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Periodic elliptic operators



Periodic Elliptic Operators

• We shall consider operators A : D(A) ⊂ L2(Rd)→ L2(Rd)

defined by

Au := −divA(y)∇

where A = (akl) is a coercive real symmetric matrix with

entries in L∞per (Y ), Y = [0, 2π)d .

• The matrix A satisfies Aξ · ξ ≥ α|ξ|2 for some α > 0 and all

ξ ∈ Rd .

• Let Y
′

=
[
−1

2 ,
1
2

)d
.
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Spectral Theory of Periodic Operators

The periodic symmetry of the operator induces a direct integral

decomposition of the space

L2(Rd) ∼=
∫ ⊕
Y ′

L2per (Y ) ∼= L2(Y
′
, L2per (Y )).

by the Gelfand transformation

(Gu)(y , η) =
∑
p∈Zd

u(y + 2πp)e−i(y+2πp)·η

and a corresponding decomposition of the operator A as

A =

∫ ⊕
Y ′
A(η)dη

where A(η) = − (∇+ iη) · (A (∇+ iη)) is an unbounded operator

in L2per (Y ). As a consequence, the spectrum of A is the union of

spectra of A(η) as η varies over Y
′
.
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Bloch Spectrum of A

• For η ∈ Y
′
, the operator A(η) = − (∇+ iη) · (A (∇+ iη)) . is

an unbounded self-adjoint operator on L2per (Y ) with a

compact resolvent.

• By the spectral theorem of compact self-adjoint operators,

A(η) has a sequence of countably many eigenvalues diverging

to ∞,

0 ≤ λ1(η) ≤ λ2(η) ≤ . . . λn(η) ≤ . . .

• The functions η 7→ λm(η),m ∈ N are known as Bloch

eigenvalues of the operator A, and are continuous.
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Spectral gaps of A

• Let σ−n = minη∈Y ′ λn(η) and σ+n = maxη∈Y ′ λn(η), then

spectrum of the operator A, σ(A) =
⋃
n∈N

[σ−n , σ
+
n ]

• Spectrum of A has a band structure, i.e., it is a union of

intervals.

• The complement is a union of open intervals known as

spectral gaps, whose endpoints are called spectral edges.
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Motivation - Theory of

Homogenization



Homogenization

• In homogenization theory, we study weak limits of solutions of

equations with highly oscillating coefficients such as

−div
(
A
(x
ε

)
∇uε

)
= f .

• It is standard to assume that the matrix A is periodic, hence

the limit may be called the small-period limit.

• The aim is to characterize the H1-weak limit uε ⇀ u0 and

find approximations for uε in L2,H1 etc.
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Homogenization by Bloch waves

1. Solve the Floquet-Bloch spectral problem

−(∇+ iη) · A(y)(∇+ iη)φm(y , η) = λm(η)φm(y , η) for η ∈ Td ,m ∈ N

2. Define Floquet-Bloch transform

(Bεmu)(ξ) =

∫
Rd

φm

(x
ε
, εξ
)
u(x)e−ix ·ξ dx , m ∈ N
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Cascade of Equations

3. The Floquet-Bloch transform converts the equation

−div
(
A
(x
ε

)
∇uε

)
= f

into the following cascade in dual space

ε−2λ1(εξ)Bε1(uε)(ξ) = Bε1(f )

ε−2λ2(εξ)Bε2(uε)(ξ) = Bε2(f )

...

ε−2λn(εξ)Bεn(uε)(ξ) = Bεn(f )

...
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Passage to limit

4. Homogenized equation can be recovered by passing to limit in

the first equation.

ε−2λ1(εξ) = ε−2λ1(0) + ε−1 ∂λ1∂ηs
(0)ξs+

1
2
∂2λ1
∂ηs∂ηt

(0)ξsξt + O(ε2)

Bε1(uε) ⇀ û0

ε−2λ1(εξ)Bε1(uε)(ξ) = Bε1(f ).

1

2

∂2λ1
∂ηs∂ηt

(0)ξsξt û0 = f̂ or − div
(
A0
)
∇u0 = f
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Application of Floquet-Bloch spectral tools to homogenization

theory. . .

• E.V. Sevost’yanova1

• Turbé2

• Zhikov3

• Allaire-Conca-Vanninathan and coauthors4,5

• Birman-Suslina6

• Also Santosa-Symes, Dohnal-Lamacz-Schweizer, Gloria...
1Sevost’janova, E. V. Mathematics of the USSR-Sbornik 1982, 43, 181.
2Turbe, N. Mathematical Methods in the Applied Sciences 1982, 4, 433–449.
3Zhikov, V. V. Differentsial’nye Uravneniya 1989, 25, 44–50, 180.
4Allaire, G.; Conca, C. J. Math. Pures Appl. (9) 1998, 77, 153–208.
5Conca, C.; Vanninathan, M. SIAM Journal on Applied Mathematics 1997,

57, 1639–1659.
6Birman, M.; Suslina, T. St. Petersburg Mathematical Journal 2004, 15,

639–714.
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Internal edge homogenization



Homogenization as a spectral threshold phenomena

• Birman and Suslina7 characterized homogenization as a

spectral threshold phenomena.

• Properties of the spectral edge at the bottom of the spectrum

determines homogenization.

• In the scalar case, the spectral edge is attained by a single

Bloch eigenvalue (simplicity), spectral edge is attained at a

finitely many points in the dual parameter (discrete), and the

spectral edge is attained at a minimum of the first Bloch

eigenvalue and its Hessian is positive-definite

(non-degeneracy).

7Birman, M.; Suslina, T. St. Petersburg Mathematical Journal 2004, 15,

639–714.
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λ1

λ2

λ3

λ4

λ5

spectrum is union of intervals

spectral gap

η

11/23



Resolvent estimates in homogenization8

Let

Aε := −div
(
A
(x
ε

)
∇
)

and A0 := −div
(
A0
)
∇

denote the microscopic operator and effective operator

respectively, where A0 = 1
2
∂2λ1
∂ηs∂ηt

(0) then

||(Aε + I )−1 − (A0 + I )−1||L2 7→L2 ≤ Cε.

8Birman, M.; Suslina, T. St. Petersburg Mathematical Journal 2004, 15,

639–714.
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Internal edge homogenization

Theorem (Birman, Suslina (2004)9)

Let λ0 be a simple, isolated and non-degenerate internal edge of

the spectrum of the operator A attained at {ηj}Nj=1 ⊂ Y
′

by the

mth Bloch eigenvalue and Bj are its Hessians at ηj .

Let Aε := −∇ ·
(
A( xε )∇

)
.

Then ||R(ε)− R0(ε)||L2(Rd )→L2(Rd ) = O(ε) as ε→ 0, where

R(ε) =
(
Aε − (ε−2λ0 − κ2)I

)−1
and

R0(ε) := |Y |
∑N

j=1[ψεj ]
(
−∇ · Bj∇+ κ2I

)−1
[ψεj ].

9Birman, M. S.; Suslina, T. A. Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat.

Inst. Steklov. (POMI) 2004, 318, 60–74, 309.
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Regularity Properties of Spectral edges

A spectral edge is expected to have the following regularity

properties generically10.

• Spectral edge is isolated, i.e., the spectral edge is attained at

finitely many points by the Bloch eigenvalues.

• Spectral edge is simple, i.e., it is attained by a single Bloch

eigenvalue.

• Spectral edge is non-degenerate, i.e., The Bloch eigenvalue is

strongly convex when it is close to the spectral edge.

10Kuchment, P. Bulletin of the American Mathematical Society 2016, 53,

343–414.
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What is known for Schrödinger operators?

• Filonov & Kachkovskiy11 proved that the spectral edge is

isolated for periodic magnetic Schrödinger operators in

dimension 2.

• Klopp & Ralston12 proved that a spectral edge can be made

simple through a small perturbation of the potential term in

the operator −∆ + V .

• Parnovski and Shterenberg13 proved that in dimension 2, a

perturbation by a potential of a larger period in the operator

−∆ + V makes a spectral edge non-degenerate.

11Filonov, N.; Kachkovskiy, I. Acta Mathematica 2018, 221, 59–80.
12Klopp, F.; Ralston, J. Methods and Applications of Analysis 2000, 7,

459–464.
13Parnovski, L.; Shterenberg, R. J. Funct. Anal. 2017, 273, 444–470.
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Materials science

In materials science, a prototypical microstructure is the two-phase

periodic media.

Figure 1: Reference Cell Y Figure 2: Ω in εY lattice
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Genericity simplicity for non-smooth

media



Main Ideas

• In perturbation theory of eigenvalue problems, if the

parametrized operator is analytic, then the corresponding

eigenvalues are analytic provided that either the parameter is

one-dimensional or the eigenvalue is simple.

• Application of Kato-Rellich theorem for self-adjoint

holomorphic family of operators of type B, i.e., with common

form domain14, since perturbations like −div(A + tB)∇ are

considered.

• Courant-Fischer minmax characterization of eigenvalues.

14Kato, T., Perturbation Theory for Linear Operators, Classics in Mathematics,

Vol. 132; Springer Berlin Heidelberg: Berlin, Heidelberg, 1995.
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Theorem (S. Sivaji Ganesh & T., 2020)

Let A = (aij) be a positive definite real symmetric matrix. Let

(λ−, λ+) be a spectral gap of the operator −∇ · (A∇). Suppose that

aij ∈W 1,∞
per (Y ). Then, there exists a matrix B = (bij) ∈ C∞per (Y )

such that the new spectral edge λ̃+ of the perturbed operator

∇ · (A + tB)∇ is simple for small t > 0.

Idea of Proof The proof follows method of Klopp-Ralston15. They

construct the perturbation based on continuity of Bloch

eigenfunctions in physical space. We require continuity of the

derivatives of Bloch eigenfunctions, which forces aij ∈W 1,∞
per (Y ).

15Klopp, F.; Ralston, J. Methods and Applications of Analysis 2000, 7,

459–464.
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Simplicity of spectral edge for L∞ coefficients16

Theorem (S. Sivaji Ganesh & T., 2020)

Let A = (aij) be a positive definite real symmetric matrix. Let

(λ−, λ+) be a spectral gap of the operator −∇ · (A∇). Suppose that

aij ∈ L∞] (Y ) and the spectral edge is attained at finitely many points.

Then, there exists a matrix B = (bij) ∈ L∞] (Y ) such that the new

spectral edge λ̃+ of the perturbed operator ∇ · (A + tB)∇ is simple

for small t > 0.

16Sivaji Ganesh, S.; Tewary, V. Asymptotic Analysis 2020, 116, 219–248.
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Construction of perturbation

Theorem (S. Sivaji Ganesh & T., 2020)17

Let A = (aij) ∈ L∞per (Y ) be a positive definite matrix.

• Let η1, η2, . . . , ηN ∈ Y
′

• Let η 7→ λm(η) be the mth Bloch eigenvalue of the operator

−∇ · (A∇).

• Let the eigenvalue λm(ηj) have multiplicity hj for

j ∈ {1, 2, . . . ,N}
Then, there exists a matrix B = (bij) ∈ L∞per (Y ) such that the

Bloch eigenvalue λ̃m(ηj) of the perturbed operator

−∇ · (A + tB)∇ is simple for j ∈ {1, 2, . . . ,N} for small t > 0.

17Sivaji Ganesh, S.; Tewary, V. Asymptotic Analysis 2020, 116, 219–248.
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An application to homogenization



A procedure for nonregular spectral edges

• Consider an operator Aε := −divA(x/ε)∇ with a non-regular

spectral edge λ0.

• Find an operator Ãε := −div Ã(x/ε)∇ with a regular spectral

edge λ̃0 such that ||A− Ã||L∞ is small.

• Let Ã0 be the (internal edge) effective operator for Ãε.
• Then

||R(ε)− R̃(0)||L2→L2 ≤ ||R(ε)− R̃(ε)||L2→L2 + ||R̃(ε)− R̃(0)||L2→L2

where R(ε) = (Aε − ε−2λ0I + κ2I )−1,

R̃(ε) = (Ãε − ε−2λ̃0I + κ2I )−1, and R̃(ε) = (Ã0 + κ2I )−1
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Questions

• In quantum mechanics, one considers a classification of

generic eigenvalue crossings18. Can we obtain a classification

of generic spectral edges related to symmetries of the

operator?

• In the class of two phase media, can a spectral edge of a

periodic operator be made regular by perturbation in the

interface/boundary between the two phases?

18Hagedorn, G. A. In 210, Méthodes semi-classiques, Vol. 2 (Nantes, 1991),

1992, pp 7, 115–134.
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Thank you for your attention
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