, (4.121)

wheredi j is a nonnegative coefficient. The default value (4.11) prevents the fluxfi j
from becoming diffusive or more antidiffusive than its lumped-mass counterpart.

4.4.2.2 Flux Correction

In the context of multidimensional FCT algorithms, the solution-dependent correc-
tion factorsαi j are chosen so as to ensure that antidiffusive fluxes acting inconcert
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shall not cause the solution value ¯ui to exceed some maximum value ˜umax
i or fall

below some minimum value ˜umin
i . Assuming the worst-case scenario, positive and

negative fluxes should be limited separately, as proposed byZalesak [355]

1. Compute the sums of positive/negative antidiffusive fluxes into nodei

P+
i = ∑

j 6=i

max{0, fi j }, P−
i = ∑

j 6=i

min{0, fi j }. (4.122)

2. Determine the distance to a local maximum/minimum and thebounds

Q+
i =

mi

∆ t
(ũmax

i − ũi), Q−
i =

mi

∆ t
(ũmin

i − ũi). (4.123)

3. Evaluate the nodal correction factors for the net increment to nodei

R+
i = min

{

1,
Q+

i

P+
i

}

, R−
i = min

{

1,
Q−

i

P−
i

}

. (4.124)

4. Check the sign of each raw antidiffusive flux and adjust itsmagnitude

f̄i j = αi j fi j , αi j =

{

min{R+
i ,R

−
j }, if fi j > 0,

min{R−
i ,R

+
j }, if fi j < 0.

(4.125)

The local maximum ˜umax
i and minimum ˜umin

i are defined as in(4.87) and the corre-
sponding solution increments are assembled in a loop over edges using(4.86).

The symmetric limiting strategy (4.122)–(4.125) guarantees that the second step
(4.117) of the generic FEM-FCT algorithm is positivity-preserving since

ũmin
i = ũi +Q−

i ≤ ūi ≤ ũi +Q+
i = ũmax

i .

Remark 4.21.It is worthwhile to setR±
i := 1 if Dirichlet boundary conditions are

imposed at nodei and, therefore, the value ofui is invariant to the choice ofαi j .

Remark 4.22.The need for a repeated evaluation of the nodal correction factorsR±
i

can be avoided if the limited antidiffusive flux̄fi j is redefined as follows [258]

f̄i j = minmod{ fi j , ᾱn
i j d

n
i j (u

n
i −un

j )},

where the correction factors̄αn
i j may exceed 1. They are calculated at the beginning

of each time step using Zalesak’s limiter withR±
i = Q±

i /P±
i instead of (4.124).

The upper and lower boundsQ±
i are of the form (4.39), whereq±i = mi

∆ t . The
appearance of the time step in the denominator turns out to bea blessing or a curse,
depending on the purpose of simulation. On the one hand, the constraints become
less restrictive and, consequently, a larger portion of theraw antidiffusive flux fi j
is retained as the time step is refined. This makes FCT the method of choice for
transient computations. On the other hand, the use of large∆ t results in a loss of
accuracy, and severe convergence problems may occur in the steady state limit.
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A well-known problem associated with flux correction of FCT type is clipping
[41, 355]. Since the sum of limited antidiffusive fluxes is forced to become local
extremum diminishing, existing peaks lose a little bit of amplitude during each time
step. TVD-like methods also fail to recognize smooth extrema, while geometric
schemes based on ENO/WENO reconstruction can handle them fairly well [20].

Another infamous byproduct of flux limiting is known as terracing. It manifests
itself in a distortion of smooth profiles and represents ‘an integrated, nonlinear effect
of residual phase errors’ [265] or, loosely speaking, ‘the ghosts of departed ripples’
[41].

Remark 4.23.As shown in [200, 203], it is possible to incorporate accepted anti-
diffusion into the auxiliary solution ˜u so that only the rejected portion of the fluxfi j
needs to be constrained in the next cycle. This simplifies thetask of the flux limiter
and enables it to remove more artificial diffusion. The resulting iterative FEM-FCT
algorithm yields a crisp resolution of steep gradients and alleviates peak clipping
but might aggravate terracing and slow down the convergenceof outer iterations.

4.4.2.3 Slack Bounds

Zalesak’s limiter is designed to accept as much antidiffusion as the reference so-
lution ũ can accommodate. Instead, it is possible to relax the upper/lower bounds
Q±

i and adjust the time step if this is necessary to satisfy a CFL-like condition. For
example, the local extrema ofun can be used to defineQ±

i as follows [192]

Q+
i =

mi −mii

∆ t
(umax

i −un
i ), Q−

i =
mi −mii

∆ t
(umin

i −un
i ), (4.126)

wheremi −mii = ∑ j 6=i mi j is the difference between the diagonal entries of the con-
sistent and lumped mass matrices. The resulting correctionfactorsαi j will typically
be smaller than those obtained with (4.123). However, the difference between the
solutions produced by the two versions will shrink and eventually vanish as the time
step is refined. As soon as∆ t becomes sufficiently small, the accuracy of the results
depends solely on the resolving power of the underlying high-order scheme.

The use of slack bounds (4.126) eliminates the need for evaluating an intermedi-
ate solution of low order. Combining (4.116) and (4.117), one obtains

MLū= [ML +(1−θ)∆ tLn]un+∆ t f̄ (u(m),un).

Since the sum of limited antidiffusive fluxes satisfies estimate (4.94) withu = un

andq±i = (mi −mii )/∆ t, the fully discrete scheme is positivity-preserving if [258]

mii +(1−θ)∆ tln
ii ≥ 0, 0≤ θ < 1.

This CFL-like condition is more restrictive than (4.119). To rectify this, the upper
and lower bounds (4.126) can be defined implicitly usingun+1 rather thanun.
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4.4.3 Flux Linearization Techniques

A major drawback of the nonlinear FEM-FCT algorithm is the need to recompute
the raw antidiffusive fluxes (4.114) and the correction factors (4.125) after every
solution update. The fixed point iteration method (4.115) keeps intermediate solu-
tions positivity-preserving and the convergence of inner iterations is fast owing to
the M-matrix property of the low-order preconditioner. Unfortunately, the lagged
treatment of limited antidiffusion results in slow convergence of outer iterations. At
large time steps, as many as 50 sweeps may be required to obtain a fully converged
solution (see the numerical examples below). The lumped-mass version, which cor-
responds to (4.114) withmi j = 0, converges faster but is not to be recommended
for strongly time-dependent problems. The convergence of outer iterations can be
accelerated using a discrete Newton method [258]. However,the costly assembly of
the (approximate) Jacobian operator is unlikely to pay off in transient computations
that call for the use of small time steps and, in many cases, explicit algorithms.

A suitable linearization technique can simplify a FEM-FCT algorithm and make
it much more efficient. For instance, the implicit part of (4.114) can be evaluated
using the solutionuH ≈ un+1 of the high-order system (αi j ≡ 1) given by

[MC−θ∆ tKn+1]uH = [MC+(1−θ)∆ tKn]un. (4.127)

In this case, the right-hand side of system (4.118) needs to be assembled just once
per time step. If the underlying continuous problem is linear, then the left-hand side
matrix does not change either, and a single iteration of the form (4.118) is required to
obtain the flux-corrected end-of-step solutionun+1. Thus, the computational effort
reduces to one call of Zalesak’s limiter and two linear systems per time step [205,
258]. If the governing equation is nonlinear, so are the two systems to be solved.

In practice, it is usually much more expensive to solve (4.127) than (4.118). The
main reason is the lack of the M-matrix property which has an adverse effect on the
behavior of linear solvers. As the time step increases, inner iterations may fail to
converge, even if advanced linear algebra tools are employed. A robust alternative
to the brute-force approach is to compute the high-order predictor uH using fixed-
point iteration (4.115) withαi j ≡ 1. However, this linearization strategy is rather
inefficient since the flux-limited version of (4.115) tends to converge faster [258].

Another possibility is to linearizefi j about the solution of the low-order system

[ML −θ∆ tLn+1]uL = [ML +(1−θ)∆ tLn]un. (4.128)

Unlike (4.127), this linear system can be solved efficientlybut the flux-corrected so-
lution un+1 computed with (4.116)–(4.118) turns out too diffusive (see[337], Sec-
tion 5.2). Moreover, it differs fromuH even if Zalesak’s limiter returnsαi j ≡ 1.

Instead, the fluxfi j can be linearized about the solution of a nonlinear system

[ML −θ∆ tK̄n+1]ūn+1 = [ML +(1−θ)∆ tK̄n]un (4.129)
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associated with a flux correction scheme of the form (4.80)–(4.82) which is sup-
posed to be less accurate but more efficient than the nonlinear FEM-FCT algorithm.
Since the raw antidiffusive flux is replaced by an accurate and smooth approxima-
tion, no ripples are typically generated if the optional prelimiting step is omitted.

4.4.4 Predictor-Corrector Algorithms

After years of research aimed at making implicit FEM-FCT schemes more efficient,
the author has come to favor predictor-corrector methods inwhich the computation
of a tentative solutionuL is followed by an explicit flux correction step [196]

MLun+1 = MLuL +∆ t f̄ (uL,un), (4.130)

as in the case of classical diffusion-antidiffusion methods based on FCT [42, 82].
The low-order predictoruL can be calculated using (4.128) or any other time

discretization of (4.10), e.g., the explicit TVD Runge-Kutta method (3.97)–(3.98).
The raw antidiffusive fluxes for the flux correction step (4.130) are defined as

fi j = mi j (u̇
L
i − u̇L

j )+dn+1
i j (uL

i −uL
j ), (4.131)

whereu̇L denotes a finite difference approximation of the time derivative. This quan-
tity can be computed, e.g., using the leapfrog method as applied to (4.6)

u̇L = M−1
C [Kn+1uL]. (4.132)

Since the inverse ofMC is full, let successive approximations to ˙uL be computed
using Richardson’s iteration preconditioned by the lumpedmass matrix [85]

u̇(m+1) = u̇(m)+M−1
L [Kn+1uL −MCu̇(m)], m= 0,1, . . . (4.133)

starting withu̇(0) = 0 or u̇(0) = (uL−un)/∆ t. Convergence is typically very fast (1-5
iterations are enough) since the consistent mass matrixMC is well-conditioned.

As an alternative to iterating until (4.133) converges, thefirst lumped-mass ap-
proximationu̇(1) = M−1

L [Kn+1uL] or the corresponding low-order solution

u̇L = M−1
L [Ln+1uL] (4.134)

can be used to predict the raw antidiffusive fluxfi j . This technique yields a smooth
but diffusive approximation to the time derivative. Its accuracy can be enhanced
using an upwind-biased flux limiter applied to (4.131) with ˙uL = 0. The result is

u̇L = M−1
L [K̄n+1uL], (4.135)

whereK̄ is the nonlinear operator with built-in antidiffusion. Since the computation
of u̇L is performed just once per time step, the associated overhead cost is acceptable.
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The ‘high-order’ solutionuH produced by (4.130)–(4.131) withαi j ≡ 1 satisfies

MLuH = MLuL +∆ t[(ML −MC)u̇
L −Dn+1uL],

where the vector of approximate time derivatives ˙uL is given by (4.132), (4.134), or
(4.135). ThisuH is typically less oscillatory than the solution of (4.127).

The above linearization strategy offers a number of significant advantages. First,
the low-order predictoruL can be calculated by an arbitrary (explicit or implicit)
time-stepping method. In the case of an implicit algorithm,iterative solvers are fast
due to the M-matrix property of the low-order operator. Second, the leapfrog time
discretization of the antidiffusive flux is second-order accurate with respect to the
time level tn+1 on whichuL and fi j are defined. Third, instead of three different
solutions (un, un+1, andũ) only the smooth predictoruL is involved in the computa-
tion of fi j andαi j for the correction step (4.130). No prelimiting is requiredfor the
lumped-mass version ( ˙uL = 0) since the fluxf L

i j = dn+1
i j (uL

i −uL
j ) is truly antidiffu-

sive. Foru̇L 6= 0, it can serve as the upper bound for minmod prelimiting (4.121).

4.4.5 Positive Time Integrators

The efficiency of implicit FEM-FCT schemes for unsteady transport problems is
hampered not only by their nonlinearity but also by the severe time step restriction
(4.119). The second-order accurate Crank-Nicolson version (θ = 1

2) is linearly sta-
ble for arbitrary time steps but may produce oscillatory solutions if (4.119) does not
hold. The backward Euler method (θ = 1) is unconditionally positivity-preserving
(UPP) but only first-order accurate in time. An analog of the Godunov theorem [123]
states that no linear time integration scheme of higher order can be UPP [126]. The
unsatisfactory state of affairs can be rectified by selecting the optimal degree of
implicitnessθi j ∈ [0,1] for each node pair so as to localize the CFL-like condition
[337, 338] or to enforce monotonicity constraints by means of time limiters[96].

For a variable-orderθ−scheme to stay conservative, not only the diffusive and
antidiffusive terms but also the underlying high-order discretization must be ex-
pressed in terms of internodal fluxes. The derivation of a conservative flux decom-
position for the Galerkin finite element scheme was addressed in Section 2.1.6. After
the discretization in time, the corresponding low-order scheme can be written as

miu
L = miu

n−∆ t ∑
j

f̂i j , (4.136)

where the numerical flux̂fi j consists of a centered convective part augmented by
physical and/or numerical diffusion. Following the notation of previous chapters,
the subscriptj = i is reserved for fluxes across the boundary of the domain.

Let the discretization in time be performed by thelocal θ -scheme[337, 338]

f̂i j = θi j f̂ n+1
i j +(1−θi j ) f̂ n

i j , 0≤ θi j ≤ 1. (4.137)
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Since f̂i j is a convex average of̂f n+1
i j and f̂ n

i j , a numerical scheme of this form is
conservative even if the parametersθi j vary in space and time. Instead of adjusting
the time step size so as to preserve positivity with a constant value ofθ , the degree of
implicitness can be tailored to the local Courant number and/or to a given solution.

The CFL-like condition (4.119) suggests the following linear combination of the
Crank-Nicolson and backward Euler time integration methods, cf. [337, 338]

θi j = min{θi ,θ j}, θi = max

{

1
2
,1+min

{

0,
mi

∆ tln
ii

}}

. (4.138)

This choice is to be recommended for problems in which local mesh refinement
and/or a nonuniform velocity field result in a strong variation of the Courant number.

Furthermore, a tentative solutionuL calculated by the backward Euler method
(θi j ≡ 1) or using the localθ -scheme (4.137)–(4.138) can be improved by including

f̂i j − f̂ n+1/2
i j =

(

θi j −
1
2

)

( f̂ n+1
i j − f̂ n

i j )

into the raw antidiffusive fluxfi j for a nonlinear or linearized FEM-FCT algorithm.
A more sophisticated approach to the design of time limitersfor implicit high-

resolution schemes is considered in [96]. The nonlinear L-TRAP scheme proposed
therein is based on the following definition of the implicitness parameters

θi j =
θi +θ j

2
, θi = 1− 1

2
r̄ i ,

where ¯r i is a correction factor that controls the jump of the temporalslope ratio at a
given nodei. A linear and nonlinear stability analysis is performed forthe first-order
upwind discretization of the linear convection equation in1D. The numerical results
for scalar conservation laws and hyperbolic systems confirmthat a linear time inte-
gration scheme of high order can be forced to satisfy monotonicity constraints using
an extension of tools and concepts originally developed forspace discretizations.

4.4.6 Numerical Examples

A properly designed high-resolution scheme should be (i) atleast second-order ac-
curate for smooth data and (ii) capable of resolving arbitrary small-scale features
without excessive smearing or steepening of the transported profiles. To evaluate
the accuracy and efficiency of FEM-FCT, we consider a suite oftime-dependent
benchmark problems which are representative and challenging enough to indicate
how the methods under investigation would behave in real-life applications [196].

In what follows, a comparative study is performed for both explicit and implicit
FEM-FCT algorithms. The ones based on the TVD Runge-Kutta (3.97)–(3.98),
Crank-Nicolson (θ = 1

2), and backward Euler (θ = 1) time-stepping schemes will be
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referred to as RK-FCT-L, CN-FCT-L, and BE-FCT-L, respectively. The last digit in
these abbreviations refers to the type of flux linearization, if any. The fully nonlinear
version from Section 4.4.1 is assigned the numberL = 1, whereasL = 2 stands for
the linearization about the solutionuH of system (4.127). Both of these algorithms
require the use of an implicitθ−scheme, so RK-FCT-1 and RK-FCT-2 are not avail-
able. The predictor-corrector strategy (4.131) corresponds toL = 3 if u̇L is given by
(4.132), whileL = 4 if approximation (4.134) is adopted. In the former case, the
consistent mass matrixMC is ‘inverted’ using 5 iterations of the form (4.133).

By default, systems (4.118), (4.127), and (4.128) are solved by the Gauss-Seidel
method. BiCGSTAB with ILU preconditioning and Cuthill-McKee renumbering is
invoked if convergence fails because of too large a time step. All computations are
performed on a laptop computer using the Intel Fortran Compiler for Linux.

In this section, the following quantities serve as the measure of the difference
between the analytical solutionu and a given numerical approximationuh

E1 = ∑
i

mi |u(xi)−ui | ≈ ||u−uh||1, (4.139)

E2 =
√

∑
i

mi |u(xi)−ui |2 ≈ ||u−uh||2. (4.140)

The goal of the below numerical study is to investigate how the above errors and the
CPU times depend on the mesh sizeh, time step∆ t, and linearization technique.

4.4.6.1 Solid Body Rotation

Solid body rotation illustrates the ability of a numerical scheme to transport initial
data without distortion [218, 355]. Consider the linear convection equation

∂u
∂ t

+∇ · (vu) = 0 in Ω = (0,1)× (0,1) (4.141)

which is hyperbolic and of the form (4.1). The incompressible velocity field

v(x,y) = (0.5−y,x−0.5) (4.142)

corresponds to a counterclockwise rotation about the center of the square domain
Ω . Homogeneous Dirichlet boundary conditions are prescribed at the inlets.

The exact solution to (4.141)–(4.142) depends solely on theinitial stateu0 and
reproduces it exactly after each full revolution. Hence, the challenge of this test is
to preserve the shape ofu0 as accurately as possible. Following LeVeque [218], we
consider a slotted cylinder, a sharp cone, and a smooth hump (Fig. 4.6). Initially, the
geometry of each body is given by a functionG(x,y) defined within the circle

r(x,y) =
1
r0

√

(x−x0)2+(y−y0)2 ≤ 1
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Fig. 4.6 Initial data / exact solution at the final timet = 2π.

of radiusr0 = 0.15 centered at a certain point with Cartesian coordinates(x0,y0).

For the slotted cylinder, the reference point is(x0,y0) = (0.5,0.75) and [218]

G(x,y) =

{

1 if |x−x0| ≥ 0.025 or y≥ 0.85,

0 otherwise.

The conical body is centered at(x0,y0) = (0.5,0.25) and its geometry is defined by

G(x,y) = 1− r(x,y).

The peak of the hump is located at(x0,y0) = (0.25,0.5) and the shape function is

G(x,y) =
1+cos(πr(x,y))

4
.

In the rest of the domainΩ , the solution of equation (4.141) is initialized by zero.

Figure 4.7 displays the results produced by the four Crank-Nicolson FEM-FCT
schemes after one full revolution (t = 2π). These numerical solutions were com-
puted on a uniform mesh of bilinear elements withh= 1/128 and∆ t = 10−3. Pre-
limiting of the form (4.120) was performed for CN-FCT-1 through CN-FCT-3, while
CN-FCT-4 was found to produce ripple-free solutions even without prelimiting.

The diagrams in Fig. 4.8 depict the convergence history for (4.139) and the total
CPU time as a function of the mesh sizeh. It can be seen that the linearized schemes
CN-FCT-2 and CN-FCT-3 are almost as accurate as CN-FCT-1. The norms of the
error for CN-FCT-4 are larger on all meshes but decrease at a faster rate than those
for CN-FCT-3. The effective order of accuracyp= log2(E1(h)/E1(h/2)) estimated
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(a) CN-FCT-1 (b) CN-FCT-2

(c) CN-FCT-3 (d) CN-FCT-4

Fig. 4.7 Solid body rotation, CN-FCT schemes,Q1 elements,∆ t = 10−3, t = 2π.
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Fig. 4.8 Solid body rotation, convergence history and CPU times for CN-FCT.

usingh= 1/128 equals{0.82,0.81,0.70,0.81} for CN-FCT-1 through CN-FCT-4,
respectively. As in the case of steady convection, the presence of a discontinuous
profile is the reason why the errors decrease so slowly with mesh refinement.

A comparison of the CPU times illustrates the gain of efficiency offered by the
predictor-corrector algorithms CN-FCT-3 and CN-FCT-4. The cost of CN-FCT-2 is
significantly higher and even exceeds that for CN-FCT-1 on the coarsest mesh. This
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is explained by the slow convergence of the linear solver forthe ill-conditioned high-
order system (4.127). In the case of CN-FCT-1, defect correction was performed as
long as required to make the normalized residual smaller than the tolerance 10−5.

The results in Tables 4.4–4.6 illustrate the performance ofdifferent time-stepping
methods and flux linearization techniques. The local Courant numberν = |v|∆ t

h
varies between zero andνmax=

∆ t
2h in each test. The errors and CPU times are mea-

sured for the numerical solutions computed on a Cartesian mesh with h = 1/128.
The entry in the last column is the average number of outer iterations required to
reach the above tolerance for CN-FCT-1. In the case of linearized FCT schemes,
there is no need for iterative defect correction anymore. This is why NIT equals 1.

For time steps as small as∆ t = 10−3, the second-order accurate RK-FCT and
CN-FCT schemes produce essentially the same results (see Table 4.4). The first-
order temporal accuracy of BE-FCT is noticeable but spatialerrors are clearly dom-
inant. Furthermore, it can be seen that the predictor-corrector approach to flux lin-
earization reduces the difference between the cost (per time step) of explicit and
implicit FEM-FCT algorithms. A further gain of efficiency can be achieved using a
Jacobi-like iterative method to update the discrete solution in a fully explicit way.

Table 4.5 demonstrates that the errors for BE-FCT become disproportionately
large as compared to those for RK-FCT and CN-FCT as∆ t is increased by a factor
of 10. Since the backward Euler method is equivalent to the first-order backward
difference approximation of the time derivative, it turns out overly diffusive at large
time steps. The main advantage of BE-FCT is its unconditional stability and positiv-
ity preservation for arbitrary time steps. The poor accuracy of the results in Table 4.6
indicates that no time-accurate solutions can be obtained with time steps that violate
the CFL stability condition in the whole domain. However, ifthe Courant numberν
exceeds unity only in small subdomains, where the velocity is unusually large and/or
adaptive mesh refinement is performed, then a local loss of accuracy is acceptable
if the use of large time steps would make the computation muchmore efficient.

No results for RK-FCT and linearized CN-FCT are presented inTable 4.6 since
these schemes turn out to be unstable for the time step∆ t = 10−1 that exceeds

Table 4.4 Solid body rotation: results forh= 1/128, ∆ t = 10−3, νmax= 0.064.

E1 E2 CPU NIT

RK-FCT-3 1.1754e-2 5.9882e-2 127 1.0
RK-FCT-4 2.1913e-2 8.3066e-2 84 1.0
CN-FCT-1 1.0622e-2 5.6411e-2 343 3.5
CN-FCT-2 1.0980e-2 5.7370e-2 263 1.0
CN-FCT-3 1.1729e-2 5.9818e-2 156 1.0
CN-FCT-4 2.1902e-2 8.3045e-2 116 1.0
BE-FCT-1 1.9818e-2 7.5392e-2 280 2.5
BE-FCT-2 2.0069e-2 7.5862e-2 255 1.0
BE-FCT-3 2.1131e-2 7.9686e-2 155 1.0
BE-FCT-4 2.7443e-2 9.2886e-2 110 1.0
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Table 4.5 Solid body rotation: results forh= 1/128, ∆ t = 10−2, νmax= 0.64.

E1 E2 CPU NIT

RK-FCT-3 1.8289e-2 7.5075e-2 13 1.0
RK-FCT-4 2.4417e-2 8.8419e-2 8 1.0
CN-FCT-1 1.2867e-2 6.2870e-2 173 19.7
CN-FCT-2 1.3552e-2 6.5033e-2 27 1.0
CN-FCT-3 1.7018e-2 7.3535e-2 17 1.0
CN-FCT-4 2.3676e-2 8.7242e-2 13 1.0
BE-FCT-1 5.5943e-2 1.3651e-1 155 15.9
BE-FCT-2 5.6119e-2 1.3675e-1 36 1.0
BE-FCT-3 5.7247e-2 1.3966e-1 17 1.0
BE-FCT-4 5.8198e-2 1.4102e-1 13 1.0

Table 4.6 Solid body rotation: results forh= 1/128, ∆ t = 10−1, νmax= 6.4.

E1 E2 CPU NIT

CN-FCT-1 7.3711e-2 1.6587e-1 54 35.0
BE-FCT-1 1.0519e-1 2.0244e-1 92 51.3
BE-FCT-3 1.0504e-1 2.0250e-1 4 1.0
BE-FCT-4 1.0506e-1 2.0251e-1 3 1.0

the upper bound imposed by the CFL-like condition (4.119). CN-FCT-1 remains
stable and more accurate than BE-FCT but the solution is no longer guaranteed to be
positivity-preserving. The results for BE-FCT-2 are missing due to the failure of the
BiCGSTAB solver for the high-order system (4.127). At largetime steps, the cost
of a nonlinear FEM-FCT algorithm becomes very high due to slow convergence
of inner and outer iterations. In the case of BE-FCT-1, more than 50 flux/defect
correction steps are required to advance the solution from one time level to the next
in Table 4.6. BE-FCT-3 or BE-FCT-4 produce the same results 30 times faster.

4.4.6.2 Swirling Flow

In the next example, we consider the same equation, the same domain, and the same
initial data as before but the velocity field is given by the formula [218]

v(x,y, t) = (sin2(πx)sin(2πy)g(t),−sin2(πy)sin(2πx)g(t)), (4.143)

whereg(t) = cos(πt/T) on the time interval 0≤ t ≤ T. This incompressible veloc-
ity field describes a swirling deformation flow that providesa more severe test for
numerical schemes than solid body rotation with a constant angular velocity.

Since the velocityv vanishes on the boundaries of the domainΩ = (0,1)×(0,1),
no boundary conditions need to be prescribed in the case of pure convection. The
function g(t) is designed so that the flow slows down and eventually reverses its
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direction as time evolves. The exact solution att = T reproduces the initial profile
depicted in Fig. 4.6 although the flow field has a fairly complicated structure.

The numerical solutions in Fig. 4.9–4.10 were computed by CN-FCT using lin-
ear finite elements and∆ t = 10−3. The underlying triangular mesh has the same
vertices and twice as many cells as its quadrilateral counterpart with h = 1/128.
The snapshots in Fig. 4.9 correspond to the time of maximum deformationt = T/2
and those in Fig. 4.10 to the final timeT = 1.5. Although the solution undergoes
significant deformations in the course of simulation, the shape of the initial data is
recovered fairly well. As in the case of solid body rotation,erosion of the slotted
cylinder is stronger for CN-FCT-4 than for the other three schemes. On the other
hand, the artificial steepening of smooth profiles is alleviated since the linearized
antidiffusive flux is smooth and does not need to be prelimited in this particular test.

The error norms and CPU times for all FEM-FCT algorithms as applied to the
swirling flow problem are presented in Tables 4.7–4.9. Sincethe velocity fieldv
is nonstationary, the coefficients of the discrete operators K = {ki j } andD = {di j }
need to be updated after each time step. As explained in Chapter 2, the group FEM
approximation offers a simple and efficient way to do so. Since matrix assembly
claims a larger share of the CPU time, the difference betweenthe cost of explicit

(a) CN-FCT-1 (b) CN-FCT-2

(c) CN-FCT-3 (d) CN-FCT-4

Fig. 4.9 Swirling deformation, CN-FCT schemes,P1 elements,∆ t = 10−3, t = 0.75.
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(a) CN-FCT-1 (b) CN-FCT-2

(c) CN-FCT-3 (d) CN-FCT-4

Fig. 4.10 Swirling deformation, CN-FCT schemes,P1 elements,∆ t = 10−3, t = 1.5.

and implicit schemes is smaller than in the case of a stationary velocity field. In
Table 4.7, the differences between the CPU times for RK-FCT-4, CN-FCT-4, and
BE-FCT-4 are marginal since the convergence of the Gauss-Seidel solver is fast.

At intermediate and large time steps, the convergence of implicit solvers slows
down. This is the price to be paid for robustness. Tables 4.8–4.9 summarize the re-
sults for∆ t = 10−2 and∆ t = 10−1. Both explicit RK-FCT algorithms turned out
unstable, while the linear solver for BE-FCT-2 failed in thelatter test. Again, lin-
earization about the low-order predictoruL proved more efficient than the nonlinear
FEM-FCT scheme and the one linearized about the high-order solution uH . The
associated loss of accuracy is acceptable, especially in the case of backward Euler.

4.4.6.3 Convection-Diffusion

To investigate the interplay between physical and numerical diffusion, we apply the
four Crank-Nicolson FEM-FCT algorithms to the parabolic equation

∂u
∂ t

+∇ · (vu− ε∇u) = 0 in Ω = (−1,1)× (−1,1), (4.144)
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Table 4.7 Swirling deformation: results forh= 1/128, ∆ t = 10−3, t = 1.5.

E1 E2 CPU NIT

RK-FCT-3 1.4440e-2 6.6023e-2 45 1.0
RK-FCT-4 2.4558e-2 8.9130e-2 36 1.0
CN-FCT-1 1.2043e-2 5.8858e-2 122 5.6
CN-FCT-2 1.3049e-2 6.1370e-2 60 1.0
CN-FCT-3 1.4300e-2 6.5626e-2 50 1.0
CN-FCT-4 2.4493e-2 8.8983e-2 42 1.0
BE-FCT-1 2.4606e-2 8.4485e-2 112 4.8
BE-FCT-2 2.5185e-2 8.5713e-2 60 1.0
BE-FCT-3 2.5334e-2 8.5644e-2 49 1.0
BE-FCT-4 3.1814e-2 1.0039e-1 41 1.0

Table 4.8 Swirling deformation: results forh= 1/128, ∆ t = 10−2, t = 1.5.

E1 E2 CPU NIT

CN-FCT-1 2.2380e-2 8.1277e-2 38 17.9
CN-FCT-2 2.3670e-2 8.4051e-2 10 1.0
CN-FCT-3 2.4119e-2 8.6538e-2 6 1.0
CN-FCT-4 2.8809e-2 9.6268e-2 5 1.0
BE-FCT-1 6.4479e-2 1.4867e-1 53 21.1
BE-FCT-2 6.4621e-2 1.4885e-1 11 1.0
BE-FCT-3 6.3877e-2 1.4760e-1 6 1.0
BE-FCT-4 6.4827e-2 1.4907e-1 5 1.0

Table 4.9 Swirling deformation: results forh= 1/128, ∆ t = 10−1, t = 1.5.

E1 E2 CPU NIT

CN-FCT-1 6.3013e-2 1.3422e-1 12 24.1
CN-FCT-3 6.4958e-2 1.3829e-1 1 1.0
CN-FCT-4 6.3189e-2 1.3556e-1 1 1.0
BE-FCT-1 1.1173e-1 2.0886e-1 11 17.7
BE-FCT-3 1.1155e-1 2.0870e-1 1 1.0
BE-FCT-4 1.1155e-1 2.0870e-1 1 1.0

wherev(x,y) = (−y,x) is the velocity field andε = 10−3 is the diffusion coefficient.
The initial and boundary conditions are defined using an analytical solution that

describes convection and diffusion of a rotating Gaussian hill [214]

u(x,y, t) =
1

4πεt
e−

r2
4εt , r2 = (x− x̂)2+(y− ŷ)2, (4.145)

wherex̂ andŷ are the time-dependent coordinates of the moving peak

x̂(t) = x0cost −y0sint, ŷ(t) =−x0sint +y0cost.
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Sinceu(x,y,0) = δ (x0,y0), whereδ is the Dirac delta function, it is worthwhile
to start the numerical simulation att0 > 0. As time goes on, the moving peak is
gradually smeared by diffusion and flux limiting becomes redundant. The purpose
of this test is to investigate how FEM-FCT algorithms can handle such situations.

Because of phase errors, the peak of an approximate solutionuh may be dis-
placed. Its Cartesian coordinatesx̂h = (x̂h, ŷh) can be estimated as follows

x̂h(t) =
∫

Ω
xuh(x,y, t)dx, ŷh(t) =

∫

Ω
yuh(x,y, t)dx.

The smearing caused by physical and numerical diffusion is quantified via

σ2
h (t) =

∫

Ω
r2
huh(x,y, t)dx, r2

h = (x− x̂h)
2+(y− ŷh)

2.

The difference betweenσ2
h and the varianceσ2 = 4εt of the exact solution (4.145)

to the convection-diffusion equation defines the relative dispersion error

Edisp(t) =
σ2

h (t)−σ2(t)

σ2(t)
=

σ2
h (t)

4εt
−1.

Positive values ofEdisp imply that a given approximate solution is overly diffusive,
while negative dispersion errors indicate that some physical diffusion is offset by
numerical antidiffusion inherent to a nondissipative space discretization.

As a direct measure of peak clipping, we introduce the relative amplitude error

Epeak(t) =
umax

h (t)−umax(t)

umax(t)
=

umax
h (t)

umax(t)
−1,

whereumax and umax
h denote the global maxima of the analytical and numerical

solutions, respectively. Hence, the value ofEpeak is positive if the top of the rotating
Gaussian hill is too high and negative in the presence of clipping effects.

The numerical experiment begins att0 = π/2 with a peak located at the point
(x0,y0) = (0.0,0.5). The initial shape of the Gaussian hill and the solution produced
by CN-FCT-4 after one full revolution (t = 5π/2) are displayed in Fig. 4.11. This
simulation was performed on a uniform mesh of bilinear elements usingh= 1/128
and∆ t = 10−3. Flux correction was applied to the convective part of the discrete
transport operator, whereas the diffusive part was left unchanged. While the latter
is of nonnegative type (on such a regular mesh), the Galerkindiscretization of the
convective term is too antidiffusive. Therefore, it is not desirable to minimize the
amount of artificial diffusion. On the other hand, physical diffusion may be taken
into account if some background dissipation is included in the high-order scheme.

The convergence history and CPU times fort = 5π/2 and∆ t = 10−3 are pre-
sented in Fig. 4.12. Surprisingly enough, the convergence of the nonlinear version
slows down as the mesh is refined. On the finest mesh, the solution obtained with
CN-FCT-1 is even less accurate than that produced by CN-FCT-4. The difference
between the corresponding CPU times is about 50 percent, which is not as much
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as in the case of solid body rotation. The convergence behavior of all linearized
FEM-FCT schemes is satisfactory. In this test, the estimated order of accuracy
p= log2(E1(h)/E1(h/2)) equals{1.3,2.5,2.4,2.7} for the solutions computed with
CN-FCT-1 through CN-FCT-4 on the two finest meshes. Remarkably, the cheapest
algorithm converges at the fastest rate which is higher thansecond order. It is well
known that the presence of the consistent mass matrix makes the 1D Galerkin dis-
cretization of pure convection problems fourth-order (!) accurate on a uniform mesh
of linear finite elements (see [86], p. 96). This leads to a significant gain of accuracy
as compared to centered finite difference or finite volume discretizations.

While fourth-order accuracy is no longer guaranteed for multidimensional prob-
lems, nonsmooth data, and nonuniform meshes or velocity fields, mass lumping
tends to degrade the accuracy of transient solutions. Likewise, the definition of
u̇L 6= 0 has a strong influence on the final solution. The use of a low-order approxi-
mation in CN-FCT-4 makes it more efficient but less accurate than CN-FCT-3.

Figure 4.13 shows how the relative dispersion and amplitudeerrors vary with the
mesh size. On the coarsest mesh, all four schemes produce rather diffusive results.
Although the peak height predicted by CN-FCT-3 turns out to be very accurate,
further mesh refinement reveals that this is just a coincidence. On finer meshes, the
relative errorsEdisp andEpeak approach zero in a monotone fashion. The slightly
antidiffusive behavior of CN-FCT-1 through CN-FCT-3 is dueto the nondissipative
nature of the underlying Galerkin discretization. While peak clipping is pronounced
on coarse meshes, this hardly justifies the use ofad hocadjustments that increase
the complexity of the algorithm and/or may cause a loss of positivity preservation.

(a) initial peak att0 = π
2 (b) CN-FCT solution att = 5π

2

Fig. 4.11 Snapshots of the Gaussian hill:Q1 elements,h= 1/128, ∆ t = 10−3.
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Fig. 4.12 Gaussian hill: convergence history and CPU times for CN-FCT.
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Fig. 4.13 Gaussian hill: dispersion (left) and amplitude (right) errors for CN-FCT.

4.5 Limiting for Diffusion Operators

As a matter of fact, not only convective but also diffusive terms may be the cause of
undershoots and overshoots if the computational mesh and/or the diffusion tensor
are anisotropic. This is why discrete diffusion operators may also require some kind
of flux correction [29, 163, 349]. Monotone finite volume schemes were recently
developed for anisotropic diffusion problems on unstructured meshes [215, 221].
However, they are merely positivity-preserving and, generally, do not satisfy the
discrete maximum principle. Moreover, their derivation isbased on a design phi-
losophy which is not applicable to finite element approximations. The methodology
proposed in [222] is based on constrained optimization and requiresa priori knowl-
edge of the solution bounds. Also, the solution of the constrained optimization prob-
lem can become prohibitively expensive as the number of unknowns increases.

In this section, we extend the algebraic flux correction paradigm to anisotropic
diffusion problems and enforce the DMP using a symmetric version [204] of the
slope limiter based on gradient reconstruction. The resulting discretization is akin
to symmetric limited positive (SLIP) schemes [170] but the upper and lower bounds
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are given in terms of local maxima and minima, as in the case ofFCT algorithms.
The numerical study to be presented demonstrates that this kind of slope limiting
renders the constrained Galerkin approximation local extremum diminishing and
keeps it sufficiently accurate when applied to problems withsmooth solutions.

4.5.1 The Galerkin Discretization

Consider an elliptic boundary value problem that describessteady diffusive trans-
port of a scalar quantityu in a multidimensional domainΩ with boundaryΓ

{

−∇ · (D∇u) = s, in Ω ,
u= g onΓ ,

(4.146)

whereD(x) is a (possibly anisotropic) diffusion tensor ands(x) is a source or sink.

The finite element approach to solution of (4.146) is based onthe weak form

a(w,u) = (s,w), (4.147)

wherea(·, ·) is a bilinear form,u is the weak solution,w is any admissible test
function, and(·, ·) is the usual shorthand notation for the scalar product inL2(Ω)

(w,u) =
∫

Ω
wudx.

The bilinear form associated with the weak form of the model problem (4.146) reads

a(w,u) =
∫

Ω
∇w · (D∇u)dx. (4.148)

Given a set of finite element basis functions{ϕi}, substitution ofu≈ ∑ j u jϕ j and
w= ϕi into (4.147) yields the standard Galerkin discretization

∑
j

a(ϕi ,ϕ j)u j = (ϕi ,s), ∀i.

This is a linear system of the formAu= b with A= {ai j } andb= {bi} given by

ai j = a(ϕi ,ϕ j), bi = (ϕi ,s). (4.149)

Due to (4.148) the extended matrixA is symmetric with zero row and column sums

ai j = a ji , ∑
i

ai j = ∑
j

ai j = 0. (4.150)
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However, this discrete diffusion operator may fail to be ofnonnegative typein the
sense of Definition 3.13 if the given mesh and/or the tensorD are anisotropic. To
prevent a violation of the DMP, some coefficients ofA may need to be adjusted.

4.5.2 Positive-Negative Splitting

As before, the process of algebraic flux correction starts with conservative elimi-
nation of entries that have wrong sign. Now the stiffness matrix A resides in the
left-hand side of the linear system, so the ‘bad’ part isA+ = {a+i j } with [311]

a+i j := max{0,ai j }, ∀ j 6= i. (4.151)

The diagonal coefficients ofA+ are defined so that it has zero row and column sums

a+ii :=−∑
j 6=i

a+i j , ∀i. (4.152)

The complementA− := A−A+ represents the ‘good’ part of the stiffness matrix

A= A++A−. (4.153)

By virtue of (4.150)–(4.152), thei−th component of the vectorA±u is given by

(A±u)i = ∑
j

a±i j u j = ∑
j 6=i

a±i j (u j −ui)

and can be expressed in terms of numerical fluxes from one nodeinto another

(A±u)i =−∑
j 6=i

f±i j , f±i j = a±i j (ui −u j). (4.154)

The fluxesf−i j and f+i j represent the diffusive and antidiffusive edge contributions to
row i, respectively. Thei−th element of the residual vectorr = b−Au is

r i = bi +∑
j 6=i

( f+i j + f−i j ).

To enforce monotonicity constraints, the raw antidiffusive flux f+i j is replaced by

f̄+i j = a+i j s̄i j = αi j f+i j , (4.155)

wheres̄i j denotes the limited slope andαi j ∈ [0,1] is the correction factor such that

s̄i j = αi j (ui −u j).
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Assuming that the nonnegative-type matrixA− is irreducible, Corollary 3.12 states
that the discrete maximum principle holds at least forαi j ≡ 0 ands̄i j ≡ 0. However,
the so-defined ‘low-order’ scheme may turn out to be inconsistent since the elimina-
tion of positive off-diagonal entriesa+i j from a discrete diffusion operator introduces
a perturbation error of one order lower than that for a convective flux [193]. If the
antidiffusive partA+ of the stiffness matrix is omitted, the modified scheme may
converge to a wrong solution as the mesh sizeh is refined. Thus, an antidiffusive
correction is a must and it is essential to guarantee thatf̄+i j → f+i j ash→ 0.

4.5.3 Symmetric Slope Limiter

Since it is rather difficult to maintain/prove consistency within the framework of a
purely algebraic approach, flux correction is performed using a linearity-preserving
slope limiter based on gradient reconstruction. Due to the symmetry of the stiffness
matrix, nodesi and j should be treated equally. For example, a modification of
formula (4.92) leads to the following definition of the limited slope [204]

s̄i j =

{

min{2γi j (umax
i −ui),ui −u j ,2γ ji (u j −umin

j )}, if ui > u j ,

max{2γi j (umin
i −ui),ui −u j ,2γ ji (u j −umax

i )}, if ui < u j .
(4.156)

The nonnegative coefficientsγi j andγ ji are obtained from a LED estimate of the
form (4.90). The corresponding unlimited slopessi j andsji are given by (4.104),
where the nodal gradients are approximated using the lumped-massL2-projection.

Remark 4.24.A symmetric counterpart of the upstream SLIP limiter (4.100) based
on the reconstruction of local 1D stencils can be formulatedin the same way. The
one-dimensional version of formula (4.156) depends on three consecutive slopes
and amounts to a double application of the one-sided slope limiter (4.97)

s̄i j = minmod{2(ui−1−ui),ui −ui+1,2(ui+1−ui+2)}.

If the sign ofui −ui+1 differs from that of a neighboring slope, then ¯si j = 0. Other-
wise, the result is at most twice as large in magnitude asui−1−ui andui+1−ui+2.

Remark 4.25.If i is an internal node, whilej is a node on the boundary, then the pos-
itive coefficientsa+ji anda+j j pose no hazard to monotonicity of the discrete problem.
Indeed, the corresponding algebraic equation is replaced by the Dirichlet boundary
conditions before the linear solver is invoked. Hence, the one-sided slope limiting
strategy (4.92) may be employed to constrain the antidiffusive flux f+i j into nodei.

As the mesh is refined, the difference between the local slopes shrinks and ¯si j ap-
proachesui −u j . The validity of the discrete maximum principle follows from esti-
mates (4.94)–(4.96) withdi j = a+i j and limited antidiffusive fluxes satisfying

q̄i j (uk−ui) = f̄+i j =− f̄+ji =−q̄ ji (ul −u j),
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whereuk = umax
i or uk = umin

i andul = umin
j or ul = umax

j depending on the sign of
ui −u j . The edge contributions received by nodesi and j are of LED type since

0≤ q̄i j ≤ qi j = 2γi j a
+
i j , 0≤ q̄ ji ≤ q ji = 2γ ji a

+
ji . (4.157)

Of course, the constrained Galerkin scheme stays conservative since f̄+i j + f̄+ji = 0.

4.5.4 Treatment of Nonlinearities

After slope limiting, the corrected fluxes̄f+i j are inserted into the residual vector

r̄ = b−A−u+ f̄+, f̄+i = ∑
j 6=i

f̄+i j (4.158)

and a defect correction scheme of the form (4.65) is employedto solve the asso-
ciated nonlinear system. The first guessu(0) can be obtained by solving the linear
systemA−uL = b or AuH = b. The ‘low-order’ solutionu(0) = uL is guaranteed to
be monotone but its accuracy might be very poor due to the lackof consistency.
On the other hand, the unconstrained Galerkin solutionu(0) = uH enjoys the ‘best
approximation property’ but may violate the discrete maximum principle. Before
proceeding to the next step, it is worthwhile to trim the undershoots and overshoots,
if any. This is acceptable sinceu(0) is just an arbitrary guess which has no influence
on the converged solution and, therefore, is not required tobe conservative.

The simplest preconditioner for subsequent cycles is, again, the linear operator
Ā = A−. It does not need to be reassembled and linear solvers for (4.66) converge
rapidly owing to the M-matrix property. However, the convergence of outer itera-
tions tends to be very slow, or even fail, if the anisotropy effects are too strong.
Residual smoothing (4.62) makes it possible to achieve monotone convergence but
only the final solution is guaranteed to satisfy the discretemaximum principle. The
alternative is to trade conservation for positivity and useone of the preconditioners
presented in Section 4.2.4. Then intermediate results are devoid of spurious oscilla-
tions and converge to the mass-conserving final solution in amonotone fashion.

The relaxation factors for preconditioners (4.73) and (4.74) with L = −A− de-
pend on the nonnegative coefficients ¯qi j andqi j related by (4.157). The former ver-
sion converges faster but the nonlinear diagonal part ofĀ must be updated along
with the solution. Anyhow, thousands of defect correction steps may be required to
make the Euclidean norm of the residual as small as 10−10 on a fine mesh. Then the
nonlinearity of the slope-limited Galerkin scheme resultsin a high overhead cost.

Setting the off-diagonal entries of̄A to zero leads to a fully explicit solution
strategy but the number of outer iterations increases further. As in the case of linear
systems that result from the discretization of elliptic problems, convergence rates
deteriorate as the mesh is refined. Multigrid acceleration of the basic defect correc-
tion scheme seems to be a promising way to make computations more efficient.
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4.5.5 Numerical Examples

In the below numerical study, we test the ability of the symmetric slope limiter
(4.156) to enforce the DMP for (4.146) with an anisotropic diffusion tensor. Also,
we present a grid convergence study for test problems with smooth and discontinu-
ous data. The difference between the numerical solutionuh and the exact solutionu
is measured in the discrete norms (4.109) and (4.110). The defect correction scheme
preconditioned by (4.74) is employed as the iterative solver for nonlinear systems.

4.5.5.1 Nonsmooth solutions

To illustrate the benefits of slope limiting, we present two examples in which the
existence of steep gradients represents a challenge to the conventional Galerkin
discretization. The computational domainΩ = (0,1)2\[4/9,5/9]2 for the first test
problem (TP1) is depicted in Fig. 4.14a. The outer and inner boundary ofΩ are
denoted byΓ0 andΓ1, respectively. Consider the Dirichlet boundary conditions

u=−1 onΓ0, u= 1 onΓ1. (4.159)

Let the diffusion tensorD be the symmetric positive definite 2×2 matrix given by

D = R(−θ)
(

k1 0
0 k2

)

R(θ), R(θ) =
(

cosθ sinθ
−sinθ cosθ

)

, (4.160)

wherek1 = 100 andk2 = 1 are the diffusion coefficients associated with the axes
of the Cartesian coordinate system rotated by the angleθ =−π/6. The source/sink
terms is taken to be zero. By the continuous maximum principle, theexact solution
to the elliptic problem (4.146) is bounded by the Dirichlet boundary datag = ±1.
However, the diffusion tensor (4.160) is highly anisotropic, which may result in a
violation of the DMP even if a regular mesh of acute/nonnarrow type is employed.

(a) (b) (c)

Fig. 4.14 TP1: (a) computational domainΩ , (b) triangular mesh, (c) quadrilateral mesh.
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(a) umin =−1.055, umax= 1.0 (b) umin =−1.054, umax= 1.0

Fig. 4.15 TP1: unconstrained solutions, (a) triangular mesh, (b) quadrilateral mesh.

(a) umin =−1.0, umax= 1.0 (b) umin =−1.0, umax= 1.0

Fig. 4.16 TP1: constrained solutions, (a) triangular mesh, (b) quadrilateral mesh.

The verification of the DMP property is performed for linear and bilinear finite
elements on two uniform meshes (see Fig. 4.14b-c). In both cases, the total num-
ber of nodes is 1,360. The number of mesh elements equals 2,560 for the triangular
mesh and 1,280 for the quadrilateral one. The numerical solutions computed on
these meshes by the standard Galerkin method are displayed in Fig. 4.15. Both of
them attain correct maximum values but exhibit spurious minima that fall below
the theoretical lower boundumin = −1 by about 5%. Although the undershoots are
relatively small, they might be totally unacceptable in some situations. For exam-
ple, if the scalar variableu is responsible for phase transitions, such undershoots
can trigger a nonphysical process. Since it is rather difficult to ‘repair’ a DMP-
violating solution [222], it is worthwhile to use a scheme that does not produce
undershoots/overshoots in the first place. The constrainedGalerkin solutions com-
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puted on the same meshes using the slope limiter (4.156) are shown in Fig. 4.16.
Both of them satisfy the DMP perfectly, and no other side effects are observed.

The second test problem (TP2) stems from a benchmark suite for anisotropic
diffusion problems on general grids ([146], see Test 9: anisotropy and wells). The
diffusion tensor is given by (4.160) withk1 = 1, k2 = 10−3, andθ = 67.5◦. As be-
fore, the source term is zero. The domainΩ = (0,1)2\(Ω̄4,6∪ Ω̄8,6) has two square
holes that correspond to cells(4,6) and(8,6) of a uniform grid with 11×11 cells.
The Dirichlet boundary conditions prescribed onΓ1 = ∂Ω̄4,6 andΓ2 = ∂Ω̄8,6 are

u= 0 onΓ1, u= 1 onΓ2. (4.161)

Homogeneous Neumann boundary conditions are applied at theouter boundaryΓ0

of Ω . For a detailed description of this benchmark problem we refer to [146].
The numerical solutions obtained with 11×11 bilinear finite elements are shown

in Fig. 4.17. On such a coarse mesh, the unconstrained Galerkin method produces
undershoots and overshoots of about 14%. Other discretization methods compared

(a) umin =−0.139 umax= 1.139 (b) umin = 0.0 umax= 1.0

Fig. 4.17 TP2: bilinear elements, (a) unconstrained solution, (b) constrained solution.



192 4 Algebraic Flux Correction

in [146] behave in the same way, whereas the slope-limited solution is uniformly
bounded by the Dirichlet boundary values, as required by themaximum principle.

4.5.5.2 Smooth solutions

Next, we study the approximation properties of the proposedtechnique as applied
to problems with smooth solutions. Usually, even the conventional Galerkin scheme
does not violate the discrete maximum principle for this type of problems. Thus, no
slope limiting is actually required for smooth data. The goal of the numerical exper-
iments to be performed is to compare the accuracy and convergence behavior of the
constrained nonlinear scheme to those of the underlying Galerkin discretization.

The diffusion tensor and source for the third test problem (TP3) are given by

D =

(

100 0
0 1

)

, s(x,y) = 50.5sin(πx)sin(πy). (4.162)

With these parameter settings, the exact solution to the Dirichlet problem (3.21) is

u(x,y) =
1

2π2 sin(πx)sin(πy). (4.163)

In accordance with this formula, homogeneous Dirichlet boundary conditions are
imposed. The problem is solved on a sequence of distorted triangular and quadri-
lateral meshes. Given a uniform grid with spacingh, its distorted counterpart is
generated by applying random perturbations to the coordinates of internal nodes

x := x+αξxh y := y+αξyh,

whereξx andξy are random numbers with values in the range from−0.5 to 0.5. The
parameterα ∈ [0,1] quantifies the degree of distortion. The default valueα = 0.4
was adopted to introduce sufficiently strong grid deformations without tangling.

(a) umin = 0.0, umax= 0.05 (b) umin = 0.0, umax= 0.05

Fig. 4.18 TP3: numerical solutions, (a) triangular mesh, (b) quadrilateral mesh.
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Table 4.10 TP3: grid convergence study for the unconstrained Galerkin scheme.

triangular meshes quadrilateral meshes
h E2 Emax E2 Emax

1/16 0.158e-3 0.576e-3 0.113e-3 0.396e-3
1/32 0.445e-4 0.154e-3 0.270e-4 0.113e-3
1/64 0.112e-4 0.473e-4 0.693e-5 0.351e-4
1/128 0.320e-5 0.140e-4 0.176e-5 0.789e-5
1/256 0.820e-6 0.467e-5 0.441e-6 0.231e-5

Table 4.11 TP3: grid convergence study for the constrained Galerkin scheme.

triangular meshes quadrilateral meshes
h E2 Emax E2 Emax

1/16 0.293e-3 0.136e-2 0.265e-3 0.103e-2
1/32 0.656e-4 0.407e-3 0.616e-4 0.337e-3
1/64 0.146e-4 0.121e-3 0.104e-4 0.847e-4
1/128 0.321e-5 0.140e-4 0.204e-5 0.211e-4
1/256 0.826e-6 0.467e-5 0.468e-6 0.642e-5

In this test, the results produced by the Galerkin scheme andby its slope-limited
counterpart are optically indistinguishable. The diagrams in Fig. 4.18 show the
solutions computed using linear and bilinear finite elements with h = 1/16. The
corresponding grid convergence study is presented in Tables 4.10–4.11. On coarse
meshes, the slope limiter tends to ‘clip’ smooth peaks, as inthe case of FEM-FCT
methods. To alleviate the undesirable decay of admissible local extrema, the suffi-
cient conditions of DMP should be replaced by a weaker monotonicity constraint.

As the mesh is refined and resolution improves, the slope limiter is gradually
deactivated, and the error norms approach those for the Galerkin method. The results
presented in Tables 4.10–4.11 indicate that slope limitingdoes not degrade the order
of convergence, and peak clipping becomes less pronounced on finer meshes.

4.5.5.3 Heterogeneous diffusion

The last example (TP4) is designed to test the ability of a discretization technique
to handle problems with discontinuous coefficients. Let thediffusion tensorD be a
piecewise-constant function defined in the unit squareΩ = (0,1)2 as follows

D(x,y) =

{

D1, if x< 0.5,
D2, if x> 0.5,

(4.164)

where

D1 =

(

1 0
0 1

)

, D2 =

(

10 3
3 1

)

.
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This heterogeneous diffusion tensor has a jump in value and direction of anisotropy
across the linex= 0.5. The source terms is also discontinuous along this line

s(x,y) =

{

4.0, if x< 0.5,
−5.6, if x> 0.5.

(4.165)

ForD ands defined as above, an analytical solution to problem (4.146) is given by

u(x,y) =

{

1−2y2+4xy+2y+6x, if x≤ 0.5,
b2y2+c2xy+d2x+e2y+ f2, if x> 0.5.

(4.166)

Substitution into (4.146) yields the following values of the involved coefficients

b2 =−2, c2 =
4(D2(1,2)+1)

D2(1,1)
, d2 =

6−4D2(1,2)
D2(1,1)

,

e2 =
4D2(1,1)−2D2(1,2)−2

D2(1,1)
, f2 =

4D2(1,1)+2D2(1,2)−3
D2(1,1)

.

Again, the discretization is performed using linear and bilinear finite elements on
distorted meshes. These meshes are constructed as explained in the previous sub-
section but nodes that lie on the linex= 0.5 are shifted in they−direction only.

The unconstrained Galerkin solutions forh = 1/16 are presented in Fig. 4.19.
Their limited counterparts look the same but a comparison ofthe error norms pre-
sented in Tables 4.12–4.13 reveals significant differencesbetween the convergence
histories of the slope-limited version on triangular and quadrilateral meshes. Al-
though the solution consists of two smooth patches, its gradient is discontinuous
across the internal interfacex= 0.5. Moreover, the kink in the solution profile makes

(a) umin = 1.0, umax= 6.5 (b) umin = 1.0, umax= 6.5

Fig. 4.19 TP4: numerical solutions, (a) triangular mesh, (b) quadrilateral mesh.
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Table 4.12 TP4: grid convergence study for the unconstrained Galerkin scheme.

triangular meshes quadrilateral meshes
h E2 Emax E2 Emax

1/16 0.101e-2 0.337e-2 0.473e-3 0.167e-2
1/32 0.328e-3 0.133e-2 0.154e-3 0.636e-3
1/64 0.841e-4 0.374e-3 0.426e-4 0.242e-3
1/128 0.211e-4 0.107e-3 0.109e-4 0.514e-4
1/256 0.551e-5 0.351e-4 0.286e-5 0.166e-4

Table 4.13 TP4: grid convergence study for the constrained Galerkin scheme.

triangular meshes quadrilateral meshes
h E2 Emax E2 Emax

1/16 0.244e-2 0.155e-1 0.473e-3 0.167e-2
1/32 0.161e-2 0.187e-1 0.154e-3 0.636e-3
1/64 0.101e-2 0.109e-1 0.426e-4 0.242e-3
1/128 0.281e-3 0.438e-2 0.109e-4 0.514e-4
1/256 0.140e-3 0.214e-2 0.286e-5 0.166e-4

the outcome of the slope limiting procedure highly mesh-dependent. Note that the
solution is smooth along they-axis and piecewise-smooth along thex−axis. This is
why the constrained and unconstrained solutions coincide on quadrilateral meshes.

On the other hand, some edges of the triangular mesh are directed skew to the
kink so that the corresponding solution differences are large, whereas the distance to
the nearest local maximum or minimum, as defined in (4.87), issmall. This places a
heavy burden on the slope limiter which is forced to reject a large percentage of the
antidiffusive flux in accordance with (4.156). The approximation of discontinuous
gradients by means of the standardL2-projection (4.88) can also be responsible for
the relatively slow convergence on distorted triangular meshes. In summary, this test
problem turns out to be very easy or rather difficult, depending on the orientation
of mesh edges. It was included to identify the limitations ofthe proposed limiting
strategy, discuss their ramifications, and illustrate the need for further research.

4.6 Summary

The algebraic flux correction paradigm considered in this chapter provides a set of
general rules, concepts, and tools that make it possible to enforce positivity con-
straints and the discrete maximum principle in an adaptive way. The presented al-
gorithms are based on a generalization of classical high-resolution schemes. All of
them exhibit a common structure but the actual flux/slope limiting procedure can be
tailored to the specific properties of the transport problemunder investigation.
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In the context of finite element methods, an upwind-biased limiting strategy of
TVD type is appropriate if the Peclet number is large and the mass lumping error
is negligible/acceptable. The inclusion of the consistentmass matrix and the use
of symmetric FCT limiters are to be recommended for transient computations with
small time steps. Similarly, the best approach to the solution of linear and nonlinear
systems depends on the properties of the continuous and discrete problems.

The presentation of algebraic flux correction schemes in this chapter was aimed
primarily at finite element practitioners who share our viewpoint (or can be con-
vinced) that positivity preservation is more important than the Galerkin orthogo-
nality when it comes to numerical solution of problems with steep fronts. Instead
of manipulating the variational formulation and fitting a free parameter, we have
shown that artificial diffusion operators can be constructed at the discrete level so as
to control the contribution of matrix entries associated with antidiffusive fluxes.

Remarkably, the same limiter routine can be employed to enforce the positivity
constraint for linear and multilinear elements in 2D and 3D,on structured and un-
structured meshes. The origin of discrete operators makes no difference as far as the
M-matrix property is concerned. However, the flux limiter must be designed to keep
the perturbation of the algebraic system as small as possible. The demand for high
resolution is particularly difficult to meet in the case of higher-order finite elements
because the fluxes may depend on solution values at more than two nodes, and even
the construction of an optimal low-order scheme becomes a nontrivial task.

In essence, flux correction is intended to increase the localorder of accuracy in
smooth regions and decrease it when a front is detected. Hence, a further exten-
sion can be envisaged within the framework of a variable-order (p-adaptive) finite
element scheme with hierarchical basis functions. The basic idea is as follows:

1. Compute a first approximation ¯u using (multi-)linear elements and flux limiting.
2. Increase the polynomial order in smooth regions where no limiting is performed.
3. Recalculate the solution using the nonoscillatory predictor ū as the initial guess.

On the one hand, it is difficult to prove that the discrete maximum principle will
continue to hold in regions where the lowest-order Galerkinapproximation produces
monotone results. On the other hand, it is intuitively clearthat the risk of a DMP
violation is minimal and worth taking, given the lack of cost-effective alternatives.
Also, it is always possible to decrease the order of basis functions if the solution
develops local maxima or minima that are not present in ¯u computed at stage 1.

The unavoidable errors due to low-order artificial diffusion that cannot be re-
moved in the vicinity of internal or boundary layers can be compensated by means
of local mesh refinement. The use of mesh adaptation for improving the accuracy of
numerical approximations to transport equations is addressed in Chapter 5.



Chapter 5
Error Estimates and Adaptivity

In this chapter, we discuss some aspects of mesh adaptation for steady transport
equations. The goal-oriented error estimator developed in[197, 199] is used as a
refinement criterion. The error in the value of a linear target functional is measured
in terms of weighted residuals that depend on the solutions to the primal and dual
problems. The Galerkin orthogonality error is taken into account and turns out to
be dominant whenever flux or slope limiters are activated to enforce monotonicity
constraints. The localization of global errors is performed using a natural decom-
position of the involved weights into nodal contributions.The developed simulation
tools are applied to a linear convection problem in two spacedimensions.

5.1 Introduction

The goal-oriented approach to error estimation [14, 27, 185, 295, 309] is applicable
not only to elliptic PDEs but also to hyperbolic conservation laws [141, 142, 310].
In most cases, the error in the quantity of interest is estimated using the duality argu-
ment, Galerkin orthogonality, and a direct decomposition of the weighted residual
into element contributions. The most prominent representative of such error esti-
mators is the Dual Weighted Residual (DWR) method of Becker and Rannacher
[27, 28]. The recent paper by Meidneret al. [248] is a rare example of a DWR esti-
mate that does not require Galerkin orthogonality or information about the cause of
its possible violation.

Kuzmin and Korotov [197] applied the DWR method to steady convection-
diffusion equations and obtained a simple estimate of localGalerkin orthogonal-
ity errors due to flux limiting or other ‘variational crimes.’ In contrast to the usual
approach, the weighted residuals are decomposed into nodal(rather than element)
contributions. In regions of insufficient mesh resolution,the computable Galerkin
orthogonality error comes into prominence. The mesh adaptation strategy to be pre-
sented below takes advantage of this fact.

197
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5.2 Galerkin Weak Form

Steady convective transport of a conserved scalar quantityu in a domainΩ with
boundaryΓ can be described by the linear hyperbolic equation

∇ · (vu) = s in Ω . (5.1)

Herev is a stationary velocity field ands is a volumetric source/sink. Due to hyper-
bolicity, a Dirichlet boundary condition is imposed at the inlet

u= uD on Γin = {x ∈ Γ |v ·n < 0}, (5.2)

wheren is the unit outward normal anduD is the prescribed boundary data.
The weak form of the above boundary value problem can be written as

a(w,u) = b(w), ∀w. (5.3)

For brevity, we refrain from an explicit definition of functional spaces. The bilinear
form a(·, ·) and the linear functionalb(·) are defined by

a(w,u) =
∫

Ω
w∇ · (vu)∆x−

∫

Γin

wuv ·nds, (5.4)

b(w) =
∫

Ω
ws∆x−

∫

Γin

wuDv ·nds. (5.5)

The inflow boundary conditions are imposed weakly via the surface integrals.
The differentiation ofvu in (5.4) can be avoided using integration by parts

a(w,u) =
∫

Γ
wuv ·nds−

∫

Ω
∇w · (vu)∆x. (5.6)

This representation implies that a discontinuous weak solution u is admissible. In
linear hyperbolic problems of the form (5.1), singularities travel along the stream-
lines ofv. They may be caused by a jump in the value ofsor uD.

5.3 Global Error Estimates

Let uh be a continuous function that may represent an approximate solution to (5.1)–
(5.2) or a finite element interpolant of discrete nodal values. The numerical error
e= u−uh can be measured using the residual of (5.3)

ρ(w,uh) = b(w)−a(w,uh). (5.7)

Obviously, the value ofρ(w,uh) depends not only on the quality ofuh but also on
the choice ofw. In goal-oriented estimates, this weight carries information about the
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quantities of interest. The objectives of a numerical studyare commonly defined in
terms of a linear output functional, such as [310]

j(u) =
∫

Ω
gu∆x+

∫

Γout

huv ·nds, g,h∈ {0,1}. (5.8)

The piecewise-constant functiong picks out a subdomain, for example, an interior
or boundary layer, where a particularly accurate approximation to u is desired. The
selectorh picks out a portion of the outflow boundaryΓout = {x ∈ Γ |v · n > 0},
where the convective flux is to be controlled.

In order to estimate the errorj(e) in the numerical value of the output functional,
consider thedualor adjointproblem [27, 28] associated with (5.3)

a(z,e) = j(e), ∀e. (5.9)

The surface integral in (5.8) implies the weakly imposed Dirichlet boundary condi-
tion z= h onΓout [310]. The errorj(e) and residual (5.7) are related by

j(u−uh) = a(z,u−uh) = ρ(z,uh). (5.10)

An arbitrary numerical approximationzh to the exact solutionzof the dual problem
(5.9) can be used to decompose the so-defined error as follows

j(u−uh) = ρ(z−zh,uh)+ρ(zh,uh). (5.11)

If Galerkin orthogonality holds for the numerical approximationuh, thenρ(zh,uh)=
0. Thus, the computable termρ(zh,uh) is omitted in most goal-oriented error es-
timates for finite element discretizations. However, the orthogonality condition is
frequently violated due to numerical integration, round-off errors, slack tolerances
for iterative solvers, and flux limiting.

Since the exact dual solutionz is usually unknown, the derivation of a computable
error estimate involves another approximation ˆz≈ z such that

j(u−uh)≈ ρ(ẑ−zh,uh)+ρ(zh,uh). (5.12)

The magnitudes of the two residuals can be estimated separately as follows:

|ρ(ẑ−zh,uh)| ≤ Φ , |ρ(zh,uh)| ≤Ψ , (5.13)

where the globally defined boundsΦ andΨ are assembled from contributions of
individual nodes or elements, as explained in the next section.

The reference solution ˆz is commonly obtained fromzh using some sort of post-
processing. Ifρ(zh,uh) = 0, then the estimatej(u−uh)≈ 0 that follows from (5.12)
with ẑ= zh is worthless, hence the need to compute ˆzon another mesh or interpolate
it using higher-order polynomials [197, 295]. On the other hand, the setting ˆz= zh is
not only acceptable but also optimal for nonlinear flux-limited discretizations such
that j(u− uh) ≈ ρ(zh,uh) 6= 0. In situations when the termρ(z− zh,uh) is non-
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negligible, extra work needs to be invested into the recovery of a superconvergent
approximation ˆz 6= zh.

5.4 Local Error Estimates

The global upper boundsΦ andΨ make it possible to verify the accuracy of the
approximate solutionuh but the estimated errors in the quantity of interest must be
localized to find the regions where a given mesh is too coarse or too fine. A straight-
forward decomposition of weighted residuals into element contributions results in
an oscillatory distribution and a strong overestimation oflocal errors. In particular,
the restriction of the termρ(zh,uh) to a single elementΩk can be large in magnitude
even if Galerkin orthogonality is satisfied globally (positive and negative contribu-
tions cancel out).

Following Schmich and Vexler [295], we decomposeΦ andΨ into local bounds
associated with the nodes of the mesh on whichzh is defined. Let

zh = ∑
i

ziϕi , (5.14)

where{ϕi} is a set of Lagrange basis functions such that∑i ϕi ≡ 1 and

ẑ−zh = ∑
i

wi , wi = ϕi(ẑ−zh). (5.15)

The contribution of nodei to the boundsΦ andΨ is defined as in [197]

Φi = |ρ(wi ,uh)|, Ψi = |ρ(ziϕi ,uh)|. (5.16)

If the residual is orthogonal to the test functionϕi , thenΨi = 0. A nonvanishing
value ofΨi implies a local violation of Galerkin orthogonality.

The magnitude ofj(u−uh) is estimated by the sum of local errors, i.e.,

Φ = ∑
i

Φi , Ψ = ∑
i

Ψi . (5.17)

Finally, an optional conversion into element contributions is performed for mesh
adaptation purposes. Introducing the continuous error function

ξ = ∑
i

ξiϕi , ξi =
Φi +Ψi
∫

Ω ϕi∆x
, (5.18)

the following representation of the total errorη = Φ +Ψ is obtained [197]

η = ∑
k

ηk, ηk =
∫

Ωk

ξ ∆x. (5.19)
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In a practical implementation, the midpoint rule is employed to calculateηk.

5.5 Numerical Experiments

In this section, the presented high-resolution finite element scheme, goal-oriented
error estimator, and hierarchical mesh adaptation algorithm are applied to a test
problem from [156]. Consider equation (5.1) withs≡ 0 and

v(x,y) = (y,−x) in Ω = (−1,1)× (0,1).

This incompressible velocity field corresponds to steady rotation about(0,0).
The exact solution and inflow boundary conditions are given by [156]

u(x,y) =

{

1, if 0.35≤
√

x2+y2 ≤ 0.65,
0, otherwise.

The so-defined discontinuous inflow profile (−1≤ x< 0, y= 0) undergoes circular
convection and propagates along the streamlines ofv(x,y) all the way to the outlet
(0< x≤ 1, y= 0), while its shape remains the same.

Let j(u) be defined by (5.8) withg = 1 in ω = (−0.1,0.1)× (0,1) andg = 0
elsewhere. The functionh is defined as the trace ofg onΓout. The exact value ofj(u)
is 6.04497e−02. The solution shown in Fig. 5.1 (a) was computed by the FEM-LED
scheme described in Chapter 4 on a uniform mesh of bilinear elements with spacing
h = 1/80. Owing to algebraic flux correction, the resolution of thediscontinuous
front is remarkably sharp, and no undershoots or overshootsare observed. However,
it is obvious that there is actually no need for such a high resolution beyondx> 0.1
if it is enough to have an accurate approximation in the smallsubdomainω. Indeed,
whatever is happening downstream ofω has no influence on the solution in this
subdomain. This is illustrated by Fig. 5.1 (b) which shows the solution to the dual
problem computed by the FEM-LED scheme on the same mesh.

Goal-oriented error analysis is performed using estimate (5.12) withẑ= zh. This
setting implies thatΦ = 0 andη =Ψ is the Galerkin orthogonality error caused by
flux limiting. Remarkably, the resulting global estimates are in a good agreement
with the exact error which is illustrated in Table 5.1 for different grid spacings. The
sharpness of the obtained error estimates is measured usingthe absolute and relative
effectivity indices [197]

Ieff =
η

|( j(u−uh)|
, Irel =

∣

∣

∣

∣

|( j(u−uh)|−η
|( j(u)|

∣

∣

∣

∣

.

We remark that the value ofIeff is unstable and misleading when the denominator
is very small or zero, and the evaluation of integrals is subject to rounding errors.
The relative effectivity indexIeff is free of this drawback and exhibits monotone
convergence as the mesh is refined (see Table 5.1).
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h | j(u−uh)| η(zh,uh) Ieff Irel

1/10 2.009555e-032.115012e-031.05 1.744541e-03
1/20 4.401534e-043.640322e-040.82 1.259248e-03
1/40 1.312391e-041.025215e-040.78 4.750662e-04
1/80 4.283158e-053.535738e-050.82 1.236433e-04
1/1601.254089e-051.072697e-050.85 3.000709e-05

Table 5.1 Circular convection: exact vs. estimated global error.

The adaptive hybrid mesh presented in Fig. 5.2 is refined along the discontinuity
lines ofu but only until they cross the outflow boundary ofω. Using a finer mesh
beyond the linex = 0.1 would not improve the accuracy of the solutionuh inside
ω. The smallest mesh width ish= 1/320, which corresponds to more than 200,000
cells in the case of global mesh refinement.

Since the dual weightzh contains built-in information regarding the transport
of errors and goals of simulation, such error estimators furnish a better refinement
criterion than, for example, error indicators based on gradient recovery [362]. In the
latter case, unnecessary mesh refinement would take place along the discontinuities
located downstream of the subdomainω.

5.6 Summary

A goal-oriented error estimate was derived for LED discretizations of a steady trans-
port equation. The loss of Galerkin orthogonality in the process of flux limiting was
shown to provide valuable feedback for mesh adaptation. Thelocal orthogonality
error was employed to generate an adaptive mesh for circularconvection in a 2D
domain. Diffusive terms can be included using gradient recovery to stabilize the
residuals and infer a proper distribution of local errors [197]. Further work will con-
centrate on goal-oriented error estimation for unsteady flow problems.
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(a) primal solution

(b) dual solution

Fig. 5.1 Circular convection: FEM-LED discretization,h= 1/80.
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(a) primal solution

(b) computational mesh

Fig. 5.2 Circular convection: FEM-LED discretization, 5,980 cells.
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180. J. Kaŕatson and S. Korotov, Discrete maximum principles for finite element solutions of
nonlinear elliptic problems with mixed boundary conditions.Numer. Math.99 (2005) 669–
698.

181. D.W. Kelly, S. Nakazawa, O.C. Zienkiewicz, J.C. Heinrich, A note on anisotropic balancing
dissipation in finite element approximation to convection diffusion problems,Int. J. Numer.
Methods Engrg.15 (1980) 1705–1711.

182. J. Kim,Investigation of Separation and Reattachment of Turbulent Shear Layer: Flow over
a Backward Facing Step. PhD thesis, Stanford University, 1978.

183. J. Kim, P. Moin, R.D. Moser, Turbulence statistics in fully developed channel flow at low
Reynolds number.J. Fluid Mech., 177(1987) 133–166.

184. B. Koren, A robust upwind discretization method for advection, diffusion and source terms.
In: C.B. Vreugdenhil et al. (eds),Numerical methods for advection - diffusion problems.
Braunschweig: Vieweg.Notes Numer. Fluid Mech.45 (1993) 117–138.



References 213

185. S. Korotov, P. Neittaanm̈aki, S. Repin, A posteriori error estimation of goal-oriented quanti-
ties by the superconvergence patch recovery.J. Numer. Math.11 (2003) 33-59.

186. L. Krivodonova, Limiters for high-order discontinuous Galerkin methods.J. Comput. Phys.
226(2007) 879–896.

187. L. Krivodonova and M. Berger, High-order accurate implementation of solid wall boundary
conditions in curved geometries.J. Comput. Phys.211(2006) 492–512.

188. L. Krivodonova, J. Xin, J.-F. Remacle, N. Chevaugeon, and J.E. Flaherty, Shock detec-
tion and limiting with discontinuous Galerkin methods for hyperbolic conservation laws.
Appl. Numer. Math.48 (2004) 323–338.
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